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mm. 

Tha  present  rvporl  In  in  essence  the  flrnl  draft  of  a  hook 
entitled  "Physics  of  Ksplostoue"  prepared  by  the  Author*,  Although  to 
It*  present  t  m*w  It  ts  morn  appropriate  to  call  It  "Theory  of  Explosions" 
because  thn  chapters  on  experimental  obnervnt toon  ir«  still  In  the  proem** 
of  prepsrat Ion .  the  hook  had  It*  genesis  from  a  net  of  lecture  note*  that 
one  of  u*  (JHJ.)  wrote  while  on  sabbatical  leave  at  the  !u«tltut  de  Macaniquc 
dn»  Fl.itde*  at  Msrttellle  from  May  to  August,  1969.  Professor  Henri  (Juenoche 
and  hie  atudant*  at  Marseille  nuppllad  the  enthusiasm  and  aupport  toward* 
the  completion  of  the  note*  which  then  nerved  an  Che  aeruth  draft  of  the 
book . 

The  Author b  bad  been  planning  to  write  this  book  for  the  pant 
few  year*  but  nevar  could  seem  to  find  the  time  off  from  our  research  and 
academic  work  nor  the  inspiration  to  attempt,  auch  an  endeavor.  On  tha  few 
occasion n  in  the  pant  that  we  did  start  to  write  on  a  particular  topic,,  we 
always  seemod  to  discover  the  Inadequacy  of  the  work  that  had  been  done 
and  we  ended  up  doin^  more  on  it.  This  process  invariably  escalated  and 
we  found  ourselves  studying  new  research  problems  instead.  The  same  thing 
happened  every  time  we  tried  to  wrap  up  some  of  the  past  work  for  publica¬ 
tion  and  unless  we  were  committed  to  do  so  for  a  conference  deadline,  we 
couldn't  seem  to  finish  that  properly  either.  Hence  the  Lecture  notes 
written  practically  from  memory  and  away  from  the  stimulation  of  the  fa¬ 
miliar  researcu  environment  did  not  include  many  of  the  things  we  would 
have  liked  to  include. 

In  fact  it  was  immediately  evident  that  the  zeroth  draft  needed 
much  analysis  and  therefore  another  one  of  us  (GGB)  proceeded  in  late 
August,  1969  to  rework  most  of  the  analysis  so  that  the  notation  and  ap¬ 
proach  would  conform  throughout  the  book.  Once  back  In  the  familiar 
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envlvonmant  w*  tumid  not  help  hut  maka  further  additions  to  the  aeroth  rival  t 
on  i Ha  topic  of  asymptotic  »e 1 f -a Imtl ar  aoluttono  which  now  tumati  title  Chap- 
tar  Vt. 

At  tha  completion  of  the  theory  of  a apt  on  Iona  (Chaplain  JJ  to  VI) 
It  aaamad  appropriate  to  include  some  chaptare  on  experimental  reaulta  from 
oov  paat  research  on  auploaion  and  implosion  phanomana  to  round  out  tha 
hook  somewhat.  Thia  la  whan  RK  Joined  In  the  effort  and  subsequently  pro- 
duoad  Chapter  I  which  in  essence  summarised  tha  chaptara  ha  la  at  preaant 
writing  for  tha  anvialonad  book  on  tha  phyalcal  aapacta  of  explosions. 

Although  tha  majority  of  tha  matarial  in  tha  book  had  ita  gonauia 
from  our  own  reaaarch  afforta,  not  all  of  it,  however,  la  our  own  original 
work.  In  fact  tha  methods  of  non-similar  solutions  which  can  ba  considered 
aa  tha  $u balance  of  tha  book  such  as,  for  example,  tha  quasi-similarity 
approach,  tha  parturbatlon  acham*  and  tha  method  of  Portal  have  already 
bean  developed.  Our  contribution*  mainly  conalat  of  tha  exploitation  of 
than*  mat hod a  and  their  application  to  tha  specific  problems  in  explosion 
and  Implosion  physics  that  Interest  us.  In  tha  process  of  doing  this  we 
have  mad*  a  datailed  study  of  Chair  validity  and  accuracy,  in  come  cases 
axtandad  these  methods  and  certainly  hava  in  *11  cases  completely  reworked 
them  over  to  our  own  satisfaction  using  a  unified  consistent  approach  and 
notation. 

We  regret  that  we  cannot  include  numerical  results  of  the  analy¬ 
ses  but  with  the  academic  year  in  full  swing,  it  is  practically  irnposs  Me 
to  find  the  time  to  plot  and  ink  the  couple  of  hundred  curves  required. 

We  hope  to  do  this  during  the  summer  months  in  1970.  A  note  of  explanation 

is  necessary  to  clarify  the  scantiness  of  our  bibliography.  We  have  inclu¬ 
ded  only  those  works  that  we  are  most  familiar  with.  To  compile  a  complete 

list  of  references  on  the  subject  is  a  book  in  itself.  However  we  would 
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l  Iko  to  point  out  that  w*  are  fully  aware  of  the  many  contributions  in  thiB 
field  and  have  benefited  from  them  in  our  study  of  the  subject. 

To  properly  acknowledge  the  individuals  who  played  a  role  in  this 
work  we  first  list  the  direct  contributions  of  students  past  and  present: 
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CHAPTER  I 

PHYSICS  OF  EXPLOSIONS 


1 .  Introduction 

In  the  course  of  the  last  several  years  the  study  of  explosions 
or  explosion  related  phenomena  has  attracted  unprecedented  interest  and 
consequently  a  considerable  following  tc  >:he  point  where  there  now  are 
international  biennial  Colloquia  devoted  exclusively  to  this  subject.  The 
full  title  of  these  is  "International  Colloquia  on  Gasdynamlcs  of  Explosions 
and  Reactive  Syscems".  The  first  one  was  held  in  Brussels  in  1967  and  the 
most  recent  one  at  the  University  of  Novosibirsk  in  1969.  This  growth  of 
recognition  of  the  importance  of  understanding  explosion  processes  stems 
from  the  realization  that  this  phenomenon  is  fundamental  to  many  current 
technological  problems  and  scientific  studies.  To  quote  directly  from  the 
preface  to  the  Proceedings  of  the  first  Colloquium,  such  problems  and 
studies  range  "from  internal  combustion  engines  and  rocket  thrust  chambers 
to  hypervelocity  guns  and  nuclear  as  well  as  cosmic  explosions".  In  fact 
one  need  only  examine  the  contents  of  the  material  presented  at  the  Collo¬ 
quia  thus  far  to  see  the  variety  of  problems  which  have  close  affinity  with 
the  fundamental  explosion  phenomenon. 

What  then  is  an  explosion?  The  term  explosion  in  the  context  of 
the  work  that  is  to  follow  describes  the  transient  gasdynamic  dispersion  of 
energy  by  the  mechanism  of  shock  waves  from  a  concentrated  source  of  extre¬ 
mely  high  power  density.  An  appropriately  illustrative  example  of  such  a 
phenomenon  can  be  readily  created  on  the  laboratory  scale.  Fig.  1  displays 
some  spark  schlieren  photographs  of  a  minute  explosion  created  by  a  laser 
spark  in  atmospheric  air.  In  this  particular  example  typically  1/3  joule  of 

energy  is  deposited  within  something  like  10  nanoseconds  and  0.2  tnm  diameter 
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yielding  power  density  levels  of  the  order  of  10  watts/M  .  Such  rapid 
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energy  deposition  at  a  miniscule  pair*"  -*n  a  gaseous  medium  can  be  achieved 
by  focusing  the  output  of  a  Q-switched  ruby  laser  with  a  very  short  focal 
length  lens.  It  is  clearly  evident  from  the  photographs  that  3uch  energy 
deposition  creates  a  plasma  core  which  then  expands  and  drives  a  spherical 
shock  wave  ahead  of  it  into  the  surrounding  medium.  The  action  of  the 
spherical  shock  wave  is  to  disperse  the  virtually  instantaneously  created 
high  energy  concentration  of  the  laser  spark  over  a  wide  range  of  the 
medium.  Naturally,  as  the  shock  wave  diverges  it  is  continuously  trans¬ 
ferring  energy  to  the  medium  that  it  traverses  and  because  it  progressively 
engulfs  more  and  more  of  the  surrounding  medium  one  would  expect  that  the 
shock  wave  should  attenuate  or  become  less  and  less  "energetic".  Indeed 
shock  trajectory  measurements  plotted  in  Pig.  2  and  shock  front  pressure 
measurements  displayed  in  Fig.  3  for  the  laser  spark  initiated  spherical 
wave  described  above  clearly  show  its  transient  decaying  character.  These 
then  are  the  essential  features  of  an  explosion  where  dispersion  of  energy 
from  high  power  density  sources  into  the  surrounding  medium  is  through  the 
mechanism  of  transient  decaying  shock  waves  or  blast  waver  as  these  are 
generally  called.  Even  in  the  natural  environment  there  too  are  evidences 
of  blast  waves  where,  for  example,  a  very  common  natural  occurrence  is  the 
rumble  of  thunder  detected  by  humans  as  the  passage  of  a  "pressure  wave" 
over  the  eardrums.  This  is  but  a  decayed  remnant  of  an  originally  powerful 
blast  wave  created  in  a  localized  region  of  the  atmosphere  by  lightning 
which  la  nothing  more  than  the  rapid  discharge  of  a  "meteorological  conden¬ 
ser  bank". 

Since  the  early  sixties  the  Shock  Wave  Pbyalcs  Group  at  McGill 
University  has  been  engaged  in  the  study  of  the  fundamental  mechanisms  of 
gaseous  detonatlve  combustion.  The  close  affinity  between  explosion  pheno¬ 
mena  and  such  combustion  was  recognized  at  the  very  early  stages  of  thlB 
study.  Such  recognition  was  derived  from  extensive  laboratory  experiments 
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FIG.  2  LASER  SPARK  INDUCED  BLAST  TRAJECTORIES  IN  ATMOSPHERIC  AIR 
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In  our  ovm  laboratory  in  thoaa  aarly  years  an  woll  ah  from  experimental 
result*  accumulated  over  the  last  several  dacsdait  by  a  number  ot  workern 
In  this  field  of  research.  Both  our  work  and  that  of  these  others  con¬ 
vincingly  indicate  that  detonatlve  combustion  invariably  exhibits  an 
Inherent  transient  explosive  character.  Currently  thia  explosion  aspect 
haa  assumed  such  overriding  importance  In  contributing  to  the  understanding 
of  the  fbrma. ion  end  propagation  mechanisms  of  such  combustion  that  we 
have  seen  fit  to  levote  the  present  monograph  to  this  topic  and  entitle  it 
"Theory  of  Explosions", 

At  present,  it  Is  generally  recognized  that  the  transient  explo¬ 
sive  character  in  gaseous  detonatlve  combustion  is  virtually  universal.  It 
is  evident  not  only  at  the  inception  of  the  detonation  wave  but  Is  observed 
to  exist  even  under  supposedly  steady  propagation  conditions  as  well.  The 
only  qualifying  distinction  that  must  be  made  here  is  that  now  the  explosion 
phenomena  occur  in  a  highly  volatile  medium  as  opposed  to  the  Inert  one 
associated  with  conventional  explosions.  In  view  of  the  additional  effect 
of  the  exothermic  chemical  energy  release,  a  new  terminology  appears  in 
order  and  can  be  coined  to  describe  such  a  process  namely:  chemical  explo¬ 
sion. 

2.  Initiation  and  Formation  of  Gaseous  Detonation  Waves 

An  early  inkling  in  our  laboratory  of  the  explosive  character  of 
gaseous  detonations  struck  us  at  the  time  in  late  1962  when  we  were  trying 
to  initiate  diverging  detonation  waves.  The  question  arose  as  to  whether  it 
is  or  is  not  possible  to  have  steady  diverging  C-J  detonation  waves  because 
from  the  theoretical  point  of  view  there  was  some  uncertainty.  Jouguet  and 
Courant  and  Friedrichs  hac^  hown  that  steady  diverging  C-J  detonations  do  not 
exist  and  decay  as  they  expand.  Yet,  from  the  analyses  of  Taylor  and  Zeldo- 
vich  steady  diverging  detonation  waves  can  propagate,  once  initiated.  How- 
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ever,  the  Taylor-Zeldovich  model  require*  certain  unrealistic  conditions  to 
be  satisfied  if  C-J  conditions  are  to  be  imposed.  From  our  own  point  of 
view  we  felt  from  theoretical  reasoning  (Lee  et  al,  1965)  that  diverging 
detonations  could  exist  at  least  initially  only  in  either  the  overdriven 
state  or  in  the  weak  state,  more  likely  it  being  the  former.  Such  a  wave 
would  then  decay  to  a  C-J  wave  asymptotically  at  large  radius. 

These  notions  inevitably  led  to  experiments  for  which  we  chose 
the  cylindrical  geometry  for  a  number  of  obvious  conveniences.  These 
experiments  did  indeed  show  that  direct  initiation  of  a  cylindrical  diverg¬ 
ing  detonation  requires  the  impulsive  or  explosive  release  of  a  finite 
quantity  of  ignition  energy  leading,  at  least  initially,  to  an  overdriven 
wave,  a  blast  wave  of  sorts  In  a  detonating  gas.  Parametric  measurements 
of  the  variation  of  initiation  energy  with  composition  and  initial  pressure 
in  oxy-acetylene  mixtures  are  displayed  in  Figs.  4  and  5,  respectively, 
which  are  taken  from  the  paper  by  Lee  et  al  (1966)  on  this  subject. 

There  had  been  other  experiments  with  spherical  waves  by  Leffitte, 
Manson,  Zeldovich  and  several  others  all  of  which  led  to  the  same  conclusion 
namely  that  direct  initiation  of  such  waves  required  the  explosive  release 
of  a  relatively  large  quantity  of  initiation  energy.  These  critical  energy 
measurements  were  thus  catalogued  for  cylindrical  and  spherical  detonation 
waves  in  a  variety  of  mixtures  using  different  methods  of  initiation.  From 
the  physical  point  of  view  these  measurements  appeared  plausible  since 
direct  or  instantaneous  initiation  of  detonation  waves,  irrespective  of 
their  geometrical  configuration  be  they  planar,  cylindrical  or  spherical, 
implies  an  impulsive  and  localized  deposition  of  energy  in  order  to  guaran¬ 
tee  a  shock  wave  of  sufficient  strength  for  auto-ignition  in  the  shocked 
medium.  This  is  tae  necessary  precondition  for  the  existence  of  a  detona¬ 
tion  wave  irrespective  of  its  geometry.  For  planar  waves  energy  must  be 
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FIG.  5  DEPENDENCE  OF  THE  CRITICAL  ENERGY  ON  THE  INITIAL  PRESSURE  FOR  TWO 
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FIG.  6  A  SEQUENCE  OF  STROBOSCOPIC  LASER  SCHLIEREN  PHOTOGRAPHS  ILLUSTRATING 
TRANSITION  TO  A  PLANAR  DETONATION  WAVE 

(COURTESY:  PROF.  A.K.  OPFENHEIM,  BERKELEY) 
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supplied  sufficiently  rapidly  to  generate  and  drive  a  shock  wave  whose 
strength  is  at  least  equivalent  to  the  corresponding  C-J  Mach  number.  For 
diverging  detonations,  the  requirement  is  for  a  blast  wave  at  a  particular 
radius  which  is  sufficiently  strong  to  override  the  severe  expansion 
gradient  in  its  wake  in  order  to  maintain  and  sustain  auto-ignition. 

Experiments  have  shown  that  even  where  Ignition  is  initially 
smooth  and  orderly  through  the  mechanism  of  a  flame,  the  transition  from 
flame  to  detonation  is  nevertheless  explosive.  In  the  planar  case  this  is 
beautifully  evident  from  the  by-now  classical  stroboscopic  laser-schlleren 
photographs  of  Oppenheim,  one  sequence  of  which  is  displayed  in  Fig.  6.  In 
these  photographe  the  sudden  forward  "leap"  as  a  result  of  the  explosive 
merging  of  an  xnitially  slowly  propagating  complex  of  flame  front  and  pre¬ 
cursor  shock  wave  train  to  e.  detonation  front  is  clearly  evident.  In  the 
wake  of  the  newly  formed  detonation  arc  remnants  of  its  violent  birth  in 
the  form  of  transient  retonation  and  transverse  shocks.  The  entire  trans¬ 
ition  process  from  flame  to  detonation  in  a  linear  tube  is  displayed  more 
completely  in  Fig.  7  which  is  a  self-luminous  streak  photograph  obtained 
by  Lee  et  al  (1966)  for  the  reinitiation  of  a  detonation  after  quenching 
by  an  orifice  inserted  to  obstruct  the  incident  detonation  wave.  A  lami¬ 
nar  flame  propagates  from  the  orifice  and  later  develops  into  a  highly 
turbulent  one  leading  to  the  abrupt  transition  to  detonation.  The  asso¬ 
ciated  retonation  and  transverse  waves  are  clearly  in  evidence  attesting 
to  the  explosive  character  of  the  process. 

In  geometries  other  than  planar,  transition  from  flame  to  deto¬ 
nation  exhibits  a  similar  explosive  character  in  such  instances  as  well. 

Lee  et  al  (1964)  report,  for  example,  transition  results  for  cylindrical 
diverging  waves  and  here  too,  at  least  within  the  span  of  their  experimen¬ 
tal  chamber,  such  a  process  appears  to  rely  on  the  turbulence  level  of  the 
cylindrical  flame  to  increase  the  burning  rate  and  lead  to  detonation. 


FIG  7  SELF-LUMINOUS  STREAK  °HOTOGRAPH  OF  FLAME  FORMATION  DOWNSTREAM  OF 
AN  ORIFICE  WITH  TRANSITION  TO  DETONATION  I)  INCIDENT  DETONATION 
2)  ORIFICE  3)  REFLECTED  SHOCK  4)  LAMINAR  FLAME'.  5)  TURBULENT  FLAME 
6)  ONSET  OF  DETONATION  7)  REGENERATED  DETONATION  H)  TRANSVERSE 
WAVES  9)  RKTONATION  WAVE 
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Nonetheless,  Fig.  8  which  is  a  self-luminous  stream  photograph  taken 
directly  from  their  work,  clearly  displays  the  random  abruptness  of 
transition.  Apparently  here  spontaneous  explosions  of  trapped  bubbles 
of  unburned  gas  in  the  wrinkled  turbulent  cylindrical  flame  most  likely 
lead  to  detonation.  This  type  of  process  appears  to  be  quite  universal 
to  transition.  For  example  reverting  back  to  planar  waves,  Oppenheim 
observed  several  modes  as  to  the  details  of  the  wave  processes  at  Initiation 
but  in  a  general  sense  all  these  involved  explosive  bursts  of  exothermic 
energy  in  the  region  of  shocked  gas  confined  between  the  precursor  wave 
train  and  the  original  turbulent  flame  front.  The  direct  consequence  of 
this  apparently  universal  type  of  localized  explosions  in  the  reaction  zone 
is  the  abrupt  emergence  of  a  self-sustaining  detonation  wave. 

Such  localized  explosions  at  transition  can  perhapa  be  most 
explicitly  illustrated  with  the  sequence  of  spark  schlieren  photographs  in 
Fig.  9  for  a  laser  spark  initiated  spherical  reacting  wave.  From  this 
sequence  it  is  evident  that  local  explosions  occur  suddenly  at  isolated 
spots  in  the  reaction  zone  forming  "detonation  bubbles".  These  then  grow 
and,  as  illustrated  in  the  streak  schlieren  photograph  in  Fig.  10,  sweep 
around  and  completely  engulf  the  shock  sphere. 

3 .  Propagation  Regimes  of  GaseouB  Detonation  Waves 

Broadly  speaking,  in  planar  waves  one  can  observe  one  of  three 
distinct  phenomena  in  a  gaseous  medium  capable  of  sustaining  detonative 
cot  <sticn.  First  of  these  is  a  deflagration  wave  which  in  general  is 
unstable  and  leads  to  detonation.  The  second  phenomenon  is  the  transient 
phenomenon  of  transition  from  flame  to  detonation.  Finally  the  third 
distinguishing  phenomenon  is  the  globally  steady  state  planar  C-J  detona¬ 
tion  wave  In  a  sense,  one  can  talk  of  propagation  regimes  in  planar  wavea 
as  being  compos'd  oi  the  del  i agrat ive ,  transition  and  detonation  regime  ., 
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FIG.  8  SELF -LUMINOUS  STREAK  RECORD  OF  TRANSITION  FROM  DEFLAGRATION  TO 
DETONATION  IN  A  CYLINDRICAL  GEOMETRY 
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FIG.  9  SEQUENCE  OF  SPARK  SCHLIEREN  PHOTOGRAPHS  ILLUSTRATING  THE  FORMATION  OF 
"DETONATION  BUBBLES"  ON  THE  SPHERICAL  REACTING  SHOCK  UNDER  CONDITIONS 
OF  RE-ESTA3LISHMENT 
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However,  outright  categorization  on  the  basis  of  some  controlling  parameter 
Is  not  possible  since  the  preponderance  of  one  regime  over  the  other  depends 
on  a  number  ol:  factors  such  as  the  nature  of  ignition,  length  of  tube  or 
channel  and  so  on. 

In  diverging  waves  there  is  a  more  definite  distinction  of  regimes 
of  propagation.  For  example,  for  a  long  time,  based  on  the  experiments  by 
several  researchers  Including  ourselves  which  have  already  been  mentioned, 
it  was  felt  that  there  are  two  distinct  regimes  of  propagation  for  diverging 
waves.  Moreover,  these  regimes  were  distinguished  by  the  magnitude  of  the 
initiation  energy  for  a  particular  igniter.  It  was  an  either-or  proposition 
in  the  sense  that  if  the  energy  was  above  a  certain  critical  vnlue  direct 
initiation  of  a  diverging  wa\ e  occurred  and  if  below  a  deflagration  wave 
resulted.  In  our  later  experiments  with  laser  spark  Initiation  of  spherical 
waves,  reported  in  a  paper  by  Bach  et  al  and  in  a  report  by  Knystautes,  we 
observed  not  two  but  three  regimes  of  propagation  based  on  initiation 
energy,  most  probably  because  we  did  more  meticulous  experiments  and  diag¬ 
nosed  them  more  thoroughly.  These  three  regimes  are  illustrated  in  the 
streak  schlieren  photographs  in  Fig.  11  where  from  left  to  right  the  three 
regimes  are:  the  subcritical,  the  critical  and  the  supercritical  initia¬ 
tion  energy  regimes.  For  mixtures  capable  of  detonating  but  with  initia¬ 
tion  energy  below  the  critical  value  for  direct  initiation,  decoupling  of 
the  reaction  front  from  the  shock  wave  occurs,  resulting  in  the  decay  of  the 
initially  overdriven  detonation  wave  to  a  spherical  deflagration  wave.  A 
typical  sequence  of  spark  schlieren  records  illustrating  the  decoupling 
process  is  shown  in  Fig.  12.  For  spark  energies  greater  than  the  critical 
value,  as  is  evident  in  Fig.  13,  no  decoupling  of  shock  and  the  reaction 
front  occurs.  The  overdriven  spherical  detonation  wave  decays  continuously 
to  a  velocity  of  propagation  corresponding  to  the  theoretical  c-J  value  to* 
that  medium.  Unlike  the  previous  works,  which  detected  either  a  deflagration 
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TYPICAL  STREAK  SCHLIEREN  PHOTOGRAPHS  ILLUSTRATING  THE  REGIMES  OF  PROPAGATION 
OF  SPHERICAL  REACTING  SHOCKS  (MIXTURE:  STOICHIOMETRIC  OXY- ACETYLENE ,  P  =  100  mm  Hg; 
IGNITION:  LASER  SPARK)  ° 
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EQUENCE  OF  SPARK  SCHLIEREN  PHOTOGRAPHS  ILLUSTRATING  THE  SPHERICAL  DETONATION  WAVE  IN  THE 
UB-CRITICAL  INITIATION  ENERGY  REGIME  (MIXTURE :  STOICHIOMETRIC  OXY- ACETYLENE,  P  =  80  mm  Hg 
.27">  JOULES)  ° 
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FIG.  13  SPARK  SCHLIEREN  PHOTOGRAPHS  ILLUSTRATING  THE  SPHERICAL  DETONATION  WAVE  IN 
THE  SUPER-CRITICAL  INITIATION  ENERGY  REGIME  (MIXTURE:  STOICHIOMETRIC 
OXY-ACETYLENE,  P  =  120  nan  Hg,  E  =  .3  JOULES) 
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or  a  detonation,  we  observed  a  third  regime  when  the  spark  energy  equalled 
a  certain  critical  value.  In  this  case,  the  overdriven  detonation  wave  at 
first  decays,  and  decoupling  of  shock  and  reaction  zone  occurs.  However, 
unlike  the  subcritical  energy  regime,  where  the  decoupling  progresses  in 
an  exponential  manner,  the  decoupling  stops  in  the  critical  energy  regime 
when  the  reaction  front  is  a  few  millimeters  behind  the  shock.  Then  for 
the  next  period  of  about  10  to  15  sec,  the  shock  and  the  reaction  front 
propagate  as  a  "quasi-steady"  complex  at  a  velocity  corresponding  to  a 
shock  Mach  number  of  about  3.  During  this  period  instabilities  develop 
and  the  reaction  front  takes  on  a  turbulent  structure.  At  the  end  of  this 
quasi-steady  period,  local  explosions  occur  suddenly  at  isolated  spots  in 
the  reaction  zone  forming  "detonation  bubbles"  which  then  grow  and  comple¬ 
tely  engulf  the  shock  sphere  forming  a  highly  asymmetrical  diverging  deto¬ 
nation  wave.  A  typical  sequence  of  spark  schlieren  photographs  illustrating 
this  detonation  re-establishment  phenomenon  is  shown  in  Fig.  14.  The  signif¬ 
icant  point  about  the  re-establishment  regime  is  that  all  at  once  it  strad¬ 
dles  two  distinct  types  of  reactive  fronts,  namely  the  deflagrative  and  the 
detonative  fronts.  In  the  change  from  one  to  the  other  one  must  note  the 
emergence  of  a  distinct  non-uniform  structure  in  the  detonation  as  opposed 
to  the  smooth  shock-reaction  front  complex  of  the  deflagration.  Moreover, 
such  structure  appears  to  emerge  from  localized  explosions  within  the  shock- 
flame  complex. 

4 .  Structure  of  Gaseous  Detonation  Waves 

In  recent  years  it  has  been  observed  that  such  localized  explo¬ 
sions  in  fact  also  characterize  the  propagation  of  a  supposedly  stable 
self-sustaining  detonation  wave.  This  micro-explosive  aspect  of  detonative 
combustion  manifests  itself  in  the  structure  of  the  wave.  In  order  to 
appreciate  the  full  impact  of  the  recognition  that  micro-explosions  and 


the  observed  non-uniform  structure  in  a  globally  stably  propagating 
detonation  wave  are  interrelated  it  is  relevant  at  this  point  to  trace 
briefly  the  historical  evolution  of  detonation  research  as  it  pertains 
to  the  structure. 

For  a  long  time  after  the  first  recorded  observations  of  a 
detonation  wave  in  a  tube  in  the  days  of  Vieille,  Berthelot,  Mallard 
and  Le  Chatelier  such  a  wave  was  thought  to  possess  a  uniform  and 
unidimensional  structure  in  which  combustion  occurred  in  the  plane  of 
the  shock  wave.  This  is  the  classical  C-J  model  of  a  detonation  wave. 

It  was  only  around  1927  that  the  C-J  concept  was  even  slightly  aesailcJ 
when  Campbell  and  Woodhead  observed  a  helical  spin  associated  with  a 
detonation  in  a  tube  and  a  little  later  Campbell  and  Finch  showed  that 
this  was  inherent  in  the  structure  of  the  front.  In  the  thirties,  Bone, 
Fraser  and  Wheeler  carried  out  an  exhaustive  exploration  of  spinning 
waves.  Yet  in  spite  of  these  observations  the  classical  C-J  model  was 
still  generally  accepted  as  valid.  The  reason  for  this  was  that  single 
spin  waves  or  marginal  detonations,  as  they  were  sometimes  referred  to, 
were  considered  distinct  phenomena  iu  themselves  occurring  under  very 
restricted  conditions  near  the  limits  of  detonability .  In  fact  the 
regular  period  of  the  spin  structure  suggested  some  form  of  resonant 
coupling  with  the  tube  dimensions  and  in  the  light  of  this  Manson  and 
Fay  formulated  the  linearized  acoustic  wave  theory  for  spinning 
waves.  There  followed  an  extensive  series  of  experimental  investigations 
of  spinning  waves  extending  to  recent  years  by  numerous  people.  The 
foremost  among  them  are  the  works  of  Wagner,  Duff  and  Schott  in  the  West 
and  by  Soviet  scientists,  notably  Shchelkin  and  his  associates  in  Moscow 
and  Voitzekhovskii  and  his  collaborators  at  the  University  of  Novosibirsk. 

In  the  meantime  the  C-J  concept  of  structure  of  "non-spinning" 
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waves  had  been  modified  somewhat  when  it  was  observed  that  a  detonation 
wave  possessed  a  finite  reaction  zone  thickness.  Appropriate  improvements 
in  the  one-dimensional  C-J  theory  were  made  when  Zeldovich,  Dortng  and 
Von  Neumann  proposed  what  seemed  a  more  realistic  model  for  the  structure 
of  a  plane  detonation  wave.  As  late  as  the  early  fifties  Kistiakowsky 
at  Harvard  was  still  carrying  out  comprehensive  experimental  studies  of 
planar  C-J  detonations. 

There  was  a  traumatic  turning  point  in  the  concept  of  detonation 
wave  structure  around  the  mid-fifties  when  White  and  Denisov  and  Troshin 
showed  that  stable  C-J  waves  are  non-existent  and  that  in  fact  planar 
detonation  waves  are  inherently  unstable  consisting  of  an  intersecting 
transverse  wave  pattern.  From  their  work  the  transverse  structure  of 
"non-spinning"  planar  detonation  waves  was  deduced  to  be  composed  of 
elemental  triple  front  intersections  similar  to  that  in  a  single  spin 
w^ve  which  led  Soloukhln  to  label  such  waves  as  "multihead  spinning" 
detonation  waves.  Moreover  it  was  also  deduced  at  about  this  time  from 
observations  by  Soloukhln  with  cylindrical  diverging  waves  and  by  Shchelkin 
and  Tro  '  In  and  Duff  and  Finger  with  spherical  waves  that  the  transverse 
atructm r  of  unconfined  detonation  waves  is  uniform  and  indistinguishable 
>  rom  that  in  plane  waves. 

It  was  at  this  point  that  the  emphasis  in  gaseous  detonative 
research  shifted  to  detailed  explorations  of  and  reasons  for  the  wave 
structure  since  it  was  felt  that  this  was  the  underlying  key  to  the  under¬ 
standing  of  detonative  combustion.  In  these  early  efforts  a  very  inform¬ 
ative  diagnostic  tool  was  the  smoked  foil  where  from  the  "writing  on  the 
wall"  so  to  speak,  certain  Inferences  as  to  the  behavior  of  the  detonation 
wave  structure  could  be  made.  One  such  record,  with  slight  modification, 
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is  displayed  in  Fig.  15,  This  record  was  obtained  by  placing  into  a 
circular  detonation  tube  a  smoked  mylar  foil  with  minute  protuberances 
punctured  into  the  smoked  side.  In  this  manner,  in  addition  to  attaining 
the  by-now  characteristic  diamond-like  pattern  traced  out  by  the  oncoming 
detonation  wave,  the  local  interactions  of  the  wave  with  the  protuberances 
can  be  used  to  trace  out  the  instantaneous  detonation  front  orientation. 
From  this  record  it  is  clearly  evident  that  the  transverse  diamond  pattern 
delineates  distinctive  regions  of  locally  transient  curvature.  Thus  even 
this  simple  experimental  record  shows  that  what  supposedly  is  a  globally 
planar  front,  really  consists  of  a  non-steady  three-dimensional  structure. 

A  more  detailed  representation  of  what  the  structure  is  really 
composed  of  was  reconstructed  from  more  refined  experiments  by  a  number  of 
researchers  and  a  schematic  representation  of  the  current  concept  is 
displayed  in  Fig,  16.  It  seems  that  the  non-uniform  three-dimensional 
structure  of  a  detonation  wave  is  composed  of  wave  segments  and  that  the 
individual  wavelets  in  such  a  multiheaded  front  behave  similarly  to 
decaying  blast  waves  in  the  detonating  gas  with  periodic  re-initiation 
when  two  transverse  waves  collide.  The  attenuating  nature  of  the  wavelets 
in-between  collisions  was  confirmed  experimentally  by  Oppenheim  who  did 
meticulous  stroboscopic  laser  schlieren,  smoked  foil  and  pressure  measure¬ 
ments  of  wavelet  behavior  in  between  collisions.  The  pressure  history  of 
the  wavelets  is  illustrated  schematically  in  this  same  Fig.  16.  Thus  the 
individual  wavelets  expanding  from  A,  B  and  C  can  be  considered  as  blast 
waves  initiated  by  impulsive  energy  release  at  the  collision  points.  As 
the  wavelets  expand,  they  decay  rapidly  from  their  initial  overdriven 
state  to  sub  C-J  conditions.  The  separation  of  the  shock  and  reaction 
front  progressively  increases  as  the  temperature  at  the  decaying  shock 
front  decreases.  Rejuvenation  of  the  decaying  wave  occurs  as  the  trans¬ 
verse  waves  collide  at  A',  B'  and  C'  and  the  next  cycle  repeats  again. 


SCHEMATIC  ILLUSTRATING  LOCAL  DECAY  OF  A  MULTIHEADED  DETONATION  FRONT  BETWEEN  COLLISIONS  OF  TRANSVERSE  WAVES 
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In  other  words,  what  appears  to  be  a  globally  .'•(.able  detonation  wave  la 
really  composed  of  micro segments  which  "leap"  along  tn  explosive  hursts 
and  collectively  account  lor  the  macroscopic  motion  of  the  front.  There  \ 
lies  the  explosion  character  of  an  otherwise  steadfast  phenomenon. 

The  question  arose  as  to  what  happens  in  a  diverging  detonation 
wave  where  now  there  is  no  confinement  or  some  characteristic  length  to 
excite  rest  iant  acoustic  modes  of  oscillation  which  can  lead  to  the  regular 
transverse  wave  structure  as  in  planar  waves  to  tubes  and  channel  a.  the 
first  question  wan  whether  there  is  any  structure  in  diverging  detonation 
waves  in  the  first  place  and  if  so,  does  the  front  preserve  the  uniform 
structure  in  view  of  the  additional  effect  in  that  the  surface  area  id  the 
front  continuously  Increases  as  the  wave  expands.  To  ascertain  both  these 
points  wc  placed  a  soot  film  in  our  cylindrical  chamber  and  ohLained  the 
trace  displayed  in  Fig.  17.  From  this  it  is  clearly  evident  that  there  not 
only  is  structure  but  that  the  structure  is  uniform  proving  oik  e  and  for  all 
the  irrelevance  of  a  confining  resonant  geometry  for  the  existence  of  a 
regular  transverse  wav<  pattern.  What  this  showed  us  is  that  in  diverging 
waves  there  is  an  inherent  regenerative  mechanism  wnlch  is  locally  instru¬ 
mental  in  continuously  creating  new  transverse  waves  in  a  progressively 
enlarging  front.  As  the  wave  expands,  the  time  between  collisions  of 
transverse  waves  also  progressively  increases.  If  no  additional  transverse 
waves  are  born  continuously,  then  the  multihead  front  fails.  The  continuous 
generation  of  transverse  waves  is  the  basic  mechanism  of  propagation  of 
diverging  detonation  fronts.  In  Fig.  18,  two  open  shutter  photographs  oi 
a  cylindrical  detonation  wave  are  shown  illustrating  the  phenomenon  of 
failure  when  regeneration  of  transverse  waves  is  absent  and  self-sustenance 
when  there  exists  a  continuous  regeneration  of  transverse  waves. 

In  view  of  the  multitude  of  experiments  on  the  structure  oi 
diverging  waves  there  are  now  strong  indications  that  the  mechanism  of 
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transverse  wave  regeneration  is  due  to  the  formation  of  explosion  centers 
in  the  shocked  gas  behind  the  decaying  front  of  the  blast  or  detonation 
wavelet.  The  spherical  blast  wuves  from  these  micro-explosions  coalesce 
with  the  main  shock  front  of  the  decaying  wavelet  and  the  subsequent  wave 
Interactions  produce  new  transverse  waves.  The  origin  of  these  explosion 
centers  is  at  present  not  completely  understood  but  there  are  qualitative 
indications  in  the  supporting  experimental  work  reported  by  KnyBtautan  that 
their  origin  may  be  associated  with  the  sporadic  nature  of  ignition  under 
conditions  where  auto-ignition  in  the  shock  processed  gas  can  occur. 

5 .  The  Reactive  Blast  Wave  Model 

From  all  that  has  been  said  so  far  there  emerges  a  similarity 
in  the  phenomenological  pattern  in  virtually  all  the  important  aspects  of 
gaseous  detonative  combustion.  It  seems  that  chemical  explosion  in  one 
guise  or  another  characterizes  such  combustion  whether  one  talks  of  direct 
initiation  of  detonation  fronts,  indirect  creation  by  natural  transition  to 
detonation,  the  raison  d'etre  of  the  non-uniform  structure  or  the  regenera¬ 
tion  of  transverse  wives  in  diverging  detonations.  The  pattern  of  all  of 
these  is  that  of  an  impulsive  concentrated  energy  release  followed  by  a 
blast  wave  propagating  into  a  detonating  gas. 

It  therefore  seemed  only  natural  to  begin  to  study  the  mechanisms 
of  formation  and  propagation  of  gaseous  detonation  waves  from  the  point  of 
view  of  explosion  gasdynamics  in  detonative  media.  More  specifically,  a 
theoretical  model,  appropriately  dubbed  the  "reacting  blast  wave"  model, 
was  formulated  for  such  studies.  The  model  is  simply  the  classical  point 
blaBt  wave  problem  in  which  a  finite  quantity  of  initiation  energy  Eq  is 
deposited  instantaneously  — ►  00^  at  time  t  =  0  at  a  vanishingly 

small  point  in  a  detonating  gas.  A  strong  spherical  (or  cylindrical  if  the 
source  is  a  line)  blast  wave  will  be  generated  which  will  be  followed  by 
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chemical  reactions  occurring  behind  the  shock  front  and  such  u  complex  will 
subsequently  expand  into  the  stagnant  surrounding  gas. 

One  of  the  important  problems  that  can  be  clarified  by  the  blest 
wave  model,  io  the  criterion  for  the  Initiation  and  existence  of  a  diverging 
C-J  detonation  wave.  Prom  the  classical  J-T-Z  model  the  gaadynamic  solu¬ 
tion  obtained  shows  a  singularity  in  the  form  of  an  infinite  expansion 
gradient  immediately  behind  the  C-J  front.  This  singularity  is  a  direct 
result  of  imposing  the  C-J  conditions  on  the  gasdynamic  solution  and  for 
overdriven  and  weak  detonations,  the  singularity  does  not  arise.  If  the 
gasdynamic  effects  of  initiation  energy  are  considered  as  in  the  blast  wave 
model,  then  the  entire  regime  of  propagation  of  the  detonation  wave  is 
non-steady  decaying  from  an  initially  strongly  overdriven  detonation  near 
the  source  to  a  C-J  wave  at  infinity  (asymptotically).  Hence  no  singula¬ 
rity  in  the  solution  arises.  The  implication  of  the  blast  wave  model  is 
that  no  steady-state  diverging  C-J  wave  exists,  if  one  further  extends 
this  statement  based  on  the  present  status  of  knowledge  on  detonatlve 
combustion,  one  can  say  that  steady  state  C-J  detonation  waves  always  do 
not  exist  under  normal  conditions. 

In  matters  other  than  initiation  there  are  Indications,  as 
already  discussed,  that  the  processes  responsible  for  the  emergence  ol 
structure,  its  sustenance  and  regeneration  in  diverging  fronts  are  very 
similar  and  appear  to  resemble  point  Initiated  blast  waves  in  a  '  itonating 
gas.  It  would  seem  that,  the  study  of  the  reacting  blast  wave  -iv  *  •  could 
yield  Borne  insight  into  the  mechanisms  of  these  processes. 

These  points  were  recognized  by  Lee  (1965)  in  1963  and  the 
subsequent  studies  of  the  Shock  Wave  Physics  Group  essentially  evolved 
around  the  problem  of  reacting  blast  waves,  particularly  in  the  understand¬ 
ing  of  the  non-linear  coupLing  mechanisms  between  the  chemistry  and  a 
transient  hydrodynamic  flow  field.  It  was  recognized  that  all.  combustion 
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proeuNMCH  with  high  power  danalty  lead  to  Instability  and  the  understanding 
of  the  coupling  could  lead  to  the  aolutlon  of  the  complex  detonation  pro¬ 
cess.  in  broad  tarma  the  rcweavch  program  was  ocnc^vned  wl»’u  in*-  atudy  of 
the  formation  and  propagation  mochanlama  of  diverging  gaaeoua  detonation 
waves  but  essentially,  in  aimple  terms,  the  problem  waa  to  atudy  whet 
happens  when  a  maau  of  highly  detonable  gaa  la  proceaaad  by  a  ahock  wava 
whoso  Jump  conditions  are  sufficiently  strong  to  result  in  auto-ignition 
of  the  gas  medium  but  where  ouch  ahock  processing  is  immediately  followed 
by  a  monotonic  expansion  in  Che  wake  of  the  shock.  In  addition,  all  this 
is  occurring  in  a  transient  flow  field  where  both  the  ahock  strength  and 
the  shock  profile  are  changing  with  time.  The  specific  problem  in  question 
Is  to  investigate  if,  when  and  under  whet  conditions  such  non-linear  coup¬ 
ling  between  the  kinetics  of  tho  chemical  energy  release  and  the  hydro¬ 
dynamics  of  the  transient  flow  field  can  lead  to  a  stable  self-sustaining 
diverging  gaseous  detonation  wave. 

6 .  Physics  of  Collapsing  Waves 

In  fact  the  main  body  of  this  monograph  describes  the  details  of 
a  theoretical  investigation  of  explosions,  particularly  chemical  explosions. 
The  subject  matter  deals  with  analyses  of  blast  waves  in  general  and  more 
specifically  their  dynamics  In  deconative  gases.  However,  there  Is  also 
a  section  devoted  to  the  analytical  description  of  an  allied  problem  of 
Implosions  which,  as  outlined  in  the  digression  below,  has  some  phenomeno¬ 
logical  relevance  to  explosion  phenomena  in  the  context  of  detonative 
combustion  discussed  herein. 

The  study  of  collapsing  wave  phenomena  was  motivated  to  some 
extent  and  began  when  efforts  were  made  to  trace  the  origin  of  the  micro- 
explosion  centers  that  appear  to  be  instrumental  in  the  genesis,  sustenance 
and  regeneration  of  detonative  structure.  For  example,  some  meticulous!, 
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det.ii.ilcd  obeervat  Iona  at  transition  Indicat  e  Chat  a  highly  wrinkled  turbu¬ 
lent  flame  in  the  waka  of  the  precursor  shock  alwnys  occurs  just  prior  to 
transition.  There  are  actually  instances  which  have  been  observed,  for 
example,  in  Oppenheim's  records  in  planar  detonation  transition  where 
tongues  of  the  turbulent  flame  leap  ahead  and  merge  with  the  precursor 
shock  conceivably  trapping  bubbles  of  unburnt  gas.  Subsequent  collapse 
of  such  bubbles  generates  implosion  waves  which  upon  reflection  at  the 
point  of  focus,  in  turn,  generate  explosions.  Such  a  process  for  examp' e 
could  explain  the  origin  of  the  retonatlon  and  transverse  wave  phenomena 
at  transition  since  now  a  strong  explosive  wave  propagates  in  all  directions 
from  the  canter  of  tha  bubble. 

Oppanheltn's  records  suggest  several  modes  of  bubble  formation  at 
transition  in  planar  waves  but  there  is  one  mode  that  is  of  particular 
interest  because  a  similar  occurrence  was  observed  in  laser  spark  initiated 
spherical  diverging  fronts.  The  particular  mode  for  the  formation  of 
trapped  bubbles  of  unburned  gas  is  through  the  multi-layered  reaction  zone 
where  in  some  instances  ignition  in  a  shock-flame  complex  additionally 
occurs  either  right  at  the  shock  wave  or  else  in  the  complex.  The  new 
reaction  front  and  the  original  flame  surface  then  collapse  onto  each  other,. 
In  the  spherical  case  F  igu .  9  and  10  clearly  show  the  multi-layered  reaction 
zone  whereas  Fig.  19  illusw.ates  the  same  phenomenon  in  a  spark  schlieren 
photograph  of  a  diffracting  cylindrical  detonation  wave. 

An  experimental  and  theoretical  program  was  undertaken  concurrent¬ 
ly  in  our  research  group  to  study  the  dynamics  of  collapsing  waves  in  the 
hope  of  assessing  their  potential  role  5  ..  the  mechanisms  of  detonative 
combustion  .  Experimentally,  the  difficulty  with  these  waves  had  always 
been  to  generate  them  uniformly  at  a  finite  radius.  A  number  of  devices 
were  designed  for  this  purpose  exploiting  the  inherent  stability  of  planar 
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FIG.  19  SPARK  SCHLIEREN  PHOTOGRAPH  IT  A  CYLINDRICAL  DETONATION  WAVE 
DIFFRACTING  FROM  A  LINEAR  CHANNEL  AND  ILLUSTRATING  THE 
MULTI-LAYERED  REACTION  ZONE 
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C-J  detonation  waves.  Lee  and  Lee  (1965)  exploited  this  aspect  and  deve¬ 
loped  the  so-called  "deflection"  plate  method  of  Initiation  of  implosions. 
They  noted  that  because  of  the  self -amplifying  nature  of  converging  deto¬ 
nation  waves,  first  pointed  out  by  Zeld^vich  in  1958,  their  behavior  in 
effect  is  very  similar  to  that  of  converging  shock  waves.  In  fact  in  the 
vicinity  of  the  center  of  collapse,  a  converging  detonation  wave  approaches 
a  strong  converging  shock  wave.  Thus  all  the  desirable  effects  of  implo¬ 
sions,  such  as  the  extremely  high  temperatures  and  pressures,  can  just  as 
readily  be  achieved  through  converging  detonation  waves.  The  advantages  oi 
using  converging  detonation  waves  stem  from  their  inherent  initial  stabili¬ 
ty  and  hence  ease  of  their  initiation. 

In  the  "deflection"  plate  technique  of  Lee,  illustrated  in  Fig. 

20,  a  diverging  cylindrical  detonation  wave  is  used  to  initiate  a  cylindri 
cal  implosion.  Symmetrical  collapse  was  achieved  and  a  typical  self-lumi¬ 
nous  streak  photograph  is  displayed  in  Fig.  21  to  confirm  this.  Detonation 
velocities  measured  from  such  a  streak  record  are  found  to  be  similar  to  the 
corresponding  Chapman- Jouguet  velocity  of  that  particular  mixture.  No  dis¬ 
tinct  acceleration  of  the  front  can  be  detected  from  these  records.  This, 
however,  is  not  surprising  since  relatively  large  changes  in  the  location 
of  the  C-J  point  on  the  equilibrium  Hugoniot  curve  make  only  second-order 
changes  in  the  detonation  velocity.  In  these  experiments  a  more  sensitive 
parameter  such  as  pressure  was  measured  and  typical  detonation  front  pres¬ 
sures  taken  at  different  radii  are  plotted  in  Fig.  22.  The  pressure  of  a 
planar  C-J  detonation  wave  at  the  same  initial  pressure  as  the  imploding 
detonation  is  used  as  the  reference  pressure.  Also  plotted  in  this  figure 
is  the  pressure  variation  with  radius  for  a  strong  imploding  shock  wave  ba¬ 
sed  on  Guderley's  similarity  solution  and  for  an  imploding  detonation  wave 
based  on  the  Cheater-Chisnel i-Whitham  method.  To  be  noted  is  the  extremely 
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good  agreement  between  theory  and  e*  pe  r  I  menl  .  Thr  Impoilani  lnnltnr  I  It  mi 
this  figure  clearly  demonstrates  1h  t  hat  cylindrical  collapsing  detonation 
waves  amplify  as  they  approach  thr  center  of  convergence  but  that  atgntlt 
cant  amplification  does  not  begin  until  about  1/20  of  (tie  Initial  radius. 
This  is  the  reason  w.  such  Amplification  could  not  be  detected  on  the 
streak  photographs.  However,  recently  Ahlhorn  and  Hunt,  In  some  vet y 
accurate  and  .etailed  observations  with  an  image  converter  framing  carnets, 
have  confirmed  amplification  o£  converging  detonation  waves  from  trajectory 
measurements . 

With  the  Lee  "def Lection"  plate  te. unique  of  implosion  Initiation 
symmetrical  collapse  could  01  ty  be  achieved  for  relatively  high  initial 
pr  ssures  making  detailed  diagnostics  of  the  implosion  wave  dynamics  dll 
ficult  to  carry  out.  The  reason  for  this  is  that  in  the  initial  stages  of 
convergence  where  the  detonation  wave  is  forced  to  undergo  an  abrupt  change 
in  direction,  the  diffraction  effect  wos  so  severe  that  it:  limited  their 
ability  to  initiate  stable  implosions  to  initial  pressures  in  excess  of 
L/4  atm  in  equimolar  oxy- scetyLene  mixture.  More  important,  however,  the 
particular  geometrical  arrangement  of  vhc.lr  bomb  limits  the  practical  use 
fulness  of  their  technique  in  that  it  does  not  readily  lend  itself  to 
observation  of  the  implosion  phenomena.  However,  the  feasibility  of  using 
detonation  w;  3  for  generation  of  stable  implosions  was  clearly  demonstra 
ted . 

Subsequently  a  novel  technique  of  initiation  was  developed  by 
Knystautas  and  Lee  (1967)  whereby  the  implosion  chamber  can  readily  be 
adapted  to  schlleren  photographic  studies .  The  technique  was  suggested  by 
noting  the  stable  self-sustaining  nature  of  planar  detonation  waves  and 
the  rapid  attenuation  of  disturbances  to  the  front.  Thus  it  appeared  fea 
sible  that  a  continuous  converging  detonation  front  could  be  generated  by 
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nimiml  (Ia  |*p  i  I  jilip  i  v  .  Ai  t  tip  Iuiipi  ps  i  I  |>Iipi  v  ,  I  lip  lintpn  mi  -iiiimil  h  I  y  flAipd 
In  ml  it  (ml  ap  dlfliAt'lton  pffpi'tn  Ami  At  I  Iip  mil  pi  |»pi  I  pliPt  v,  I  tip  IioIpb  aid 
InliiPtl  I  n  a  api'Ipa  nf  equal  lengt  h  plexIglas  tulips.  At  I  hr  amt  nf  pacIi 
I  iitn-i  a  k-timi  stp.uk  gap  Ia  plAcpd  aiuI  lhe»p  dic  all  p  I  pc  t  r  (c  A 1  1  y  r  oiiiipi' t  e*l  In 
spiIpa  to  a  1*>  uK ,  20-UV  low  Induclancp  capacitor  through  a  t h  ■  pp -p  Ipc  i  i  mla 
nwUi'll,  The  aide  walls  of  I  Iip  cylindrical  ehamhpl'  consist  nf  two  2,'icm 
thick  aCpoI  plats*  with  centrally  located  circular  openings  In  penult  the 
Insertion  ul  lO-cm-dlaro  optical  quality  fused  quart  e  window*. 

With  ttilii  method  of  lull  tut  Inn  the  converging  ilelnnAtlun  wave  Is 
tunned  from  the  detonation  wavelet#  as  they  stmull aneously  emerge  Into  the 
cylindrical  chamber .  Hence  ltd  Initial  wave  shape  In  Irregular  and  taken 
on  a  polygonal  configuration.  Where  any  two  segment#  of  the  polygonal  shaped 
detonation  front  collide  at  an  angle,  a  reflected  shock  is  generated  extend¬ 
ing  radially  Into  the  flow  behind  the  from.  Depending  on  the  angle  between 
adjacent  segments  of  the  polygonal  front,  the  reflections  can  either  he  ul 
the  "regular"  or  of  the  "Mach"  type.  For  Chapman-Jouguet  detonations  In  the 
equimolar  acetylene-oxygen  mixtures  used  In  the  experiments,  the  minimum 

Included  angle  between  two  intersecting  detonation  fronts  where  Mach  retlec- 

o 

tions  occur  is  of  the  order  of  100  .  If  the  Initial  conditions  are  such 
that  adjacent  segments  of  the  polygonal  detonation  front  reflect  regularly, 
the  wave  will  collapse  as  a  polygon  pres  arvirtg  its  initial  shepe  without 
r.e If -ar.iplf ication.  When  more  points  of  initiation  are  used,  the  polygonal 
shaped  detonation  front  formed  i'  such  that  adjacent  segments  generate  "Mach" 
reflections.  The  difference  in  the  strength  between  the  Maco  stem  and  the 
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All  hough  iI*aaa  Mach  »«f  Ud  imi*  provide  «  mfc bantam  for  atrangth* 
oiliiH  t  lut  i'u  l  l  rtp«  i  ng  polygonal  shaped  dntonaMon  wave,  l  It*  approach  to  a 
wmoot  It  cylindrical  form  from  it*  Initial  irregular  ahapa  ivijul  i«»  that  flip 
ipflm'toil  ahnrka  Altpunrtlp  a  a  iltpy  |»»  opagai  p  tn  t  he  tangential  direction. 
Thin  attenuation  of  tit*  raflnctad  shock  w»vrn  In  o  Ivrinl  to  aa  t  Ito  out  v*  - 
turn  d  i  at  i  Unit  I  on  m*rh*nl*m  by  Tarry  a  ml  kMutrowit*.  l'h*»  y  (omul  that  tor 
ordinary  alloc  l  wave*,  the  AttanuAtion  docraaMan  with  I  net  a  a*  lug  shock 
Mt length  accounting  for  tha  d  a  c  r  a  a  a  a  In  MtAbtllty  for  strong  tonvarglng 
tihooka.  In  tha  peasant  caaa  with  converging  dalonation  wnvaa,  flterr  aia 
strong  Indications  that  tht«  "curvature  distribution"  mechanism  am  i  a t  >■ . 

In  t  h  a  a  a  t  of  uohliaran  pluitogi  a;>ua  shown  in  Fig.  2‘>  taken  «t  an  initial 
pressure  ol  100  Ton  ,  on#  ertn  observe  that  the  polygonal  shaped  datoi  at  ion 
front  does  tend  to  ,  ,>p>o«c.h  e  smooth  eyliiui  t  .  form  as  it  collapses.  That 
the  reflected  shocks  attenuate  l.s  indicated  by  tbeli  complete  abaeme  In 
those  parts  of  the  front  where  the  structure  is  smooth.  This  is  perhaps 
better  Illustrated  in  the  photograph  shown  in  Fig.  25  taken  at  a  slightly 
higher  pressure  of  120  Tori*. 

Owing  to  the  poor  magnification  of  the  present  schliercu  system, 
it  is  difficult  to  resolve  the  wave  structure  at  radii  smaller  than  0.5  cm. 
Hence,  whether  a  true  cylindrical  shape  is  achieved  In  the  vicinity  of  the 
center  of  convei  «>enc.e  is  as  yet  unresolved.  That  stable  convergence  is 
achieved  can  perhaps  be  hoped  for  on  the  i  sis  that  large  scale  vorticity 
in  the  flow  field  oehind  the  reflected  shock  wave  (frames  (h)  and  (i)  of 
Fig.  24)  is  absent  and  the  presence  of  the  extremely  bright  flash  generated 
at  the  collapse  point.  Spectroscopic  measurements  of  temperature  and  pres¬ 
sure  probing  in  the  region  of  the  center  of  collapse  indicated  that  for 


FIG.  24  SPARK  SCHLIEREN  PHOTOGRAPHS  OF  AN  IMPLODING  CYLINDRICAL  DETONATION 
WAVE  TAKEN  AT  SEQUENTIAL  TIMES.  EACH  PHOTOGRAPH  IS  OF  A  DIFFERENT 
DETONATION  WAVE 
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equimolar  oxy-«cetyl**ne  ml::tur«ii  xt  an  initial  temperature  and  prcHaurv  ot 
300°  K  and  100  ton,  th*  temperature  and  pressure  at  the  canter  of  collapse 
of  a  cylindrical  detonation  wavs  are  of  the  order  of  200,000°  K  and  130 
atm,  respectively. 

The  raaulta  d  these  experiments  indicate  that  for  converging 
detonation  wavea  a  curvature  distribution  mechanism  exists  whereas  none 
existn  for  converging  shock  waves  of  similar  initial  strength,  it  should 
be  noted  that  the  non-uniform  flow  structure  observed  la  characteristic  of 
tha  particular  mathod  of  initiation,  where  a  polygons l -shaped  front  was 
generated  and  transition  to  a  smooth  cylindrical  front  dapanda  on  the  mul¬ 
tiple  shock  reflections.  With  other  methods  of  initiation  a  more  unifoim 
flow  structure  should  be  attainable.  One  important  point  that  these  expo 
rlmenta  do  point  out  is  that  it  is  possible  to  achieve  arbitrarily  high 
levels  of  thermodynamic  states  in  the  neighborhood  of  the  point  of  focus 
even  from  collapsing  polygonal  waves.  It  is  evident  then  that  these  ele¬ 
vated  thermodynamic  levels  are  no  indication  that  the  collapse  is  stable 
and  such  cumulation  should  not  be  confused  with  the  theoretically  limit¬ 
less  cumulation  which  can  be  approached  with  nearly  perfectly  symmetric 
collapse.  These  points  are  particularly  relevant  to  practical  applications 
of  tne  implosion  principle  such  as  that,  for  example,  of  Glass  where  he  has 
devised  a  hemispherical  implosion  device  as  a  driver  for  a  hypervelocity 
launcher.  In  his  case  he  has  applied  a  thin  liner  of  solid  explosive  tc 
the  Inside  of  a  hemispherical  shell.  A  gaseous  diverging  detonation  wave 
is  used  to  initiate  the  solid  explosive  shell  thereby  cheating  a  strong  im 
ploding  wave  which  upon  collapse  is  presumed  to  achieve  extremely  high 
thermodynamic  states  to  drive  a  projectile  down  the  barrel.  Glass  has  used 
imprints  on  a  witness-plate  to  assess  the  efficiency  of  his  implosion  device 
However,  our  observations  in  the  experiments  just  discussed  clearly  indicate 
that  to  assess  the  stability  of  the  imploding  wave  and  hence  the  degree  ol 
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cumulation  ultimately  achieved  only  direct  measurements  must  be  used-  In¬ 
direct  passive  observations  such  as  witness-plate  imprints  cannot  distin¬ 
guish  one  way  or  the  other  between  attainment  o t  arbitrarily  limited  levels 
of  cumulation  associated  with  nearly  perfect  symmetry. 

Suffice  it  to  say  that  currently  a  device  is  now  available  (al¬ 
though  new  approaches  are  still  being  explored)  which  is  ".apable  of  produ¬ 
cing  nearly  perfect  symmetrical  collapsing  cylindrical  detonation  waves. 

A  schematic  diagram  showing  the  essential  features  of  the  implosion  device 
is  shown  in  Fig.  26.  Ignition  and  instantaneous  detonation  formation  are 
achieved  by  a  high  energy  spark  discharge  (i.e.,  BO  joules  from  a  10  pf 
capacitor  at  4  KV)  at  the  conical  end  of  the  coaxial  tube.  The  detonation 
then  expands  in  the  diverging  conical  wave  guide  to  form  an  annular  deto¬ 
nation  wave  which  then  propagates  down  the  straight  portion  of  the  coaxial 
tube  towards  the  implosion  chamber.  To  minimize  the  effects  of  attenuation 
as  the  detonation  diffracts  around  the  corner,  the  annular  detonation  is 
first  amplified  prior  to  entering  the  implosion  chamber.  This  is  achieved 
by  a  gradual  10°  area  convergence  of  the  annular  passage.  Diffraction  of 
the  highly  overdriven  detonation  wave  into  the  implosion  chamber  occurs  at 
the  minimum  area  (i.e.,  5  cm).  Due  to  the  small  cross-sectional  area  and 
the  highly  overdriven  state  of  the  detonation  wave  when  diffraction  takes 
place,  the  attenuation  and  the  non-uniformity  it  suffers  have  little  effect 
on  the  subsequent  symmetry  of  the  imploding  wave.  The  cylindrical  implo¬ 
sion  is  essentially  generated  instantaneously  by  a  powerful  line  source.  A 
gradual  20°  area  divergence  then  controls  the  expansion  of  the  imploding 
wave  before  it  enters  the  constant  width  chamber.  The  implosion  device  is 
1  meter  long  and  the  dimensions  of  the  constant  width  implosion  chamber  are 
8  cm  diameter  by  1  cm  thick.  The  success  of  the  present  scheme  is  based  on 
the  principle  that  all  changes  in  cross-sectional  area  are  made  very  gradual 


FIG.  26  SCHEMATIC  DIAGRAM  OF  THE  CYLINDRICAL  IMPLOSION  CHAMBER  USING  THE  WAVE-GUIDE  PRINCIPLE  OF  INIATION 
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and  diffraction  effects  are  minimized  by  the  high  amplification  of  the  wave 
prior  to  diffraction. 

A  typical  set  of  schlieren  photographs  of  a  cylindrical  implosion 
at  an  initial  pressure  Pq  =  50  torr  in  equimolar  oxy-acetylene  mixture  is 
shown  in  Fig.  27.  Each  picture  is  of  a  different  firing  and  the  shot-to- 
shot  jitter  for  the  same  time  delay  setting  is  within  the  spatial  resolu¬ 
tion  (  r->  1  mm)  of  the  photographs.  Note  the  nearly  perfect  cylindrical 
symmetry  of  the  detonation  wave  at  the  different  stages  of  its  collepse. 

The  center  of  convergence  of  the  wave  coincides  with  the  center  of  symmetry 
of  the  implosion  chamber  within  the  spatial  resolution  of  the  photographs. 
This  enables  diagnostic  techniques  which  have  the  probe  position  referenced 
with  respect  to  the  chamber  (e.g.,  pressure  measurements  with  piezoelectric 
transducers)  to  be  used.  The  bright  spot  at  the  center  of  collapse  signi¬ 
fying  the  high  temperatures  obtained  is  not  apparent  in  these  photographs , 
This  is  due  to  the  very  large  f-stop  used  in  the  schlieren  camera  to  prevent 
fogging  of  the  film  from  the  self-luminosity  of  the  detonation  products.  It 
was  found  that  such  perfect  cylindrical  symmetry  can  be  obtained  with  the 
present  initiation  scheme  for  initial  pressures  as  low  as  25  torr. 

Within  the  experimental  error  of  the  time  measurement  of  0.5  psec  , 

the  shock  trajectory  is  practically  a  straight  line,  and  the  velocity  deter 

mined  from  its  slope  corresponds  to  the  Chapman-Jouguet  velocity  of  the  ex 

plosive.  However,  the  shock  velocity  is  quite  an  isensitive  parameter  since 

it  is  proportional  to  the  square  root  of  the  slope  of  the  Rayleigh  line. 

Large  changes  in  shock  pressure  can  occur  with  the  corresponding  second  or 

der  changes  in  shock  velocity  falling  well  within  the  present  experimental 

scatter.  Prom  theoretical  considerations  the  time  exponent  N  of  the  shock 

N 

trajectory  (i.e.,  R  r'**  t  )  varies  from  unity  for  a  Chapman-Jouguet  detona 

s 

tion  to  N  =  .835  for  a  strong  cylindrical  shock.  It  would  be  extremely 
difficult  to  detect  such  small  changes  in  the  propagation  law  from  expert- 
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SEQUENCE  07  SPARK  SCHLIEREN  PHOTOGRAPHS  OF  A  SYMMETRICAL  CONVERGING  CYLINDRICAL 
DETONATION  WAVE 
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mental  shock  trajectories. 

We  repeated  our  previous  measurements  of  shock  pressures  using  a 

fast  response  barium  titaxiate  transducer  (i.e.,  1  M-sec  rise  time  end  3.2  mm 

diameter).  The  results  confirmed  those  of  the  previous  work  and  showed  that 

Wbitham's  area  rule  gives  an  excellent  prediction  of  the  shock  pressure 

variation  with  radius.  The  maximum  shock  amplification  was  found  to  occur 

R 

g 

in  the  small  region  very  close  to  the  center  of  convergence  (i.e.,  — o:0<05). 

Ro 

Howe.ar,  due  to  the  small  dimension  of  the  present  implosion  chamber  (i.e., 

8  cm  diameter)  and  the  relatively  large  diameter  of  the  piezoelectric  ele¬ 
ment  of  3.2  mm,  the  present  results  in  the  interesting  region  of  maximum 
amplification  are  inconclusive.  Pressure  measurements:  have  to  be  repeated 
again  in  the  future  in  a  large  diameter  chamber  with  a  smaller  transducer 
giving  better  time  and  space  resolutions 

It  is  well  known  that  the  structure  of  a  gaseous  detonation  front 
is  non-planar  on  a  microscopic  scale.  The  front  takes  on  a  corrugated 
structure  with  pressure  waves  propagating  in  the  transverse  direction  to 
the  detonation  motion.  From  the  research  on  detonation  structure  in  the 
past  decaue  it  was  found  that  the  dimensions  of  the  corrugation  and  the 
strength  of  the  transverse  pressure  waves  are  directly  related  to  the  in¬ 
duction  time  of  the  explosive.  Hence,  for  example,  an  increase  in  the 
initial  pressure  of  the  explosive,  a  decrease  of  inert  diluent  or  over¬ 
driving  the  detonation  by  external  means  all  tend  to  decrease  the  strength 
of  the  transverse  perturbations.  Fig.  28  showns  a  scries  of  open-shutter 
photographs  of  the  trajectories  of  the  transverse  perturbations  in  equimo¬ 
lar  C2R2~0'’  mixtures  in  a  1  mm  width  flat  channel.  Note  that  the  average 
size  of  the  wave  corrugations  decreases  with  increasin'.!;  initial  pressures 
as  indicated  by  the  total  number  of  transverse  waves  present.  For  eqvimo 
1  ir  ”0 2  mixtures  used  in  -the  present  experiments  at  an  initial  pressure 
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FIG.  28  OPEN -SHUTTER  PHOTOGRAPHS  OF  A  PLANAR  DETONATION  WAVE  IN  A  FLAT 

CHANNEL  AT  DIFFERENT'  INITIAL  PRESSURES  IN  EQUIMOLAR  OXY-ACETYLENE 
MIXTURE 
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•  ■I  1 OU  torr,  the  average  dimension  oi  the  wave  corrugations  tor  a  steady 
planar  Chapman- Jouguet  detonation  la  of  the  order  of  1  mm  and  Che  transverse 
pressure  waves  are  found  to  be  weak  acoustic  w«vet>  propagating  at  the  speed 
of  sound  of  the  detonation  products,  Defining  this  structural  Instability 
as  micro-instability.  It  Is  Interesting  to  observe  its  behavior  as  the  deto¬ 
nation  collapses.  Pig.  29  shows  open-shutter  photographs  of  an  Imploding 
cylindrical  detonation  wave  in  a  1  mm  wide  chamber.  Similar  open-shutter 
photographs  of  cylindrical  imploding  detonations  have  been  obtained  by  Voit- 
sekhovskii.  Since  the  transverse  perturbations  propagate  In  the  tangential 
direction  as  the  detonation  wave  collapses,  their  trajectories  as  indicated 
in  the  photograph  appear  as  logarithmic  spirals.  As  the  detonation  collapses, 
the  number  of  transverse  waves  per  unit  area  of  the  front  Increases.  Hence, 
the  scale  of  the  lnhomogenelt ies  of  the  front  diminishes.  This  implies  that 
by  the  action  of  these  transverse  pressure  waves,  an  initially  corrugated 
front  tends  to  "smooth"  out  and  approaches  a  pure  cylindrical  form  of  uniform 
curvature.  These  transverse  waves  supply  a  mechanism  of  curvature  distribu¬ 
tion  in  a  collapsing  detonation  front.  As  the  detonation  collapses,  it  beco¬ 
mes  progressively  amplified  and  approaches  a  strong  shock  wave  In  the  limit. 
Since  the  strength  of  the  transverse  perturbations  decreases  as  the  detonation 
becomes  overdriven  in  the  limit,  they  will  decay  to  acoustic  strength  when  the 
wave  approaches  a  strong  shock  in  the  vicinity  of  the  center  of  collapse. 

Assuming  that  these  transverse  perturbations  propagate  at  the  local 
sound  speed  of  the  products,  it  is  possible  to  compute  their  trajectories  as 
the  detonation  wave  collapses.  The  instantaneous  velocity  of  a  transverse 

a  • 

perturbation  is  given  by  the  equation  R  co  =  C. (R  )  where  a>  is  the  angular 

8  1  8 

velocity  and  C,  (R  )  is  the  sound  speed  behind  the  front.  The  velocity  of  the 
1  s 

detonation  front  is  given  as  =  -D(Rs)  where  DfR^)  is  the  instantaneous 
detonation  velocity  and  the  negative  sign  Is  chosen  to  denote  the  collapsing 
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FIG.  29  OIEN-SH UTTER  PHOTOGRAPHS  OF  A  CONVERGING  CYLINDRICAL  DETONATION 
WAVE  AT  DIFFERENT  INITIAL  PRESSURES  IN  EQUIMOLAR  OXY- ACETYLENE 
MIXTURE 


motion.  From  these  two  relationships  c  ie  obtains; 

.  R. 


U)  =  ± 


c,(Rs>  dRs 
D(RS)  Rs 

where  it  is  assumed  that  cn  =  0  at  Rg  =  R  .  Using  Whttham's  simple  area 

rule,  the  functions  C,  (F  )  and  D (R  )  can  be  determine'*  lienee  the  angular 

location  O)  of  the  transverse  disturbance  of  any  instantaneous  shock  radius 

R  can  be  found.  A  plot  of  a  few  of  the  theoretical  trajectories  is  shown 
s 

in  Fig.  30  for  a  range  of  initial  pressures  and  agrees  quite  well  with  the 
experimental  trajectories  shown  in  Fig.  28. 

For  the  perturbations  on  the  wave  generated  by  the  initiation 
process,  the  same  curvature  distribution  mechanisms  should  apply  (i.e.,  the 
transverse  pressure  waves  carry  these  perturbations  and  distribute  them  a- 
long  the  front  as  it  collapses).  It  is  of  interest  to  examine  the  propaga¬ 
tion  of  these  transverse  waves  closely  in  terms  of  a  stabilization  mechanism. 
For  a  strong  shock  or  for  a  constant  velocity  Chapman -Jouguet  detonation _ 

c  q  3y{y-\ ) 

wave,  the  function  ~  is  constant,  depending  only  on  y  (i.e.,-jJ-  =  - - 


for  strong  shocks  and  s 
the  above  equation  yields 


y 

y+i 

R, 


r 

for  C-J  detonations).  Integration  of 

-kco 


R, 


=  e 


where  k  =  .  From  this  equation,  we  see  that  as  R  /R  — *■-  0,  co — w— co  . 

CL  so’ 

This  means  that  the  transverse  waves  sweep  over  the  shock  with  increasing 
rapidity  as  the vave  contracts.  Hence  local  perturbations  arc  distributed 
uniformly  around  the  shock  an  infinite  number  of  times  causing  the  wave  to 
regain  its  symmetry.  In  the  study  of  stability  of  planar  shocks,  Freeman 
treats  these  transverse  waves  as  cylindrical  pulses  decreasing  in  amplitude 
as  they  propagate.  Hence  they  should  eventually  be  damped  Out  as  they  sweep 
around  the  shock.  Viscosity  can  certainly  provide  a  dissipation  mechanism 
for  these  perturbations. 


A  n«t  r f  txpci  1 manta  cn  the  decey  of  eft  1  f lei e  1  lv  ^ener*sted 
n*  rturbat  Ion*  by  placing  a  cylindrical  rod  in  th*  path  of  tha  collapsing 
detonation  wav*  ware  performed.  Pigs.  31  to  33  show  three  sets  of  schlieren 
photographs  for  the  interaction  of  the  Imploding  detonation  wave  with  cylin¬ 
drical  rods  of  different  diameter  ranging  from  3.2  to  9.6  mm,  respectively, 
together  with  the  corresponding  open-shutter  photographs.  The  initial 
pressure  for  theae  experiments  is  50  torr.  Two  pairs  of  transverse  waves 
are  generated  during  the  interaction  with  the  rod.  The  first  set  is  formed 
when  the  Mach  shocks  that  ride  on  the  surface  of  the  cylinder  meet  at  the 
rear  stagnation  point  of  the  cylinder.  From  Pig.  31,  note  that  the  first 
set  of  transverse  waves  decays  extremely  rapidly  and  is  already  absent  in 
the  first  frame.  The  distribution  of  curvature  by  the  second  set  of  trans¬ 
verse  waves  is  clearly  Illustrated  in  the  second  frame.  The  detonation 
wave  outside  the  region  of  influence,  bounded  by  the  transverse  waves  re¬ 
tains  its  perfect  symmetry.  The  transverse  waves  damp  out  rather  rapidly 
and  in  the  third  frame  the  cylindrical  wave  regains  its  former  symmetry. 

In  the  second  set  of  schlieren  photographs  shown  in  Fig.  32,  the  rod  is 
placed  approximately  at  half  the  radius  of  the  former.  Note  that  the  rate 
of  decay  of  the  transverse  wave  is  less  rapid  and  they  can  still  be  iden¬ 
tified  in  Frame  4.  However,  evidence  that  symmetry  is  regained  towards 
the  very  end  of  the  collapse  can  be  derived  from  the  fact  that  the  bright 
spot  associated  with  the  extremely  high  temperature  is  achieved  at  the 
centre  of  convergence.  Also  from  Frame  4  of  Fig.  32,  one  notes  that  the 
Mach  stem  bounded  by  the  second  set  of  transverse  waves  takes  on  a  curva¬ 
ture  quite  close  to  that  of  the  undisturbed  wave  Indicating  the  existence 
of  a  curvature  distribution  mechanism  in  the  Mach  reflections  of  converg¬ 
ing  detonation  waves.  In  Fig.  33,  a  9.6  diameter  rod  is  used  and  the  bright 
spot  obtained  at  the  center  of  convergence  indicated  that  significant  focus- 
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PIG.  31  SPARK  SCHLIEREN  AND  OPEN-SHUTTER  PHOTOGRAPHS  ILLUSTRATING  THE  INFLUENCE  OF 
DISTURBANCES  IN  THE  TRAJECTORY  OP  A  CONVERGING  CYLINDRICAL  DETONATION  WAVE 
CREATED  BY  A  3.2  m*  DIAMETER  ROD  NEAR  THE  RIM  OF  THE  BOMB 


FIG.  32 


SPARK  SCHLIERKN  AND  OPEN-SHUTTER  PHOTOGRAPHS  ILLUSTRATING  THE  INFLUENCE  OF 
DISTURBANCES  IN  THE  TRAJECTORY  OF  A  CONVERGING  CYLINDRICAL  DETONATION  WAVE 
CREATED  BY  A  3.2  mm  DIAMETER  ROD  LOCATED  AT  HALF-SPAN 
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FIG.  33  SPARK  SCHLIEREN  AND  OPEN-SHUTTER  PHOTOGRAPHS  ILLUSTRATING  THE  INFLUENCE  OF 
DISTURBANCES  IN  THE  TRAJECTORY  OF  A  CONVERGING  CYLINDRICAL  DETONATION  WAVE 
CREATE!  BY  A  9.6  mm  DIAMETER  ROD  NEAR  THE  RIM  OF  THE  BOMB 
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ing  of  energy  can  still  be  achieved  with  such  large  s^ale  perturbations. 
Even  in  this  case  the  action  of  the  curvature  distribution  mechanism  is 
evident  in  re-accelerating  the  lagging  portions  of  the  disturbed  front. 

Within  the  spatial  resolution  of  the  present  experimental  records 
(  1  mm)  no  noticeable  shift  of  the  center  of  collapse  was  detected  when 

the  rods  were  used.  This  is  in  contrast  to  the  findings  of  Perry  and  Kan- 
trowitz,  where  observable  shift  of  the  bright  spot  occurred.  However,  in 
their  case  the  disturbance  was  not  generated  within  the  implosion  chamber 
Itself  but  along  the  ramp  leading  tc  the  chamber.  The  result  may  have  been 
that  the  wave  entered  the  implosion  chamber  asymmetrically  and  collapsed 
accordingly. 

From  these  results  attesting  to  the  existence  of  an  inherent  sta¬ 
bilization  mechanism  in  Implosions  there  emerges  a  curious  philosophical 
paradox  raised  recently  by  Zababakhin.  If  implosions  are  inherently  stable, 
then  perfectly  symmetrical  collapse  is  possible  and  consequently,  according 
to  current  theoretical  predictions,  infinite  temperatures  and  pressures  can 
be  achieved  at  the  center  of  symmetry.  But,  as  Zababakhin  puts  it,  is  It 
possible  in  nature  to  achieve  infinite  energy  densities  through  cumulative 
processes  among  which  implosions  are  but  an  example?  Nature  it  seems  is 
intolerant  of  such  unbounded  accumulation  and  tends  to  inject  some  mecha- 
ni  m  or  mechanisms  to  preserve  finite  bounds.  Just  as  optical  focusing, 
for  example,  is  diffraction  limited,  so  too  is  there  not  an  upper  bound  to 
shock  focusing?  Zababakhin  hypothesizes  that  although  evidently  cumulation 
occurs,  infinite  slates,  however,  are  not  achieved.  Apparently  dissipation 
mechanisms  nuch  as  viscosity  and  heat  conductivity  are  not  necessarily  the 
limiting  factors  restricting  such  unbounded  cumulation.  He  attributeb  this 
limitation  to  instability,  loss  of  symmetry  of  the  phenomenon,  as  he  calls 
it.  Vakhrameev  has  indicated  that  this  loss  of  symmetry  is  compounded  whm 


there  la  more  than  one  degree  of  freedom  for  commit  At' too  (e.g.,  implosion 
into  c  radially  diminishing  denalty  field). 

To  illustrate  thla  point,  f.ababakhin  haw  chosen  a  convincing  amt 
appropriate  example,  Ha  conaidera  the  collapse  of  a  thin  cylindrical  amt 
slowly  rotating  shell  of  Ida  l  fluid.  There  la  no  iofloit*  c omul  at  too  to 
this  case  because  when  the  primary  (radial)  mode  begins  to  experience  exten- 
alva  cumulation,  thara  la  mi  anargy  tranafer  to  the  alternate  (rotary)  mode 
thereby  daatroying  the  original  cumulative  mechanism.  Thua,  although  Infi¬ 
nite  cumulation  la  ruled  out,  this  example  doaa,  nevertheUea,  illustrate 
that  the  weaker  the  Initial  perturbation  (l.e,,  the  lower  the  angular  momen¬ 
tum  in  this  case),  the  greater  la  the  energy  danelty  ultimately  reached. 

The  implication  la  that  there  era  distinct  levels  to  which  energy  densities 
can  ultimately  accumulate.  Such  levels  are  finite  and  dependent  on  the  da 
gree  of  initial  geometrical  symmetry  and  on  the  number  of  degrees  of  freedom 
of  cumulation. 

The  study  juat  discussed  indicates  that  converging  detonationo  are 
stable  in  the  sense  that  local  par turbat ions  are  distributed  around  the  front 
by  transverse  waves  (l.e.,  there  exists  a  curvature  distribution  mechanism). 
The  trajectories  of  these  waves  behave  like  logarithmic  spirals  sweeping  with 
increasing  rapidity  as  the  wave  collapses.  Rapid  decay  of  these  transverse 
waves  is  observed  experimentally  provided  they  occur  before  significant  cu¬ 
mulation  has  begun.  Whether  complete  resumption  of  symmetry  is  achieved  or 
not  before  collapse  In  an  initially  distorted  front  is  uncertain.  The  uncer 
tainty  rests  In  the  fact  that  now  a  new  (transverse)  mode  or  a  new  degree  of 
freedom  has  been  provided  for  possible  energy  transfer  from  the  primary  (ra 
dial)  mode  of  convergence.  The  degree  of  symmetry  that  is  attained  now  de¬ 
pends  on  the  initial  strength  of  the  disturbance  and  on  the  available  span 
of  travel  of  the  main  front  before  collapse  over  which  the  curvature  distrl 
button  mechanism  can  act  to  smooth  out  the  disturbance. 


That  ovMHilat  Inn  «f «.H» •  occur  in  such  tnat ances,  however ,  I*  •  v* l ! 
confirmed  and  Indisputable  f «c t  .  Th*  point  in  question  her*  (Mrttlni  to  th# 
dogma  of  accumulation.  Kvan  tn  th#  can*  of  strong  shook  %  *v#  propagating 
into  a  vedge-llk*  channel  of  diminishing  araa  Belokon  at  al  observed  conal- 
tiarahla  via*  in  atataa  at  the  apex  of  th#  ohannal ,  In  our  previous  work, 
wham  th*  initiation  ot  cylindrical  Implosion*  van  trow  a  more  or  l#na 
multi  sided  polygon,  measurement*  indicate  temperature  lavala  of  th*  ordet- 
of  200,000°  R  at  th*  point  of  oollapaa. 

Th*  moat  significant  cone  Inal on  of  tha  work  juat  described  la  to 
indicate  that  symmetrical  oollapaa  can  b*  enhanced  by  initiating  implosion# 
in  chamber#  ot  large  radlua  ao  that  any  diaturbano**  invariably  associated 
with  initiation  hava  auffioiant  travel  to  attanuat*  or  by  Initiating  implo¬ 
sion*  with  minimal  parturbationa  In  th*  flrat  plac*.  Certainly  from  th* 
point  of  vl*v  of  practical  application*,  th*  firat  point  la  particularly 
relevant  in  that  large  chambara  ara  highly  dealrabla  to  achlev*  aa  larga  a 
core  of  plaama  as  poaalbla  naar  tha  oantar  of  collapaa.  Such  plasma  can 
be  utilised,  say,  in  detonation  wave  laeere,  among  other  things,  for  opti¬ 
cal  pumping  of  a  ruby  or  naodymiuiu  rod  to  acblavs  lasing  action.  Currently 
there  alao  ara  intensive  efforts  in  our  laboratory  to  axplolt  tha  second 
point  pertaining  to  stable  initiation  of  implosions  by  devising  schemas  o! 
initiation  with  aa  minimal  initial  parturbationa  as  posolble.  On#  approach 
is  that  of  flash  photolysis  which  has  used  successfully  by  Wadsworth 

for  datonation  Initiation.  We  are  utilising  a  Zeta-pincb  device,  schema¬ 
tically  Illustrated  in  Fig.  34,  for  photolytlc  initiation  of  converging 
cylindrical  detonation  waves.  In  this  schema  an  electrical  energy  bank  is 
discharged  rapidly  through  argon  gas  in  the  outer  co-axial  chamber  and  the 
ensuing  highly  luminous  collapsing  current  sheet  is  exploited  for  optical 
pumping  of  the  detonable  gao  in  the  inner  chamber.  Because  the  absorption 
lengths  at  the  absorption  frequencies  in  the  detonable  gases  at  the  initial 
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lumaui'ea  need  nr*  extremaly  shut  t  ,  virtually  Instantaneous  and  uni  form 
Initiation  of  an  Implosion  occurs  a t  the  periphery  of  the  Inner  chamber. 

I't  el  Imlnat  y  exploratory  result  a  indicate  that  such  a  aoheme  la  feaelble 
for  generation  or  imploaiona  and  thla  mode  of  Initiation  la  Wain*  actively 
explored  at  the  preaent  time  In  our  laboratory. 

I  •  &lilill!-llL  £2HL*U&£ 

The  final  varalou  of  this  monograph  la  divided  Into  eleven  chap¬ 
ter*,  five  of  which  (Chaptora  2  to  6)  era  presented  In  thla  report  in  e 
form  that  will  remain  Intact  In  the  final  version  with  the  mlaalng  numerical 
result  a  f 11  lad  In,  The  present  Chapter  l  will  be  replaced  by  four  chapters 
on  experimental  observations  of  various  exploaton  phenomena.  As  It  now 
atande  Chapter  1  aervea  ea  e  brief  summary  of  these  four  chapters  which  ere 
virtually  complete  in  draft  form  but  which  came  too  late  to  be  Included  In 
thla  raport  because  cf  the  necessity  to  meet  the  Immediate  deadline  of  the 
AFOSR  grant  requirements . 

For  these  four  chapters  on  the  experimental  observations  of  explo 
aion  phenomena,  the  first  chapter  reviews  the  diagnostic  techniques  used  in 
shock  wave  phyaics.  This  includes  various  methods  for  ahoc.k  wave  velocity 
measurement,  transient  pressure  detection  by  piezoelectric  devices,  density 
measurement  by  Interferometric  end  other  techniques,  high  temperature  mea¬ 
surement.  by  optical  means,  ionisation  by  conductivity  probaa,  etc.  The 
second  chapter  deals  with  electrical  explosion  phenomena.  The  dynamics  of 
shock  waves  from  electrical  spark  discharges,  exploding  wires,  laser  sparko, 
Zeta  and  Theta  pinches,  and  various  types  of  electromagnetic  shock  tubes 
are  described.  Chapter  3  reviews  the  phenomena  of  chemical  explosions,  par¬ 
ticularly  the  gaseous  phase.  Here  the  topics  discussed  are  the  transition 
phenomena  from  deflagration  to  detonation,  mechanisms  of  direct  initiation 
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ol  HphnU'Al  detonations,  Instability  and  structure  of  gaseous  detonation 
fronts,  and  recant  concept*  of  multlheaded  detonation  front*  and  propagation 
mechanism*.  Chapter  <•  describes  the  phenomena  of  imploding  shock  and  deto¬ 
nation  wave*.  Various  technique*  of  initiating  symmetrical  implosions  that 
w»  have  developed  are  preaentad  in  detail  together  with  the  result*  of  di¬ 
agnostic  experiments  on  ths  properties  of  imploding  waves.  Tht  stability 
of  imploding  wave*  is  also  treated.  In  these  four  chapters  the  applied 
"ip* eta  of  exploaions  and  Imploalone  are  not  dlscuaaad  and  amphasi*  is 
pieced  on  the  physic a  of  tha  phenomena. 

In  the  remaining  part  of  the  monograph  only  the  gasdynamli  aspect f 
of  axploslona  and  implosions  ara  considered.  The  wave  front  la  treated  in 
most  cases  as  a  gaadynemlc  diacontlnuity.  To  provide:  soma  physical  under¬ 
standing  of  the  transition  xona  of  a  ohock  or  a  detonation  wave  a  chapter 
has  bean  added  on  the  structure  of  ehock  fronts .  Hence  Chapter  5  review* 
first  some  fundamental  aspects  of  kinetic  theory  of  gases  followed  by  a 
study  of  the  shock  structure  based  on  the  Navier-Stokea  approximation,,  toe 
thirteen  moment  approximation  of  the  Boltxmann  equation,  the  Mott-Smith 
solution,  and  the  work  of  Llepmann  and  co-workers  on  the  BGK  model.  Recent 
experimental  results  ara  compared  to  these  various  solutions.  On  detonation 
structure,  the  Zeldovlch-Doring-Neumsnn  solution  is  presented. 

Chapters  6  to  10  will  essentially  be  identical  to  the  present 
Coaptars  2  to  6.  However  numerical  results  will  be  included  in  the  final 
version  together  with  a  brief  discussion  of  them.  In  view  of  its  wide  u» 
and  success  in  the  prediction  of  shock  trajectories  in  pinch  devices,  a 
section  or.  the  "snow-plow"  model  is  presently  being  prepared  to  be  inserted 
in  the  chapter  on  implosions.  A  final  chapter  has  been  added  on  numeric*! 
solutions  of  the  problems  illustrated  in  the  preceeding  chapters  on  analyti 
cal  non-similar  methods.  We  feel  that  this  is  necessary  and  will  pro',  tdt 
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some  quantitative  ideas  on  the  accuracy  of  the  various  non-similar  methods 
described  as  well  as  some  confidence  on  their  applicability. 
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CHAPTER  II 

BASIC  EQUATIONS.  BOUNDARY  CONDITIONS 
AND  SIMILARITY  TRANSFORMATIONS 

The  general  formulation  for  a  class  of  explosion  problems  is 
presented  in  this  Chapter.  The  class  of  problems  has  planar,  cylindrical 
or  spherical  symmetry.  The  shock  or  detonation  front  bounding  the 
expanding  flow  is  treated  as  a  discontinuity.  The  gas  is  considered  to 
be  invlscid  and  non -heat -conducting.  For  the  present  formulation,  no 
mass,  momentum  and  energy  sources  or  sinks  in  the  flow  are  present. 
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Lc  equations 


Under  the  conditions  described  above,  the  bawtc  conservation 
equations  describing  the  one -dimensional  unsteady  adiabatic  motion  of  the 
compressible  medium  can  be  written  as: 

Conservation  of  mass 

7-  OC  If  v-  /°|^  (2.1.1) 

Conservation  of  momentum 


or  r  Dr 

Conservation  of  energy 


if  +*%  -&( 


(2.1.2) 


(2.1.3) 


where  J  in  Eq.  2.1.1  is  a  numerical  constant  with  values  of  0,  1,  2 
for  planar^  cylindrical  and  spherical  symmetry  respectively.  Together 
with  the  equation  of  state  for  the  medium,  which  in  general  can  be 
expressed  as  a  function  of 


e  -  <sChf) 


<2.1.0 


Eqs.  2.1.1  to  2.1.4  comprise  a  set  of  four  non-linear  partial  differen¬ 
tial  equations  for  the  four  dependent  variables  y°  ,  ^>  ,  4C  and  G  . 
Given  the  appropriate  initial  and  boundary  conditions,  these  equations 
can  be  solved  numerically  by  using  either  the  method  of  characterisics 
or  the  analogous  finite  difference  method. 

For  most  of  the  problems  considered  in  this  monograph,  the 
medium  is  treated  as  a  perfect  gas  with  constant  specific  heat  ratio  'y 


For  a  perfect  gas,  Eq .  2.1.4  takes  on  the  form 


r-t 


(2.1.5) 


Using  Eq  .  2.1.5,  the  internal  energy  g  in  Eq .  2.1.3  can  be  eliminated 
and  an  alternate  form  of  tbe  energy  equation  can  be  written  as 
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Eq.  2.1.6  can  also  be  written  in  the  form 


r  y-  u2  7  4.  ~°  (2-1.7) 

Ldi  SrJ  f>* 

and  since  entropy  can  be  written  as  a  function  of  ,  Eq.  2.1.7 

becomes 


2£  f  -O  (2.1.8) 

2t t  Dr 

The  above  equation  states  that  the  entropy  of  each  particle  in  the 
expanding  flow  remains  constant.  This  complies  with  the  original 
approximations  that  apart  from  the  transition  through  the  boundary 
(i.e.,  shock  to  detonation  front),  no  other  entropy  generating  sources 
are  present  in  the  expanding  flow. 

For  convenience  in  the  later  analyses,  a  more  convenient  form 
of  the  energy  equation  is  used.  This  is  obtained  by  eliminating  the 
density  from  Eq.  2.1.6  using  the  continuity  equation  (i.e.,  Eq. 
2.1.1).  The  resultant  form  of  the  energy  equation  becomes 


2/  ,  +  yj/nc  =. o  (2.1.9) 

dt  dnr  '  &r  )r 

Hence  for  a  perfect  gas,  Eqs.  2.1.1,  2.1.2  and  2.1.6  (or  7.1.9) 
constitute  a  set  of  three  equations  for  the  three  dependent  variables 
CL  and  b  • 
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2 . 2  Boundary  Conditions 

To  obtain  the  boundary  conditions  immediately  behind 
detonation  front,  consider  the  moving  shock  system  below 

A  -j-i  A 

X  ?o 

e,  <?o 

The  conservation  equations  across  the  shock  front  are  given  as 
Conservation  of  mas a 


(2.2.1) 


Conservation  of  momentum 


-  h  +/}(**-«.? 


(2.2.2) 


Conservation  of  enera 


A  f  ^  ^  =  h  +  e,  +• 
J*  ft 


(2.2.3) 


where  Q_  is  the  chemical  energy  per  unit  mass  released  at  the  shock.  For 
a  perfect  gas  the  equation  of  state  as  given  previously  by  Eq.  ?.1.5  is 


Sv  j* 


the  initial  states  (i.e.  ,e0;  )  Q 


(2.1.5) 


)  given, 


the  states  behind  the  shock  can  be  expressed  conveniently  in  terms  of 
the  shock  Mach  Number  as 


r,(irglj7s) 


(2.2.4) 


yu  =- 
h 


(2.2.5) 


(2.2.6) 


A.  = 


where  ^ 

5  =  (2.2.7) 

fc  -  (2.2.8) 

2  (2.2.9) 

C,  -  ?A/S  (2.2.10) 

^  -  A/fo  (2.2.11) 

y  Z  f/fyt‘  (2.2.12) 


For  any  given  shock  velocity  (hence  shock  Mach  Number  or^7  )  two 
solutions  exist  corresponding  to  the  two  roots  of  S  .  For  finite  . 
the  bottom  sign  preceding  S  in  Eqs.  2.2.4  to  2.2.6  yields  the  weak 
detonation  solution  in  which  the  flow  is  supersonic  behind  the  front  and 
relative  to  it.  The  top  sign  corresponds  to  the  strong  or  overdriven 
detonation  solution  where  the  flow  is  subsonic  behind  the  front.  A 
unique  solution  is  obtained  when  the  two  roots  of  S  coincide  (i.e.,  S~o 
and  this  solution  is  known  as  the  Chapman-Jouguet .  From  entropy  consider 
atlons,  the  weak  detonation  solution  can  be  discarded.  For  the  explosion 
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problems  treated  In  this  monograph,  only  the  overdriven  and  the  Chapman 
Jouguet  solutions  are  of  interest  and  the  fop  sign  in  Eqs .  2.2.4  to  2.2.6 
will  be  used  throughout.  For  Chapman-Jouguet  detonations,  S  -  0  and 
solving  for  the  detonation  Mach  Number  from  Eq.  2.2.7  one  obtains 


(2.2.13) 


and  Eqs.  2.2.4  to  2.2.6  reduce  to 


£. 

A 


7,(14!) 

7,C7,4^cr) 


(2.2.14) 


—  70  -  y,  %r 

A  rjfyo 


(2.2.15) 


-  7c  j  Tcj 

&&  7c(r,!')  (7.2.16) 

For  very  strongly  overdriven  detonations  when  /7}s-^,oo  , 

y  — =>  O  ,  the  parameter  ft c?  and  S  -*»  n/r,  .  Taking  the 
top  sign  in  Eqs.  2.2.4  to  2.2.6  and  substituting  (5~Y»/Y,  ,  we 
obtain  the  following  limiting  conditions  for  strong  shocks 


ft  -  2LL L 

ft 


(2.2.17) 


(J,  ».  a 

A  rr1/ 


(2,2.18) 
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fif>t  ~  r,<i 

For  most  hydrocarbon-ox*  ^«n  detonations,  tha  Chapman-Jouguet  detonation 
Mach  Number  Mcj-  la  of  the  order  of  6  to  8.  Hence  ycj.«  /  and  can  be 
neglected  In  Eqs.  2.2.4  to  2.2.6  without  much  loaa  Ln  accuracy.  Eqs. 
2.2.4  to  2.2.6  reduce  to 


KCY'+i) 

t/Or.-s) 


(2.2.20) 


¥a  +  Y/S 
0 


(2.2.21) 


A,  ^  7.  +  XS 

Yo{Y,n) 

where  the  parameter  5  now  becomes 


(2.2.22) 


(2.2.23) 


In  obtaining  the  above  equation,  all  terms  containing  y  are  dropped 

%• 

except  for  the  term  containing  since  is  of  the  order  of  ftfcj 

or  '/*)ct  y  hence  is  of  the  order  of  unity.  For  example  for  an 

equimolar  acetylene-oxygen  detonation,  ^  and  ^  ^  So 

From  Eq.  2.2.23,  the  Chapman- Jouguet  Mach  No.  fl)cj~  can  be  obtained  as 


%T 


Jnr  0 1 


(2.2.24) 


or 
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Kr  ' 


(2.2.25) 


and  for  Chapman- Jouguet  detonation*,  Kqn  .  2.2.20  to  2.2.22  reduce  to 


’Ll L 


(7.2.26) 


(2.2.27) 


(2.2.20) 


For  infinite  strength  shock  waves,  y  o  ,  and  ^0/7f  and 

Eqs,  2.2.20  to  2.2.22  again  reduce  to  the  limiting  strong  shock 
conditions  as  given  previously  by  Eqs.  2.2.17  to  2.2.19. 

For  a  non-detonating  medium,  we  set  in  Eq .  2.2.8  for  the 
parameter  k.  and  Eqs.  2.2.4  to  2.2.6  apply  for  the  genrral  case  across 
a  normal  shock  where  the  specific  heat  ratios  are  different  on  both 
sides  of  the  shock  to  account  for  the  change  in  thermodynamic  states. 
The  bottom  sign  in  Eqa .  2.2.4  to  2.2.6  for  the  non-reacting  medium  now 
gives  the  trivial  solution  of  no  change  across  the  shock  and  hence  only 
the  top  sign  is  used.  For  the  case  of  constant  Y  across  the  shock 
(i.e.,  %=Tf  '7  )  the  parameter  (C~0  and  -  Eqs.  2.2.4  to 

2.2.6  reduce  to  the  standard  Rankine-Bugoniot  relationships  across  a 
normal  shock  in  a  perfect  gas  given  as 


f,  ^ 

ft 


r+t 


(2.2.29) 
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(2.2.30) 


■tl~  -  JL  f  t  -  ( in  ) 

>// 1  fir  // 


(2.2.31) 


Again  for  strong  shocks,  and  ^  ->  O  .  Eqs,  2.2.29  to  2.2.31 

raduce  to  the  limiting  strong  shock  conditions  given  by  Eqa .  2.2.17  to 


2.2.19  . 


For  the  explosion  of  a  gas  cloud  in  a  vacuum,  the  boundary  for 


the  expanding  flow  is  an  escape  front.  The  conditions  at  the  escape  front 
will  be  that  the  pressure,  density  and  sound  speed  are  all  zero  and  the 


particle  velocity  is 


JLc> 


(2.2.32) 


Since  no  mass  sources  are  assumed  to  be  present,  the  boundary  condition  at 
the  center  of  symmetry  O  will  be  the  particle  velocity  0t(o,-£)  w  C?  . 

For  piston  driven  explosions,  the  boundary  condition  to  be  satisfied  at 
the  piston  surface  will  be  the  particle  velocity  equal  to  the  piston 
velocity  (i.e.,64-  ). 
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2 . 3  The  M»»i  and  Energy  Integral 

For  explosion  problems,  tha  moving  boundary  la  unknown  and  an 
axtra  relationship  apart  from  tha  basic  conservation  aquations  ia  raqulrad 
to  complataly  spaclfy  tha  problam.  This  axtra  rslatlonshlp  la  obtainad  by 
conaarvlng  tha  total  energy  enclosed  by  tha  moving  boundary  at  any  Instant 
of  time  t  and  is  generally  referred  to  us  tha  anergy  integral.  Conserv¬ 
ing  the  total  energy  at  any  instant  whan  the  boundary  ia  at  Rs(t t )  ,  wa 
obtain 

MO 

Ee,<  -{  f>(e+g-)kjridr  - 

Kf(i) 

£eitt  is  the  energy  input  to  the  flow  by  external  means  such  as  by  an 
expanding  piston.  In  general  we  can  express  &kC  In  the  following  form 

(2.3.2) 


J d  Ceo  )  kj  ri<*r  ( 2 . 3 . 


i) 


The  first  Integral  on  the  right  hand  side  ot  Eq.  2.3.1  represents  the  total 
energy  enclosed  by  the  explosion  products  bounded  by  the  front  )  and 
the  piston  KpGr)  .  The  second  integral  denotes  the  initial  thermal  and 
chemical  energy  in  the  gas  occupying  the  volume  from  C-c>  to  r*  Hera 

we  have  assumed  the  initial  condition  that  at  time  "t*c>  ,  the  front  Co")~0 

and  the  piston  ^(0-0  .  The  term  kj  in  Eq.  2.3.1  is  a  numerical  constant 
having  values  of  i  }  ^  ^7T  for  planar  (J-° )  cylindrical  Cj~  ') 

and  spherically'®-)  symmetry.  For  cases  in  which  the  initial  density 
=  constant,  tha  second  integral  in  Eq.  2.3.1  can  be  evaluated  and 
the  equation  becomes 


(2.3.3) 


integral,  we  conserve  the  total  mass  enclosed  by  the  expanding  front  at 
any  instant  of  time  ~t  and  this  gives  the  relationship 


n 


A") 

f  fkjrUr 


At<) 


(2.3.6) 


In  tbs  above  aquation  we  have  again  assumed  tha  initial  condition 
Aft'')  *  O  ,  fipfo)  *  O  -  Tb*  first  integral  of  Eq.  5.3.6 
represent*  the  total  mass  ancloaad  by  tha  front  at  any  lnatant  while 
tha  Integral  on  tha  right  hand  aide  of  Eq.  2.3.6  denotes  the  total 
mass  occupying  tha  volume  originally.  In  the  absence  of  maaa  sources, 
the  two  integrals  are  equal.  For  »  constant,  the  integral  on  the 
right  hand  side  can  be  evaluated  and  Eq.  2.3.6  becomes 


ridr 


fiQ«) 

j*‘ 


(2.3.7) 


If  the  initial  density  fi  «  fcO)  ~  ft  r*  ,  Eq.  2.3.6 

becomes 


(2.3.8) 


From  Eq.  2.3.8,  we  can  see  that  since  the  mass  enclosed  by  the  front 
must  be  positive  and  finite,  the  value  of  CO  must  be  greater  than  ~Cj4 / ) 
CO  >  -Cj+O  (2.3.9) 

It  should  be  noted  that,  both  the  energy  and  the  mass  Integral 
can  be  obtained  directly  by  manipulation  of  the  differential  equations 
of  motion  (i.e.,  Eqs .  2.1.1  to  2.1.3).  However  it  is  simpler  to  obtain 
them  from  physical  considerations  as  was  done  here.  There  are  jther 
integrals  such  as  the  momentum  integral  which  can  also  be  obtained  irom 
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the  baeic  equations  but  we  have  not  found  It  to  be  essential  in  the 
problems  studied.  Interested  readers  can  refer  to  the  work  of  Sedov  or 
Korobeinikov  for  details  of  the  adiabatic  integral. 
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2 .4  Similarity  Considerations 

Throughout  this  monograph,  we  shall  be  concerned  primarily  with 
the  self-similar  type  of  solutions.  In  this  Section,  we  shall  make  a  general 
investigation  of  the  basic  conservation  equations  and  their  boundary  and 
initial  conditions  to  establish  the  necessary  conditions  for  the  existence 
of  self-similar  solutions  for  explosion  problems.  Mathematically  speaking, 
self -similar  solutions  are  solutions  in  which  the  dependent  variables  are 
functions  of  a  particular  combination  of  the  independent  variables  only. 

For  example  we  can  write  the  general  solution  to  the  basic  conservation 
equations  (i.e.,  Eqs.  2.1.1  to  2.1.3)  in  the  form  ,  kfat)  >  w/C'O 

and  and  for  self -similar  solutions,  they  are  of  the  form  )  > 

K4 )  ’  )  and  )  where  i  J  is  a  particular  combination 

of  the  independent  variables  r  and  t.  If  self -similar  solutions  exist,  the 
number  of  independent  variables  in  the  differential  equations  is  reduced  by 
one  and  considerable  simplifications  result  in  obtaining  the  solution. 

There  are  a  number  of  approaches  used  in  determining  the  existence 
of  self-similar  solution  in  a  particular  problem  and  the  form  of  the  simila¬ 
rity  parameters.  For  example  the  method  of  dimensional  analysis  is  used  by 
Sedov,  the  group  theory  approach  by  Birkoff  and  Morgan,  the  free  parameter 
method  of  Kline  and  Abbot,  Long's  method  of  generalized  dimensional  analysis, 
and  plain  common  sense  and  experience  by  many  others  in  a  variety  of  prob¬ 
lems.  All  these  methods  in  many  ways  are  similar  yielding  identical  end 
results.  We  have  never  investigated  where  our  approach  fits  into  the  various 
existing  methods  exactly.  It  could  well  be  one  of  the  methods  mentioned  or 
a  slight  modification  of  it  together  with  a  small  admixture  of  another 
approach. 

Replacing  the  dependent  and  the  independent  variables  by  the 


following 
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*  2-  A 

*  ft(r)ks(ljfCPs(t)) £( Ci>)  (2.4.1) 

efr.t )  ‘ 

r  ->  £Cr,i) 

4  -s»  RiU) 

where  <&( ^  is  any  arbitrary  function  of  r  and  t  to  be  determined 
later,  the  basic  conservation  equations  transform  to  the  following 
Conservation  of  mass 


(2.4,4) 
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Equation  of  state 

-  /C  F(fZfof)  fe7/')  (2.4.5) 

In  the  above  equations,  and  £r  denotes  partial  differentiation  ot^Cr,-i) 

* 

with  respect  to  time  t  and  space  coordinate  r  respectively,  R  and  R 

s  a 

denotes  the  first  and  second  derivative  of  R  with  respect  to  time.  In 

s 

deriving  the  energy  equation  (i.e.,  Eq.  2.4.4),  the  continuity  equation 
(i.e.,  Eq.  2.1.5)  has  been  used  to  replace  the  density  terras  in  Eq.  2.1.3. 

Also  in  the  above  equations  we  have  let  the  initial  density  be  some 

general  function  of  the  space  coordinate  r.  The  form  for  the 

existence  of  self "Similar  solutions  is  to  be  determined  later. 

For  self-similar  motions,  the  dependent  variables  are  functions 
of  a  single  independent  variable  £>(f)l)  only  (i.e.,  )  >  etc.) 

hence  the  right  hand  terras  of  Eqs.  2.4.2  to  2.4.4  vanish.  Also  all  the 
remaining  terms  in  the  equations  must  be  t  and  r  independent.  Hence 
this  requires 

4  . 

kAr 

h_ 

f,  A?i‘ 

r4r 


4  -  t,(%) 


(2.4.6) 


(2.4.7) 


-  m) 


(2.4.8) 


(2.4.9) 
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where  the  jS  are  arbitrary  functions  of  and  can  be  constant. 

From  Eq.  2.4.8,  we  obtain 

dj  ,  dr 

w 

and  integrating  yields 

=  &(.kr)  (2.4.10) 

where  k.  is  an  arbitrary  function  of  R  .  From  Eq.  2.4.10  we  can  write 

8 

/  =  (2.4.11) 

From  Eq.  2.4.6,  we  get 

4  -  -  f.CDUCkr',  <*.*.«) 

Differentiating  Eq .  2.4.11  with  respect  to  R  we  get 

8 

f  ~  / 

igi  =  rk  f(  (kr)  (2 ,4,i3) 

and  equating  Eq.  2.4.12  and  2.4.13  yields 

4-  (,<4) 

k 

From  Eq.  2.4.14,  we  can  write 

4  • 

Where  k t  ~  ^  /k. 

Using  Eq .  2.4.3  and  repeating  the  process  again  we  obtain 


(2.4.14) 


(2.4.15) 


(2.4.16) 
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and  similarly 


where  kx  -  k'/k, 


Hence  we  can  now  see  the  general  trend  that 


k_  -  k/  .  hi  - 

k  k,  ki 


where 


~  km->  /km-, 


From  Eqs .  2.4.18  and  .4.19,  we  see  that 


(2.4.17) 


(7.4.18) 


(2.4.19) 


(k )  *(k > 


(2.4.20) 


and  solving  the  two  above  equations  yields 


kj  - 

km 


_  /  k 

—  *  ZZL-f 

K-, 


(2.4.21) 


and  the  constant  a  =  a  =  a  true  constant.  From  Eq .  2.4.21.  we 
n  ’ 


obtain 


(2.4.22) 


,  .  b 

where  a  and  b  are  true  constants.  From  Eq .  2.4.22,  we  see  that  the 


form  for  £  must  be 


i  • 

Going  back  to  Eq .  2.4.7,  and  using  Eq .  2.4.23  we  get 


(2.4.23) 


y»  (t  \  l  [/  ri  \ 


(7.4.24) 
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Hence 


^sta)k\  =  fj{)$  '  (2.4.25) 

bet 

In  the  above  equation,  the  left  hand  term  is  a  function  of  R  only 
while  the  right  hand  side  is  a  function  of  only.  Therefore  both 
sides  of  Eq .  2.4.25  must  be  equal  to  a  constant. 


+*)Ri 

bit 


C'orfS.'Jwt 


(2.4.26) 


Since  when  r  =  R  , 
s 

Eq.  2.4.23  that 


must  be  independent  of  R  ,  we  see  t)y  examining 

0 


b  &  _  consent 

o. 

and  the  above  relationship  requires  the  numerical  constant  a  =  0. 


Hence  Eq.  2. 4. ?3  becomes 

i  -  *(  %) 


(2.4.27) 


There  is  no  loss  in  generality  by  setting  the  constant  b  =  1  and 
writing 

i  *  (2.4.28) 

Eq.  2.4.26  now  reduces  to 


«« 

p£  =  Consbn  t  -  0 

It 


Solving  the  above  equation,  we  obtain 

&  -  c 


(2.4.30) 


-  fO  - 


Integrating  Eq.  2.4.30,  we  get  for  the  case  &  ¥  ! 

p  =  ^  ^ 

where 


or 


A/  * 


<9  ' 


/-& 


*7T 


For  the  case  where  Q  *•  f  ,  we  obtain 


fts 


A,e 


(’.A. 31) 


('‘.4.32) 


(2.4.33) 


(2.4.34) 


Hence  for  self-similar  motion  we  see  that  the  expanding  front  must 
either  be  a  power  law  of  time  or  an  exponential  function  of  time.  For 
most  of  the  explosion  problems  considered,  the  power  law  form  is  of 
interest. 

We  now  return  to  Eq.  2.4.9  to  determine  the  form  for 
for  self-similar  motion.  From  Eqs.  2.4.9  and  2.4.8  we  obtain 

jf  lr  *  ^4)  (2.4.35) 

Since  /°0  -  is  not  a  function  of  Rg  (0*  time  t)  and 

the  left  hand  side  of  Eq .  2.4.35  must  be  equal  to  a  constant 


f  d/o  -  Constant 
/%  Jr 

Solving  the  above  equation  yields  the  form  for  jit?')  as 

/%(r)  -  Ar<° 


(2.4.36) 


(2.4.37) 


The  form  for  as  given  by  Eq .  2.4.37  is  the  only  admissable 

form  for  the  existence  of  self -similar  motion  for  arbitrary  geometries 
(i.e.,  planar,  cylindrical  and  spherical).  For  planar  symmetry  only, 
the  condition  given  by  Eq.  2.4.8  is  relaxed  permitting  a  wider  choice 
of  forms  for  and  f>0(r')  .  For  example  one  may  have 


iasasrT.-yt .  -  ivaeiHi 
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fo(y)  -  f*eA  0.4.38) 

and  the  corresponding  form  for  the  similarity  variable  £  is  given  as 

g  =  (2.4.39) 

The  form  given  by  Eqs.  2.4.38  and  2.4.39  is  used  by  Zeldovich  and 

Rayzer  in  their  study  of  a  planar  explosion  in  an  exponential 

atmosphere  in  the  direction  of  increasing  density. 

Thus  far  we  have  only  considered  the  three  different  il 

equations  of  motion ;  for  self-similar  solutions  to  exist,  the  equation 

of  state  (i.e.,  Eq.  2.4.5)  must  take  on  a  particular  form.  The  form 

must  be  such  that  under  the  similarity  transformation,  the  equation 

of  state  does  not  depend  on  R  (or  time)  explicitly.  In  other 

s 

words,  all  R  dependent  terms  vanish.  A  simple  form  for  the  equation 
8 

of  state  satisfying  oiis  condition  is 


e  *  Kf’/f  (2.4.40) 

where  ^  Is  a  constant.  Und*  present  transformation,  Eq.  2.4.40 
becomes 


k£ 

Y 


(2.4.41) 


For  a  perfect  gas  with  constant  specific  heat  ratio,  the  equation  of 
state  is  of  the  form  given  by  Eq .  2.4.40.  In  this  case  the  constant 
(<  *  l/CY'  0  and  for  a  perfect  gas  Eqs.  2.4.40  and  2.4.41  become 


e  ■  A 
f  *  A  i- 


(2.4.42) 


A  detailed  study  of  the  form  of  the  equation  of  state  for  self-similar 


motion  is  given  by  Wecker  and  Hayes.  For  the  majority  of  the  problems 
considered  in  this  monograph,  a  perfect  gas  is  assumed. 
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Now  we  look  into  the  boundary  conditions  for-  self -similar 

explosion  problems.  Since  the  self-similar  solution  are  not  dependent 

on  R  explicitly,  the  boundary  conditions  must  also  be  independent  of 
8 

R  (or  time).  From  the  genera1  elatlonships  across  a  shock  front 
s 

given  by  Eqs .  2.2.4  to  2.2.8,  we  see  that  this  is  satisfied  under 
two  conditions.  For  infinite  strength  shock  waves,  Eqs.  2.2.4  to 
2.2.8  reduce  to  Eqs.  2.2.17  to  2.2.19  and  the  boundary  conditions  are 
functions  of  /  only,  hence  constant.  For  finite  strength  shock  waves, 
self-similar  motion  requires  that  the  shock  Mach  Number  (hence  y  ) 
must  be  constant  throughout.  Again  the  boundary  conditions  are 
constant  under  this  condition.  Hence  for  self-similar  motions,  we 
see  that  for  the  case  of  non-uniform  shock  motion,  the  shock  strength 
must  be  infinite  (  y-3*  O  ),  while  for  finite  strength  shock 
waves,  the  shock  motion  must  be  uniform  (  y  ■  constant). 

Transforming  the  energy  integral,  Eq.  2.3.5  becomes 


/ 


l  -  J-  [ 

y  j+Kj-f  /  u 


KCK-) 


‘fJ ) 


where 


(2.4.43) 


(2.4.44) 


a 


(2.4.45) 


(2.4.46) 


-  83  - 


y  is  the  dimensionless  shock  radius  while  ftQ  is  the  generalized  form 
of  the  characteristic  explosion  length.  Differentiating  the  shock 
radius  y  with  respect  to  <*)  and  noting  that 


c/#s  Gt&  d/r?£ 


< dj 


we  can  obtain  a  relationship  for 


fl) 


(2.4.47) 


dy  _  -.cy+aj-//-* )  _y_ 


(2.4.48) 


An  expression  for  &  can  be  obtained  by  differentiating  Eq.  2.4.43 
using  the  Identity  given  by  Eq .  2.4.47  as 


(2.4.49) 


where 


jt"(  ui-o  d) 


(2.4.50) 


For  self -similar  solutions  to  exist,  we  see  that  the  energy  integral 
must  be  independent  of  ^  .  This  is  possible  under  two  conditions, 

for  >7  =  constant  and  for  ^-O  (i.e.,  -5»oO  ).  For  =  constant 

we  see  that  y  must  be  constant  from  Eq .  2.4.43  and  from  the  definition 
of  y  given  by  Eq.  2.4.45  and  2.4.46,  we  obtain  for  y  =  constant 


o(  /Vom/ 


(2.4.51) 


From  Eq .  2.4.49  we  obtain  for  this  case 

&  ~  o 


(2.4.52) 


and  the  shock  radius  f< j-  ^  t  .  Hence  for  a  constant  velocity  fr< 
driven  by  an  expanding  piston,  the  energy  input  to  the  flow 
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£e*t  R^  '  •  F°r  initial  density  fo  =  constant 

(i.e.,  o>  =  0),  the  energy  input  £eKf  Rs^f>  which 

implies  a  direct  dependence  on  the  rate  of  increase  of  the  volume  of 
the  shocked  medium. 

For  a  detonating  medium,  we  can  have  the  propagation  of  a 
constant  velocity  Chapman- Jouguet  wave  without  external  energy  input 
mathematically,  although  experimentally,  it  has  been  shown  that 
detonation  initiation  always  requires  a  finite  amount  of  external 
energy  input.  For  this  case  we  cannot  define  a  characteristic  explosion 
length  Ro  since  E-a  =  O  and  Eq.  2.4.43  can  be  written  as 


o 


I  _  _z__  r_/ _ 

7cr  JwL  fi/r*- ') 


(2.4.53) 


Hence  for  planar,  cylindrical  and  spherical  strong  blcsts  we  have 
^  ^  f  y?s  ^  and  /?s  ^  t  respectively. 
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2 . 5  Similarity  Equations 

We  jhalL  consider  a  perfect  gas  with  an  initial  density 
distribution  jP  “  .  Using  the  similarity  transformations 

obtained  in  the  previous  Section, 


fis 

*  *  A 


(2.5.1) 


the  basic  conservation  equations  (i.e.,  Eqs .  2.1.1  to  2.1.3)  transform 
to  the  following: 

Conservation  oi  mas a 

+  ,,,,, 

j-  ’ 

Con  serve  t  ion  o  t~  momentum 


(cl  -A)  /-  f  A  ~  O 

£Y  Y 

Conservation  of  energy 


(2.5.3) 


f 


(2.5.4) 
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The  alternate  form  of  the  energy  equation  given  by  Eq .  2.1.9 
transforms  similarly  to  the  following 


+*6^  +(Xj4u^&  (2.5.5) 

The  motion  is  bounded  by  the  shock  and  the  center  of  symmetry 

Q  £  ^  /  or  by  the  shock  and  the  piston  surface 

—  /  .At  the  shock  t  (i.e.,  r  =  Rg),  the 

boundary  conditions  are  given  previously  by  Eqs .  2.2.4  to  2.2.8 
and  at  the  center  of  symmetry  £  ~o  (i.e.,  r  =  o)  we  have  (foro)-c> 
(i.e.,  u  =  0).  At  the  piston  surface  ^  ~  £f>  (i.e.,  r  =  rp) 

the  particle  velocity  u  =  or  in  the  transformed  coordinates,  ^  ^ 

Solving  for  the  derivatives  y.  ' ,  and  9*  '  frotn  Eqs.  2  5,2 
to  2.5.4,  we  get 


'  X _ _ r  .  ./r>  -» 


<?-/)/ f  -fy 


(2.5.6) 


4'< 

f 

In  the  above  equations,  the  parameter  &  is  known  from  the  energy 
integral (i.e.,  Eq.  2.4.52  and  2.4,55),  hence  they  can  be  integrated 
immediately  using  the  boundary  conditions  at  the  front  £  -  /  by 
some  standard  numerical  integration  scheme  such  as  the  Runge-Kutta  n‘  ->(1 


<?'//  '  f 
&-S  t-  if 
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Examining  the  similarity  equations  (i.e.,  Eqs .  2.5.6  to  2.5.8) 
we  see  that  there  exist  a  number  of  singularities.  Consideration  of 
these  singularities  is  of  prime  importance  in  selecting  the  correct 
solution.  For  explosion  problems ,  the  solutions  belong  to  the  so- 
called  first  class  of  self-similar  solutions  as  termed  by  Zeldovich 
where  the  parameter  &  is  known  a  priori  from  the  energy  Integral. 

Hence  the  solution  can  be  obtained  immediately  by  integrating  the 
similarity  equations  with  the  boundary  conditions  given  at  the  front 
£  s  /  .  However  for  the  so-called  second  class  of  self-similar 

solutions  such  as  implosion  problems,  &  is  not  known  a  priori.  It 
is  the  condition  that  the  value  of  &  be  such  that  the  solution  be 
regular  at  these  singularities  that  determines  the  correct  solution. 

For  this  second  class  of  self-similar  motion,  we  have  to  iterate  for 
the  correet  value  of  &  ,  hence  the  solution,  based  on  this  criterion 
of  regularity  at  the  singularity  encountered  in  the  flow  domain. 

From  Eqs.  2.5.6  to  2.5.8,  we  note  that  there  exist  three 
singularities 


S’° 

(2.5.9) 

yUj 

(2.5.10) 

@'i  f- 


(2.5.11) 


The  first  singularity  given  by  Eq.  2.4.9  occurs  at  the  center  of 
symmetry  r  =  Q  and  this  singularity  always  appears  together  with  the 
particle  velocity  (i.e.,  4/%  ).  Since  symmetry  demands  that 

-9  O  as  ^  -S>©  ,  in  order  for  "f  * ,  $  and  ^  ^to  be  finite,  it 

la  necessary  that  cfi  — »  as  £  ©>  with  ^  /  .  For  the 


problems  encountered  In  general  this  condition  is  satisfied.  For 
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example,  the  velocity  profile  is  found  to  be  linear  near  the  center  of 
symmetry  (i.e.,  d  ■*  /  )  for  strong  blast  waves  in  an  initially  uniform 

density  medium. 

The  second  singularity  (i.e.,  Eq.  2.5.10)  occurs  when  a  particle 
path  coincides  with  a  constant  ^  line.  This  singularity  occurs  at  the 
piston  surface  or  contact  surface  and  for  explosion  in  a  non-uniform 
density  medium,  at  the  vacuum  edge.  That  the  solution  be  regular  at 
this  singularity  requires  particular  values  of  the  parameters  0  ,oJ 
and  Y  and  will  be  discussed  later  in  the  specific  explosion  problems 
considered. 


The  third  type  of  singularity  (i.e.,  Eq.  2.5.4)  corresponds  to 
the  condition  when  a  constant  ^  line  coincides  with  a  physical  charac¬ 
teristic  (i.e.,  =  u.±  C  ) .  To  demonstrate  this,  we  see  that  on 

di 

a  constant  line. 


or 


dr  - 

d-t 


Ih  * 


x.  ^  4-  4r  / 
#s  dt 


So  the  singularity 

or  in  other  words 

dr  r  u±C 

ck 


This  singularity  is  important  in  the  study  of  the  propagation  of 
Chapman-Jouguet  detonations  since  the  Chapman-Jouguet  condition  (i.e., 
-  (/..  +  C.  )  implies  that  the  detonation  front  trajectory  is 

/  f 


f" 

a  C  characteristic.  This  results  in  the  solution  bei^g  singular 
at  J-  /  and  it  is  this  singularity  that  led  to  the  questioning  of 
the  existence  of  steady  cylindrical  or  spherical  Chapman-Jouguct 
detonation  waves.  The  singular  nature  of  the  solution  for  spherical 
Chapman- Jouguet  detonations  will  be  discussed  in  detail  in  a  later 
Chapter.  This  singularity  is  also  important  in  implosion  problems 
since  it  occurs  in  the  domain  (  £  £  &  00  of  the  implosion 
field.  In  fact  it  is  the  restriction  that  the  desired  solution  be 
regular  at  this  singularity  that  uniquely  determines  the  correct 
physically  valid  solution. 

It  is  interesting  to  note  that  an  invariant  can  be  formed 
from  the  similarity  equations  for  arbitrary  values  of  &  ,j 
and  y  .  This  invariant  is  generally  referred  to  as  the  first 
integral  and  can  be  derived  as  follows:  From  Eqs.  2.5.2  and  2.5.5, 
we  obtain 


it  +  &-J)  ^  f  cji* 

Y  i  n 


(2.5. 12) 


£.  ■/  Y )  +  (tjoJ  +  ( Q  (2.5.13) 

f  ¥-£  i 

Eliminating  f )  from  the  above  equatione  we  obtain 

[ W*  ^ /  uj+2eJ  ^ 


+  +cu{y  >)J‘j 

s 


(2.5.  I A : 


-  <n  - 


which  can  be  Integrated  to  yield 


t  ■  CH)  <  ’  -  k 


(2.5.15) 


The  constant  fC  In  Eq .  2.5.15  can  he  evaluated  using  the  boundary 
conditions  at  the  front  ^  ~  /  .  For  the  ca:  <*  where  th«  shock  front 


propagates  at  a  constant  velocity  (i.c.,  j  »  constant  and  <9  r  O  ) 
the  first  integral  reduces  to 


Li- <f/ 


(2.5.16) 


while  for  the  cuse  of  a  constant  velocity  shock  propagating  in  an 
initially  uniform  im  'turn  as  well  (i.e.,  co  *  0)  Eq .  2.5.16  reduces 
further  to  the  following 


(2.5,17) 


From  the  def  inition  of  the  variables  -f  and  Eq .  2.5.17  in  di 


menaional  form  becomes 


fortS  da  nf 


(2.5.18) 


This  result  simply  states  that  all  particles  bounded  by  the  shock 
have  the  same  entropy.  This  is  a  direct  consequence  of  the  fact  that 
the  shock  is  of  constant  strength,  hence  the  entropy  increase  across 
it  is  the  same  for  each  particle  and  since  there  are  no  further 
entropy  sources  present  the  entropy  of  each  particle  remains  constant 


throughout  lu  the  wake  of  Che  expanding  shock  front.  For  thia  class 
of  problems  whore  the  entropy  lemeina  uniform  throughout  the  flow 
field,  we  will  refer  to  them  aa  laentroplc  explosion  problem!  In  later 
discussion*.  For  an  initially  non-uniform  medium  (i.e.,  a)^o  ), 
the  initial  entropy  varies  for  each  individual  part lc la.  Hence  even 
though  the  ahock  atrangth  remain*  constant,  the  flow  in  the  weke  of 
the  ahock  la  non- laentroplc,  hut  ret Ainu  its  initial  antropy 
dlatribut ion . 

For  constant  strength  ahock  waves  (i.e.,  b>  * O  but 


not  ueceaearlly  aero),  it  is  more  convenient  to  Introduce  a  new 


variable  (i  defined  as 

r  rfr 


(2  s)  .19) 


The  variable  j8  is  simply  the  dimensionless  local  sound  speed, 


Using  Eqa.  2.5.16  snd  2.5.19,  we  get 


-  <3 


(2.5.22) 


.  /  r 

Solving  the  above  equations  for  Cp  *nd  j3  yields 


fM-&+  & 


7*fc'(  7  & 


L  ) 


@-5?f 


For  O)  -O  ,  Eqs.  2.5.22  to  2.5.25  reduce  respectively 
following  equations 


(2. 5..  23) 


(2.5.24) 


(2.5.25) 


to  the 


(2.5  2M 


*  <2 


(2.5  2') 
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$'■*  J*£IL 


(2.5.28) 


/*  J&t+iV* 


(2.5.29) 


Once  a  solution  for  end  ($(<£)  h«s  been  obtained,  ) 

and  can  be  determined  immediately  from  Eqs.  2.5.20  end 


2.5.21. 


Using  Eqs.  2.2.4,  2.2.6  end  tho  definition  of  0  given 

i 

by  Eq.  2.5.19,  the  boundary  condition  for  j3C>)  at  the  shock 
front  >*/  can  be  obtained  as 


r  -  (t;y 


=  r, 


s{ 


(2.5.30) 
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2.6  Similarity  Equations  In  State  Coordinates  (Sedov's  Coordinates) 

The  similarity  coordinates  we  use  aro  based  on  physical  parameters 
where  ,  4  and  tp  are  simply  the  normalised  particle  velocity,  pressure 
end  the  density  respectively.  As  in  classical  gaadynamica,  it  is  sometimes 
more  convenient  to  work  in  state  parameters  using  the  local  sound  speed 
£?  *  (Y/fyp) w  and  the  particle  velocity  <JL  (i.e.,  the  hodograph  piano). 

The  Russian  school,  after  Sedov,  cxtenslvoly  adopts  these  state  parameters 
in  their  study  of  self •similar  motion  and  In  this  Section  we  shall  briefly 
discuss  the  similarity  equations  and  boundary  conditions  in  terms  of  Sedov's 
coordinates  and  point  out  the  relationship  to  the  similarity  coordinates  wt* 
adopt.  The  choice  of  coordinates  la  a  matter  of  preference  and  although 
throughout  later  Chapters,  we  use  only  the  physical  coordinates  in  the 
analyses,  a  brief  description  of  the  alternate  formalism  based  on  state 
parameters  is  useful  in  better  understanding  of  the  numerous  existing 
Russian  works. 

Following  Sedov,  we  define  £  and  V^where  £  is  related  to  the 
local  sound  spaed  and  \/  the  particle  velocity.  To  reduce  the  similarity 
equations  in  physical  parameters  (i.e,,  <p  ,  /*  ,  *P  ,  £  )  into  state 

coordinates  we  define 

i  “  jr  ^  (2.6.1) 

and 

V  ~  £L<f>  (2.6.;) 

S 

where  A/  is  the  time  exponent  of  the  shock  trajectory  (i.e.,  ~  t*  ) 

From  Eqs.  2.6.1  and  2.6.2,  we  obtain 

dint  *■  d J*/> -c/JLif  - 


(2.6.3) 
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d£n  i /  * 


(2.6.4) 


and  uaing  Eqa.  2.6.1  to  2.6.4,  tha  similarity  aquation*  in  phyaical 
paramotara  givan  by  Eqs.  2.5.2,  2.5.3  and  2.5.5  transform  to  tha 
following: 

Conaarvation  of  mass 


di«\/  cM«V 


(2.6.5) 


Conaarvation  of.  momentum 


J J  t  *  Vfr-A/)  *o 


(2.6.6) 


Conaarvation  of  anars 


(du)c^  +fyv-0+V(to+7p/*')5y4*£  /fy-A/k&i  +  y,v*o 

dM  L  JdJtV  ciA ft/ 


(2 „6 „ 7) 


Solving  the  derivatives  ci  V  f  1/  and  d l/ 

from  the  above  equations,  we  obtain  after  considerable  algebraic 
manipulations  the  following  equations: 


d*«  v 


S-»f-i]L2  -(j+y+'K-riv] _ 

CV-»){  VOS-‘ft-fj)-£-[v(j^)  - 


_  V(YcO 
V-ti 


(2.6.8) 


•  ■■»## 
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djh'tl'  m  -  V_  I  + yffa-fiJCu j 

dM  n't  Vfl/-»X^A/)  -fc/tfj+O  -  f  J  (2  6  9) 


- _ \j(2r-(V-H?) _ 

ctSrtV  \Z(v^')CV-N')  _  2  AtfowaOj 


(2.6.10) 


From  Eqs.  2.6.9  and  2.6.10,  we  can  eliminate  and  obtain 


(2.6.11) 


The  above  equations  are  identical  to  that  given  by  Sedov  although 
slightly  different  forms  have  been  used  by  other  Russian  workers.  Once 
a  solution  of  a?(V)  has  been  obtained,  >  \j( £  )  can  be  found 

inmediately  from  Eqs.  2.6.10  and  2.6.11.  The  pressure  distribution 
m  and  the  particle  velocity  'j  can  be  obtained  from  the 
definition  of  and  |/  given  by  Eqs.  2.6.1  and  2.6.2.  Rearranging 


these  equations  we  get 


■m- 


(2.6.12) 


(2,6.13) 


The  singularities  of  the  above  similarity  equations  in  j?-\/ 
coordinates  corresponding  to  those  given  previously  by  Eqs.  2.5.9 
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to  2,5.11  are 


(2.5.9) 


4-4 


(v-n)  -o 


(2.6.14) 


(?'J^  %f  '  a  ^V-/V)  -  2  9  O  (2.6.15) 

r 

It  should  be  noted  that  since  «  single  integral  curve  -2/V)  can  be  used 


to  represent  the  complete  solution,  it  is  sometimes  more  advantageous  to 
work  in  j?- 1/  coordinates  in  the  study  of  the  mathem£t.lcal  properties  oi 
the  solutions.  In  general  the  mathematical  complexities  involved  are 
about  the  same  in  using  either  sets  of  coordinates. 

Using  the  definition  of  and  )/  and  the  general  form  of  the 
Rankine-Hugoniot  relationships  for  a  shock  given  previously  by  Eqs.  2.2.4 
to  2.2.8,  the  values  ioT-£(l)  and  Vf 0  at  the  front  £“  /  can  be 
obtained  as 


/CO  -  N (fin)  ~  N(  Yq  ~%(V  +  s?) 

(  If/  "t  1  ) 


(2.6.16) 


£0)  -  a =  a h£ ( (2.6,17) 
y*-o  Va,i'f 

Simplifying  Eq.  2.6.17  using  Eq .  2.6.16,  we  obtain 

£o)  -  (i uo-hH  *'7*SS-7  (2.6.18) 

L  J0  7  5  J 


From  the  above  equation  we  see  that  the  locus  of  states  for  Chapman- 
Jouguet  detonations  lies  on  the  parabola 
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£6)  -  (n-vo\ )’ 


(2.6.19) 


since  S  =  0  for  Chapman- Jouguet  detonations.  For  overdriven  detonations, 
the  top  sign  in  Eq.  2.6.18  is  used  while  the  weak  detonation  solution 
corresponds  to  the  bottom  sign. 

For  non-reacting  shock  waves  (i.e.,  Q  =0),  taking  Y -  Y0  —  Y’ 
we  have  S  —  and  Eq.  2.6.18  reduces  to 


£(’)  - 


L  f-HJy  J 


and  using  Eq.  2.2.30  for  ' j  ,  we  obtain 


VO) 


m  <J 


(2.6. ?0) 


(2  6.21) 


Solving  for  7)  in  the  above  equation  we  get 


1 


1 


=  /  -  (r±j)  vo) 

'  tf 


(2.6.22) 


and  replacing  Tj  in  Eq.  2.6.20  using  Eq .  2.6.22,  we  obtain  as  a 

function  of  v(l )  as  follows 

■20)  -  (2.6.23) 

Eq.  2.6.23  gives  the  locus  of  states  across  a  normal  shock  wave  in  a 
non-reacting  medium.  For  infinite  strength  shock  waves  (i.e.,  /ty  -9oe’  , 

-*>  O  )  we  have 


VO) 


itL 

r+t 


(2.6.24) 
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■£(/)  -  2r*Lfl-')  (2.6.25) 

Cfr  >t 

For  a  highly  detonable  medium  where  Icy  /  ,  we  can  neglect 

terms  of  the  order  of  Yj  except  for  the  term  'Yj and  we  have  the 
approximate  boundary  conditions  given  previously  by  Eqs .  2.2.20  to 
2.2.23.  Dropping  the  ^  term  in  Eq .  2.6.16  and  solving  for  S  ,  we 


get 


s  = 


¥' 


CT'+OVO)  _ 

/v 


(2.6.26) 


Dropping  also  the  y  terms  in  Eq.  2.6.17  and  substituting  S  from 
Eq.  2.6.26,  we  obtain 


£(<)  -  r,  i w») 


(2.6.27) 


The  above  equation  defines  the  locus  of  states  for  detonations  in  a 
highly  detonable  medium  where  ^cj  ^ <  ^ 

The  representation  of  shocked  states  on  the  plane  is 

illustrated  below 
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For  strong  shocks,  the  integral  curve  for  the  solution  of  Eq .  2.6.28 

starts  at  point  C  [-i(t)  -  <2%/^  (Y-O/dff-n)  ^  \j(i)  =  3M/Cy+t)  'J 

while  for  finite  strength  shock  waves  (i.e.,  y  o  ) ,  the  integral  curve 
-2(V7  starts  on  a  point  on  the  shock  parabola  AC  given  by  Eq.  2.6.23. 

Given  a  particular  shock  Mach  Number  (hence  y  ),  l /(i)  can  be  obtained 
from  Eq.  2.6.21  and  -i( i)  from  Eq.  2.6.23  locating  the  starting  point 
on  the  shock  parabola  AC.  The  locus  of  detonation  states  lie  on  the 
detonation  parabola  OBC  given  by  Eq.  2.6.27.  The  portion  of  the 
detonation  parabola  BC  corresponds  to  overdriven  detonation  states 
while  the  portion  OB  corresponds  to  weak  detonation  states.  The 
Chapman- Jouguet  states  lie  on  the  parabola  ABD  given  by  Eq.  2.6.19 

The  termination  of  the  integral  curves  for  various  problems 
depends  on  the  rear  boundary  conditions.  For  piston  driven  explosions, 
the  condition  at  the  piston  surface  is  -  O  or  \/-hJ  -  O  . 

Hence  the  integral  curves  terminate  on  the  vertical  line  l/~A J  on 
the  £-V  plane.  For  freely  expanding  detonations,  the  integral 
curves  terminate  when  the  particle  velocity  (hence  /  e  O  ) 

and  the  state  is  sonic  (i.e.  ).  Hence  the  integral  curves 

2 

for  freely  expanding  detonations  terminate  at  the  point  A  where 
on  the  2?  axis.  For  strong  point  blast  waves,  the  rear  boundary 

conditions  are  that  (i.e.,  )  and  since  and 

,  'I 

Sfo)  -  finite,  *?  oo  .  Hence  the  integral  curve  for  strong 

blasts  terminates  on  v-mr,  at  infinity.  It  can  readily  be  shown 
where  the  various  integral  curves  for  different  problems  terminate 
once  the  rear  boundary  conditions  are  specified.  Since  the  singula 
rltias  of  the  similarity  equations  can  be  represented  on  the  V 
plane,  it  la  advantageous  sometimes  to  investigate  the  nature  of 
the  singularities  encountered  by  the  solution  using  the  jZ* V  formu¬ 


lation,  Details  of  the  integral  curves  of  Eq .  2.6.8  on  the 
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I0» 

UIAIMKH  I  1  l 

In  this  Chapter  we  shall  ron«  lilrr  a  number  ol  explorl,m  imililviim 
in  wltich  the  huh  motion  tied  by  the  expanding  shock  or  detonation  trout 
Lb  laeutroplc.  For  the  entire  t  low  t  le  Id  to  be  tseutroplc  throughout 
Implies  that  the  shock  front  propagates  at  a  constant  velocity  and  the  entropy 
increase  for  all  particle,  crossing  the  shock  are  Identical.  We  shall  also 
consider  constant  strength  shock  and  detonation  waves  ptopagst tug  Into  an 
initially  non-uniform  media  (i.e.  f~>  *  /%( f )  )  although  In  this 

case  the  flow  field  is  not  isen’ -opic  throughout  as  a  result  of  the  Initial 
non-uniformity,  Also  treated  In  this  Chapter  la  the  expansion  of  gas  clouds 
into  a  vacuum  environment. 


'  I  Ueneial  f’otullon  |  to  r  I  amt  i  |MPntii<pti  Sp  1  f  fl  I  ml  1  At  M>'(  Inna 

W*>  rlinl  mnaldet  l  Iip  hpiipiaI  s«t !  f  Imi  1  mi  no  I  vilion  fm  planar 
I  *  o  nl  rop  l  c  flow  In  Ihla  HPtl  Ion  Mint  In  the  fol  lowing  mho  I  (on*  wr>  •hull  imply 
i  li  I  n  «olntto>i  !o  t  lip  problem  of  ^aptoalnn  of  m  planar  gaa  mas*  inlo  a  vacuum 
I  Iip  propagation  of  pi  pti  a  i  i'll  ApniAii -Jouhp'.  del  oiiaI  !  on*  ,  the  a  hook  tub*  problem 
a  tut  for  (IpfonMttou  vli  lv#n  a  hook  waves, 

For  tppnti'oplo  mol  loop,  thp  almi  (silty  equal  ton*  given  prev  tonal  y 
In  llhapt.er  ll  (l.e,,  Ki|A  ,  2,1.28  And  2.1.24)  sip 


ji0- 
<5*  f )*  f 


V2.S.28) 


S 'LL\f<V><fV/£ 

* 


(2, 5.  .24) 


For  planar  motion  where  )  *  0,  we  i«b  that  the  above  equations 
...  .  •  \  _  i _ _  /  J.  .i J  ^  . 


yield  two  possible  solutions:  1)  we  have  O  "ft  ^  O  heme 

/  ,  /  j 

^  C  i  <J>  *  CD  giving  (1  -  constant,  and  <jP  *•  constant  and 

il)  ^  )l  ~ J  *•  £T>  in  which  cas»  j9  and  yS  '  are  both  Unite 

’he  first  solution  lu  the  trivial  solution  corresponding  to  a  planar  piston 
driving  a  constant  velocity  shock  or  detonation  wave  wher*  the  fluid  states 
are  constant  from  the  shock  to  the  piston  surface  and  the  piston  velocity 
is  equal  to  the  particle  velocity  behind  the  front.  For  the  second  solution 


we  have 


|  ur« 

i 


or 


(1.1  . ) 


Pt'citi  I  he  nimilarity  equal  tone  tuvyf'aml  |'  ( t  .  e  .  ,  Kqt< ,  i.V.ff'  ami 
y .t ,'if)  we  get 


(3.  f  .  n 


Huhet (tot ing  Kq .  3,1.2 


tutu  the  above  equation,  we  gat 


*» 


(3.1  .'.1 


which  can  be  integrated  inmani  lately  to  yield 


f 


(3.  I  .*») 


Using  Eqa.  3.1.2  and  3,1,5,  we  obtain  the  no lotion  for 


)  ami  ) 


Ah 


(3.1  .M 


<M£)  =  *-<&') 

$-h 


where 


00)  =  !*p(>) 


(3.1,8) 


i  hi  I  (  I  )  and  | '  (  l )  a  i  »i  (!>•'  In  mini  mi  v  t  i  uni  1 1  I  on  a  I  f  / 
|i.u  l  ii  ul  mi  |n  ol«l  mu  t  on» (del ed  ,  tij*.  mnS  3,1,/ 

for  |i|miin  oiip  iHmeno inn* I  *«  1  f (ml  1  Hi  mol  ton  In  an 


Will  i'll  llt>|M>ltll*  iM)  I  ll«> 

I  h»  n*n*»i»l  no  I  niton 
Initially  uniform  medium, 


10/ 


l  >  I-  upl  on  I  im  o<  fl  I'lrtitrti  (Ian  Cl  nutl  irlu  Vacuum 

ion*  I  del  initially  a  armi- int inti  a  gaa  maaa  *<!  uniform  density  p 

<« ml  aotmd  npaad  c  ^  occupying  t tic  negative  r  half  pinna  at  lima  t  -  0,  At 

time  f  rf\  t  ha  gas  cloud  expands  Into  tha  vacuum  environment  of  tha  positive 

r  half -pi  nna  W<*  have  than  a  raref  Action  »an  t  ha  hand  of  which  propagate* 

into  tha  gnu  cloud  at  velocity  c  and  an  escape  front  moving  into  the 

vacuum  at  It?  *  .  In  thla  problem  k  «•  »•  and  tha  correspond  log 

f-f  *  * 

boundary  conditions  Mia 

<#/.)  =  /  ,  AO)  “*  O  (3.2.1) 

Using  Eq.  3.2.1,  the  conatMnta  of  the  general  solution  givon  previously 
by  Eqs.  3.1.6  and  3.1.7  can  be  evaluated  and  tha  solution  can  be  written 

Ad 


0  +■/ 

///  ~ 


(3.2.2) 


“  ^  ^  /<*»-✓)  (3. 2, ^ 

Yy/ 

Note  that  the  negative  sign  must  be  used  for  (3  in  this  problem  since  (3 
increases  for  decreasing^-  and  0  is  always  positive  for  it  corresponds 
to  the  local  thermodynamic  state. 

To  determine  the  position  of  the  head  of  the  rarefaction  fan 
propagating  into  the  gas  cloud  ^  we  note  that  at  the  rarefaction  head 
the  particle  velocity  u  =  0  (hence  =  0) .  Setting  Eq .  3.2.2  to  zero 
and  solving  for  £  ,  we  get 


-  1  OH 


P  *  ~  ( Pz.'J 
^  A, 


(3.2.4) 


Substituting  this  value  of  Pjr  into  F.q .  3.2.3,  we  obtain  the  value  of 

A 


t) 


fldr) 


hx 

2j 


(3.2.5) 


Since  ^  •  C*//?$  "*•  C/uc  w  Qff’tyfiXi),  we  sea  that  from  Eq .  3.2.5, 


the 


value  of  the  sound  speed  at  the  rarefaction  head  is  equal  to  which  is 
consistent  with  the  boundary  condition  of  the  problem. 

To  obtain  the  pressure  and  the  density  distribution,  we  use  the 
isentropic  condition 


A 


ft 


(3.2.6) 


and  the  definition  of  given  as 

s\  rj 

r  f 


(3.2.7) 


The  constant  A  in  Eq,  3.2.6  can  be  evaluated  readily  to  be 


A  *  (W 


(3.2.8) 


(or  this  particular  probLem.  From  the  above  relationships  the  pressure  and 
the  density  distributions  obtained  are 


f  •  h- [ 

f  * 


A  sketch  of  the  variations  of 


p,  and  P  are  shown  in  the 


.f 


figure  below. 


110 


3 . 3  Propagation  of  Planar  Chapman-Jouguat  Detonations 

In  this  Section  we  shell  analyse  the  motion  of  a  planar  Chapman- 

Jouguet  detonation  wave  originating  at  time  t  •  0  at  r  ■  0  and  propagating 

.  • 

thereafter  at  its  Chapman- Jouguet  velocity  -  K^Cr  •  The  isentroplc  motion 
of  the  combustion  products  in  the  wake  of  the  detonation  wave  is  described 
by  the  general  solution  given  previously  by  Eqs.  3.1.6  and  3.1.7  as 

~  +&•)  '3.1.6) 

^7  (£~0  +fO)  (3.1.7) 

Note  that  the  positive  sign  is  taken  in  Eq.  3.1.7  in  this  problem  since 
decreases  in  the  expansion  fan  behind  the  detonation  front.  The 
boundary  conditions  at  the  detonation  front  are  given  previously  by 
Eqs.  2.2.15  and  2.5.30  as 


<£>( 1 )  ~  % 

Yo(  Yj  +  >) 


(7.2.15) 


A 


I )  -  %  ( ) 


(2.5.30) 


where  is  given  by  Eq .  2.2.13 

fa  '  |  A 


/ 

Sj 


(2.2.13) 
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From  Eqs.  2.2.LS  and  2.2.30  we  note  that  for  C- J~  detonations, 


<£(>)  +p0)  «  /  (3.3.1) 

For  a  closed  end  tube,  tbe  rear  boundary  condition  is  <feo)  ~  O 
or  at  some  finite  value  of  *nd  the  solution  given  by  Eqs.  3.1.6  and 

3.1.7  is  valid  in  the  region  <£c  ~  ~  /  where  *  £>  •  Setting 

Eq .  3.1.6  equal  to  zero  and  solving  for  £o  ,  we  get 


L  -- 1  -(&>&•) 


(3.3.2) 


>  =  0, 


we  have 


/a*  fid.) 


»  constant  and  substituting  Eq.  3.3.2  into 


Eq.  3.1.7  we  obtain 


=  pco  -  ato<ko 


(3.3.3) 


and  using  the  Chapman- Jouguet  condition  of  +^}0)  —  /  >  Eq.  3.3.3 


becomes 


ptto)  -  /  - 


(3.3.4) 


Using  the  approximate  relationship  for<JZ^/)  given  by  Eq.  2.2.23 

&0  ~  -jb" 


(2.2.27) 


we  obtain  £0'^'  •  Hence  the  flow  field  behind  a  planer  Chapman- 

Jouguet  detonation  wave  consists  of  an  expansion  region  immediately  behind 
the  front.  A  stationary  zone  of  constant  fluid  properties  exists  at 


approximately  half  the  total  distance  traversed  by  the  detonation  front. 

For  the  detonation  originating  from  an  open  end,  the  problem  is 
considerably  more  complex.  The  expansion  of  nigh  pressure  detonation 
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products  into  the  low  pressure  inert  gas  drives  a  constant  velocity  shock 
wave  in  it.  This  problem  will  be  treated  in  the  next  Section  in  connection 
with  the  shock  tube  problem.  However  if  one  assumes  the  exit  pressure  of 
the  open  end  is  constant  equal  to  say  the  ambient  atmospheric  pressure  the 
solution  given  by  Eqs.  3.1.6  to  3.1.7  is  still  valid.  The  pressure  decreases 
from  the  detonation  front  until  it  is  equal  to  the  exit  pressure. 


It  should  be  noted  that  for  overdriven  planur  detonations, 

7^°  at  the  front,  hence  we  have  the  simple  solution  where 
'^'J  and  ~ /Sf ')  and  remain  constant  from  the 


detonation  front  to  the  piston  surface. 
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3 .4  The  Shock  Tube  Problem 

In  this  Section  we  shall  apply  the  general  solution  for  planar 
isentroplc  motion  to  the  classical  shock  tube  problem.  Consider  initially 
at  time  t  =  0  a  diaphram  separating  the  negative  r  half  space  filled  with 
a  high  pressure  gas  at  f*  c ^  from  the  positive 

r  half  space  filled  with  a  low  pressure  gas  at  >  f  */o  >  C  -  Co 

and  U0~0  .  At  j5>0,  the  diaphram  is  removed,  a  shock  is  formed  propaga 
ting  into  the  low  pressure  region  while  a  centered  rarefaction  fan  propagates 
into  the  high  pressure  gas.  A  contact-surface  separates  the  shocked  gas 
from  the  expanded  gas  ip  the  high  pressure  region.  The  r  -  t  diagram 
illustrating  the  wave  system  for  the  shock  tube  problem  is  shown  below. 


We  choose  the  shock  velocity  Rg  as  the  characteristic  velocity 
and  the  similarity  variable  ^  r  .  We  denote  the  contact  surface 

by  £ '  ,  the  tail  of  rarefaction  by  and  the  head  of  the  fan  by  ^ 

Since  the  shock  velocity  is  unknown  and  to  be  determined,  and 

^  are  also  unknown.  The  boundary  conditions  to  be  satisfied  at  the 
shock  front  £*/  are  given  previously  by  Eqs.  2.2.30  and  2.5.30, 


i 
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&•>  -  fir/'-?) 


(2.2.30) 


f '» = l  *= 


(2.5.30) 


From  the  basic  equations  (i.e.,  Eqs .  2.5.28  and  2.5.29)  we  see  that 
the  solution  for  the  region  bounded  by  the  shock  and  the  contact  surface 

£  ■'*  t  is  the  simple  solution  in  which  =  p  ^  =0  and  the 

fluid  properties  remain  constant  (i.e.,  ~  <^>0)  j  )  ~  0  )• 

At  the  contact  surface,  the  pcrticle  velocity  and  the  pressure  are 
continuous  while  the  density  and  therefore  the  sound  speed  is  discontinuous. 
Hence  we  have 


4>& )  1  40) 


(3.4.1) 


4fL )  =  -Co) 


(3.4,3) 


The  region  bounded  by  the  contact  surface  and  the  tail  of  the  rarefaction 
fan  ^  c  fa  again  uniform,  hence 

)  ~  )  =  (3.4.3) 


f(4t)  r  "  7 &•) 


(3-4.4) 


The  expansion  region  of  the  rarefaction  fan  ^  Is  described 

by  the  general  soLution  given  previously  by  Egs .  3.1.6  and  3.1.7.  Kvalua 
ting  the  (  instants  using  the  boundary  condition  a  ^ 


J>(4r  )  ‘  ° 


(3.4.5) 


pa,)*  a  '[k-jti?  <3-4-6) 

where  .  _  a.v#a- 

y  -  //»j  »  d/As  ; 

and  the  subscripts  4  and  0  denote  the  initial  high  pressure  and  low  preaaum 
atatea  respectively,  the  solution  for  the  region  can  be 

written  as 


<ki)  '  &t(Mr) 


(3.4.7) 


pa)  =  -4 


(3.4.8) 


Note  that  the  boundary  condition  for  can  be  obtained  by  applying 

the  condition  ~ jb  *  O  at  £  c  *nd  a  ince  therefore 


/W  •  -#r“  Lk'iH*' 

From  the  definition  of  J  and  the  iaentroplc 

ondition  constant,  we  can  oxpreaa  the  pressure  AjO  as 


(3.4.9) 


=  4-  )  >■" 


(3.4,10) 


-4 


(3.4. II) 


•  11«  - 


llHinji  Kq«  .  3.4,8  and  3.4.9,  Eq .  3.4.10  '.icomi 


whore 


A *  tt% 


(3.4.  Lt  ) 


Matchinr;  the  prcaairc  et  the  contact  surface  we  get 


a: 


(3.4.13) 


where  f(  1)  ie  the  preaeure  at  the  ehock  given  previously  by  Eq .  2.2.31  in 
terms  of  ?  - 


(2.2,31) 


From  Eq .  3.4.7,  we  obtain  as 


l  -  ir  +  (&W4t) 


(3.4.14) 


Matching  the  particle  velocity  at.  the  contact  front  using  Eq .  3.4.3,  ve  get 


£t  *  4r  * 


(3.4.15) 


where  fro  is  the  boundary  condition  at  the  shock  given  by  Eq .  2.2.30. 
Using  Es  3.4.9  for  ^  ,  Eqs.  3.4.15  for  ,  Eqs. 2.2.31  and 

2.2.30  £or-fO)  and  <f(»)  ,  Eq.  3.4.13  becomes 

itp  ’fJn  -  &(>-  f¥o 


11? 


if 

it  ^  I  /  -  (.t2  j X  / 

n  y L  m  1 &  1  J 


yc 


(3.4.16) 


Given  the  initl.i  condition,  (i.e..  A/*!.  ,  >  V  >  th*  r**ult“t  ,h“'1 

strength  can  ba  obtatnad  from  Eq .  3.4.16. 

In  an  identical  manner,  the  problem  of  the  propagation  of  a 
Chaproan-Jouguet  detonation  driven  shock  can  be  analysed.  Here  ve  consider 
the  negative  r  half  apace  ae  Initially  filled  with  an  explosive  gaa  at 
and  the  positive  i  half  space  by  an  inert  gas  at  j\,  ,  /*  > 

£  %  * f  time  t  -  0,  a  Chapman- Jouguet  detonation  is  Initiated 

at  r  -  0  and  propagated  thereafter  into  the  explosive  where  the  expansion 
of  the  detonation  products  into  the  positive  r  half  space  drives  a  shock 
into  it.  The  r  -  t  diagram  is  identical  to  that  for  the  shock  problem 
exeat  t  that  instead  of  a  sound  wave  propagating  at  c  ^  we  have  a 
Chapwan-Jouguet  detonation  wave.  Again  we  denote  the  shock  by  £./,  the 
contact  surface  separating  the  expanded  detonation  products  by  » 

th.  tail  of  the  rarefaction  by  ^ and  tha  Chapman-Jouguat  detonation 

by  It  "  £  .  Note  that 

S  * r 


(3.4.17) 


where 


(3.4.18) 
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ftf (  r  In  not  the  vimuiiI  chapman- Jouguet  detonation  Much  u umber  atnce  Instead 

at  lining  Che  initial  Hound  upeed  of  tha  explosive  c  as  a  reference  we  wee 

Che  initial  sound  speed  c  of  the  Inert  medium, 

o 

For  the  region  bounded  by  the  detonation  front  and  tha  tail  of  tha 
rarefaction  (i.a.,  Q )  we  have  the  solution  given  previously  by 
Eqtt .  3.1,6  and  3.1.7.  Using  the  appropriate  boundary  condition!  for  this 
problem  for  the  constants,  wa  get 


where  and  ^Cit)***  the  condition*  immediately  behind  tha  detonation 

front.  It  should  be  noted  that  tha  p  and  P  given  by  liqa .  3.4.19  and 
3.4.20  are  referenced  to  R#  (i.a.,  ft  *  C/'^  )  instead  of 

Acr  •  Since  the  boundary  condition*  for  ,  /  ,  V-  and  for  a 
Chapman-Jouguet  det. nation  given  previously  by  Eqs.  2.2.14-16  and  2.5.30 
are  baaed  on  Jct*  ,  we  heve  to  transform  them  for  the  prestnt 

problem  based  on  Jcj~  ~  ^  *  Using  Eq .  3.4,18  we  get 

tho  following  rel stionshipa . 


4c  t 

/a?  =  ££r 


(3.<*.21) 


(3.4,22) 


(3.4.23) 


it)  *  I  ir}p>cs 


(3.4. ?4) 
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where  *  "fcj‘  '  T  an<*  ttT®  88  given  previously  by  Eqs,  2.2.i>, 

2.2.16,  2.2.14,  2.5,30  respectively  ns  (vith  ),,  ■<  Yf  ■  Y  ) 


LJcr 

(3.4.23) 

r/i 

l+Jcr 

(3.4.26) 

rrpo 

J±L 

(3.4.27) 

r+Tcr 

tiler  . 

(3.4.28) 

Aa  In  the  previous  problem,  the  region  bounded  by  the  shock  end  the  contact 
front  (i.a.,  ^  ^  £  /  )  is  uniform  vith 

4(£)  '4(o  -  ffjb'fi  <2-J-30> 

- /*(o  ~  <?.5.3o> 

Since 

>  (3.4.3) 

we  obtain  from  Eqs.  3.4.19  and  2.2.30  the  following  relationship 


“  jfjO-y)  (3.4.29) 

Prom  Eq.  3.4.10  and  the  solution  for  0  given  by  Eq .  3.4.20,  we  obtain 
the  pressure  distribution  in  the  region  4”r  "  i  ~  Jd*  as 


(3.4.30) 
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and  again  matching  the  pressure  at  the  contact  front  we  get 

m  -aj 


(3.4.31) 


where  /(l)  la  the  pressure  of  the  shock  given  by  Eq.  2.2.31.  Solving  for 
<jjj/  -  from  Eq.  3.4.29  we  get 


it  -§,  *  0-?)-f(tpir4k. 


(3.4.32) 


and  substituting  Eqs.  3.4.32  and  2.2.31  into  Eq .  3.4.31,  we  get 

U'-^)  - 

Eliminating/^^,  ^  >  j^cT  using  Eqs.  3.4.22,  3,4.26,  3.4.17, 

3.4.23  and  3.4.28,  we  get  the  following  result 

n  {-WcrJmoL 

■  (/-j  +  ] *' 

For  a  given  explosive  can  be  obtained  and  the  solution  of 

Eq.  3.4.34  gives  the  shock  strength  7j 


in  the  inert  medium. 


3 . 5  Freely  Expanding  Cylindrical  and  Spherical  Chapman-Jouguet  Detonation 

Here  we  consider  the  problem  of  a  cylindrical  or  spherical 
Chapman-Jouguet  detonation  wave  originating  at  time  t  =  0  from  the  center 
of  symmetry  r  -  0.  This  problem  is  particularly  interesting  since 
mathematically  speaking  the  existence  of  spherical  C-J  detonation  rests 
on  the  fact  that  a  solution  to  the  gasdynamic  equations  satisfying  the 
OJ  conditions  at  the  front  can  be  obtained.  Due  to  the  singular  nature 
of  the  solution  at  the  C-J  front,  there  has  been  some  doubt  on  the 
possibility  of  steady  state  spherical  C-J  detonations.  However  this 
singularity  is  "of  the  same  nature  as  the  assumption  of  a  discontinuity 
for  the  detonation  front.  It  has  been  found  that  a  more  serious 
approximation  concerns  the  model  itself  which  reflects  the  fact  that  a 
finite  quantity  of  energy  must  be  used  to  initiate  the  detonation  ini¬ 
tially,  He  shall  consider  the  influence  of  this  initiation  energy  in  a 
later  Chapter  on  non-similar  solutions  and  in  this  Section  we  deal  with 
the  idealised  classical  model. 

The  basic  equations  as  given  previously  for  the  lsentroplc 
motion  behind  the  C-J  front  are 

(2.5.28) 


-r(t-')4f  C4-i) . 

*  ¥  Cj-iT-f 


(2.5.29) 


At  the  boundary  we  have  faO  and  *nd  tlie  C -J  condition 

requires  that 
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fat)  +  !$(<)  -  / 


(3.5.1) 


Since  for  cylindrical  and  spherical  waves  j  t  0,  the  C-J  condition  results 

*  j  f  * 

in  cp-^oo  ,^-»oo  at  the  front  g  =/  .  Hence  before  we  can  proceed 
to  integrate  numerically  Eqs.  2.5.28  and  2.5,29,  we  must  seek  the  solution 
in  the  neighborhood  of  the  front  to  avoid  the  singularity.  Assuming  a 
general  perturbation  series  of  the  form 


<#i)  *  a*  +  4,0-i)*  +  - 


(3.5.2) 


p({)  s  4  +-  *,0- i)  +  -  - 

for  <^>  and  (3  in  the  immediate  neighborhood  of  the  front  '*  /  ,  we  have 
to  determine  the  coefficients  a^  and  b  and  also  the  exponents  ex'  and  b 
from  the  boundary  conditions  and  the  basic  equations. 

Since  both  and  p  are  finite  at  the  front,  the  zero  order 


coefficients  must  be 


a0  --  <£(<) 


(3.5.3) 


4  *  fao 

and  also  that  the  exponents  sxf  and  b  must  be  positive  (i.e,,  c /,/?>©). 
Differentiating  Eq.  3.5.2  we  obtain 

js’  - 


and  since  ,  jltf-P00  as  /(ri  ,  the  exponents  must  i^cessarily 


be  less  than  unity. 
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Hence  we  have  so  far  established 


O  <  b  <  / 


(3.5.5) 


To  find  the  value  for  and  h  we  then  substitute  the  perturbation 
expansion  (i.e.,  Eqs.  3.5.2  and  3.5.4)  into  the  basic  equations  (i.e, 
Eqs.  2.5.28  and  2.5.29).  Prom  Eq .  2.5.28  we  obtain 

-j{a.£+  aXO-if*  }  <3'5’6) 


Since  j,  a  and  b  are  finite  we  must  have  either  J2*>(  —  /  -O  or 
*  o  o 

<*!■/  &  -/ -O  .  From  Eq .  3.5.5  we  obtain 

{ Jb  ufo- 1  fh~‘  -t  Jb  up,  o- 1  f*  *"+-■} 

*■■■  -©  <3'5'7) 

which  requires  either  3-b  -/  or  oi  +  b-t  *  e?  for  Eq.  3.5.7  to  be 
satisfied.  From  investigating  these  conditions  we  see  that  torc/~b~^_, 

all  conditions  are  satisfied  siumltaneously  and  give  the  correct  exponent 

.  .  / 

for  the  expansion.  Putting  o/  ■=■  t>~  '/2_  into  Eqs.  3.5.6  and  3.5.7  we 
obtain  the  first  order  coefficients  as 


a,  -  ±f' £]<&'> ft') 


(3.5.8) 


/ 


ao  the  solution  in  the  immediate  neighborhood  of  the  C-J  front  is  given 
by  the  follow!  expressions 
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The  two  signs  in  the  above  equations  yield  two  types  of  solutions.  The 
positive  sign  gives  the  compression  solution  behind  the  C-J  front  which 
requires  a  piston  to  follow  the  cylindrical  or  spherical  C-J  wave  and 
the  negative  sign  gives  the  expansion  solution.  The  two  types  of 
solutions  are  illustrated  in  the  sketch  below. 

t 


Uslig  the  perturbation  expansion  in  th2  neighborhood  of  the  front, 
the  value  of  <f>  and  p  can  be  obtained  at  some  value  of  ^  close  to  one 
(e.g.,  ^  =  0.999)  and  with  these  as  starting  values  Eqs .  2.5.28  and  2.5,29 
■  be  Integrated  numerically  to  obtain  the  solution. 


In  thla  8actlon  w«  ahull  make  a  general  analyala  of  the 
propagation  of  datonatlon  waves  in  an  Initially  non-uniform  density 
medium  whara  j$Cr)  .  The  problems  traatad  in  the  previous 

Sect  Iona  are  aimply  particular  case*  of  it  for  uniform  density.  Eor 
gaaaoua  explosives,  U  would  ba  difficult  to  obtain  an  Initially 
non-uniform  danalty  undar  laotharmal  conditions  in  tha  absence  of 
fore*  fields .  However  for  solid  explosives  thla  can  ba  achieved 
readily  and  tha  analyals  given  hare  la  of  interest  for  aolid 
axploa lvae . 

Tha  baalc  aimiiarity  equation!  for  an  initial  non-uniform 
medium  whara  ia  given  pravloualy  by  Eq*.  2.5.24  and  2.5.25 

aa 


+t) 


(2.5.2A) 


@-§T-f 


(2.5.25) 


And  the  boundary  conditions  at  tha  detonation  front  era  given  by  Eqs. 
2.2.5  and  2.5.30  as 


*r"‘  '~-&f 

y8/0  *  ^ 


(2.5.30) 


-  ti(\ 


Pot  ('h«|wan  .Inugnel  detonation*  w*  l\av«<  ft  -  0  Ami 


L.  'i-T 

y+i 


/V'>  ‘ 


«iul  the  condition  that 


'A/'1) 


(3  ft. 3) 


(3.ft.3> 


For  Any  apeclfied  Initial  condition*  (1,*.,  y,  ^  yt'f  }  ,Mi  )» 
the  eolntton  can  h«  obtained  by  numerical  integration  of  Rqe.  I, ,1.2a  and 
*  .  ft , 2 5  in  tha  region  O* £  */  using  the  boundary  condition*  at  jt  *  /  given 
by  Kqa.  3.6,1  and  3,6.3,  It  should  be  noted  that  the  value  of  <u  muet  be 

f-fJ  >"fJ*  0  (3.J.D) 

If  tha  maea  enclosed  by  the  front  la  finite.  For  Chapman-Jouguet 

,  /  .  / 

detonation*  we  aee  that  again  the  alopaa  (p  and  A  are  Infinite  a*  a 
reeult  of  Fq .  J.6,3.  Hence  to  effect  tha  numerical  Integration,  analytical 
solution*)  In  the  neighborhood  of  the  front  £  *  /  muet  drat  be  determined. 
Using  an  Identical  method  ae  in  the  previoua  Section,  we 


fri)  -  tto+O'O-SY1* 
sf^ )  *  fi(')  *  ko-4)** 


(3.6.4) 


and  obtain  the  exponent*  <K  and  A  and  the  coefficients  a ^  and  as 


fol Iowa 


b  ~  '4. 


a,  -  ) 


(3.6.5) 


13/ 


<3.ft.h) 


Not*  that  fur  u>  -  0,  th#  shove  equation#  rsduc*  easotly  to  Kqa.  3,5,10 
sml  3.3.11  of  ths  previous  Sect  l  utt  f  o t  t Ht  uni  f o v m  0 •  n •  1 1  y  ci t n v  ,  tin 
two  solution#  salat  corresponding  to  th*  poult  tv*  •nd  negative  «i  t uni*  In 
Kq ,  3.6.5,  15m  positive  sign  gives  th*  compress ton  solution  behind  the 

Chspwsn- Jougust  front  which  must  terminate  «t  •  piston  surface.  Tim 
negative  altin  give#  the  fro*  eapanelon  solution  which  terminate*  where 
th*  part  to  la  velocity  becomes  aeioj  at  or  b*for*  th*  cantor  of  a  ynmvs  try. 

To  obtain  th*  aolution  for  Chapman- Jouguat  detonation*  propagating 
in  a  non-uniform  denalty  medium,  Kqa,  3.6.3  and  3.6.6  ar*  flrat  ua*d  to 
obtain  th*  valu*  of  and  0  at  tote*  valua  of  cloaa  to  unity  (e.g,, 

£  -  0.999).  With  <^>(.999)  and  p(.9»9)  aa  atarting  valuta,  th* 
similarity  aquations  can  than  b*  integrated  numerically  uaing  aay  th* 
Runge-Kutta  method. 

Since  an  extra  dagrtt*  of  freedom  ta  now  provided  for  finite  u>, 
w#  e«a  that  for  a  particular  valu*  of  u>,  wa  can  .  /*  cylindrical  or  epherli  al 

Chapman* Joug net  detonation*  propagating  in  a  non-uniform  medium  in  which  the 
solution  1*  no  longer  singular  at  tha  front.  From  Eqa.  2.5.24  and  2.5.25, 
we  note  that  for  the  particular  value  of 

CAJ  «  -  YjqtO)  (3.6.7) 

th*  numerator  vaniahea  at  the  front  as  well  aa  the  denominator.  Hence 

a  / 

end  p  are  finite.  To  obtain  the  solution  numerically  for  this  case,  w> 
must  again  «aek  aolutlona  in  the  immediate  neighborhood  of  the  detonation 
front  since  both  ^  and  ^  are  indeterminate.  Writing  the  solution  In 
the  following  perturbation  form 


V  20  - 


(1.6.8) 

fifl)  ‘  fifO  + 

«nd  substituting  Into  Xq« .  1.5.24  Hud  2,5,25  we  obtain  tha  coefficients  a^ 

and  b.  os 
2 


a.  . 

4  t  /  ) 


(3.6.9) 


4 


*  '  ~(a,  *-b,-n  ) 


(3,6.10) 


In  obtaining  Eqs.  3.6.9  and  3.6.10,  uaa  haa  baan  mada  of  the  Chapman* Jouguat 
condition  (t.e.,  Eq,  3.6.3)  and  tha  critical  valua  for  u>  glvan  by  Eq.  3.6.7 
Using  Eq.  3.6.9,  Eq.  3.6.10  can  be  written  aa 

4.  *  "j(lz.04(>>  (3.6.11) 

*•  £  CT  ZL 

and  substituting  Eq .  3.6.11  for  62  in  Eq.  3.6.10,  we  gat  a  quadratic 
equation  for  a^  *®  follows 


Therefore  two  roots  can  be  obtained  for  hence  b2  *s  before.  The  two 
roots  yield  two  possible  solutions,  again  one  is  a  compression  solution 
terminating  at  a  piston  surface  and  the  other  is  a  free  expansion  solution 
terminating  when  the  particle  velocity  is  zero.  To  start  the  numerical 
integration  of  Eqs.  2,5.24  and  2,5.25,  the  perturbation  expressions  given 
by  Eqs.  3.6.8  and  3.6,10  are  used  to  determine  and  (3  at  some  value  of  £ 


m 


>  1>>*«  to  unity  (a.g.,  -  .99)  and  Integration  proceeds  from  £  ■  .99 

for  decreasing  values  oft  until  the  aolutlon  tevminatea  at  either^  -  £ 
for  tha  compreaaion  caaa  and  (p  -  0  for  tha  expanelon  caaa. 

From  Kqa.  3.6.3  and  3.6.6  we  nota  that 

CO  Z  -JY </'/')  (3.6.13) 

for  Chapman-Jouguet  datonatlona  to  axlat.  For 

W  <  -yMr  Cl)  (3.6.14) 

wa  cannot  hava  Chapman- Jouguat  datonatlona  a Inca  tha  roota  ara  imaginary 
In  Eq.  3.6.5.  Wa  could,  however,  hava  a  constant  valocity  overdriven  or 
weak  datonatlon  wava  in  which  (fai)  +p{0  /  /  .  Since  weak  detonations 

era  rulad  out  from  entropy  cons ida rat ions  wa  have  then  for  CO< -jX<A:T0)  , 
a  constant  valocity  overdriven  detonation  wave.  For  any  specified  value 
of  the  initial  conditions  (i.e.,^/,  y p  oO  )  Eqs.  2.5.24  and  2.5.25  can 

be  integrated  immediately  using  the  boundary  conditions  given  by  Eqs.  2.2.5 
and  2.5.30.  Now,  no  singularities  exist  at  the  front  and  the  solution  is 
regular  there.  It  is  Interesting  to  note  that  contrary  to  the  initially 
uniform  density  case,  we  can  have  a  constant  velocity  overdriven  detonation 
wave  in  an  initially  non-uniform  density  medium  without  any  piston  motion. 
The  rate  of  amplification  as  a  result  of  the  density  decrease  just  balances 
the  rate  of  decay  of  an  otherwise  non-supperted  overdriven  detonation  in 
this  case. 

For  a  particular  value  of  U)  there  exists  a  very  simple  solution 
to  Eqs.  2.5.24  and  2.5.25  in  the  form  of  linear  profiles  for  <j>  and  (3. 

#S)  - 


(3.6.15) 


-  130  - 


for  detonation*  in  *  non-uniform  medium.  To  determine  whet  the  value  of  a> 
i*  for  auch  a  aolution  to  exist,  we  aubetitut*  Fq .  3.6.15  into  Eqe.  2.5.24 
end  2.5.25  end  evaluating  at  the  detonation  front  we  get 

<$(>)  =  . — B -  (3.6.16) 


BO)  *  (&•)  - / )  (3.6.17) 

c/io<fr,)>“o/r 

Using  the  approximate  form  for  the  boundary  conditions  given  by  Eqa.  2.2.21 


and  2 .5.30  as 


$•)  * 

t-*/ 


(2.2.21) 


zs7o)  =  7(/4&nr-s) 
f  0v  o'- 

where 

s  -  (/  -  Kx-Oyg  ) 

we  can  solve  for  the  value  of  co  as 


oj  =  -W*XM 

For  the  spherical  s> — *try,  we  see  that  Eq.  3.6.18  becomes 


(2.5.30) 


(2.2.23) 


(3.6.18) 


CO  -  ~3£jj/j2_  (3.6.19) 

*Y-/ 

which  corresponds  to  that  given  by  Sedov. 

For  values  of  <o  — 0(j^  '^/C^ '*J 

the  solution  demonstrates  the  existence  of  a  hole  in  the  center  at  £  * ^ 
where  /a*)  *  •  1°  other  words,  the  detonation  drags  the  mass 

outwards  faster  than  the  rarefaction  can  kick  it  back.  Starting  at  the 
detonation  front  the  solution  terminates  at  £  ~  ^  where 

pd?  ■ 


and 
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3.7  Piston  Driven  Constant  Velocity  Shocks  And  Detonations 


Hare  we  consider  the  problem  of  a  constant  velocity  front  (shock 

or  detonation)  driven  by  a  constant  velocity  expanding  piston  in  an 

initially  uniform  density  medium.  At  time  t  *  0  both  the  shock  and  the 

piston  originate  at  the  origin  r  *  0  and  at  later  times  both  propagate  at 

a  constant  velocity  (shock)  and  R^  (iston).  Since  the  shock  and 

piston  velocities  are  constant,  their  *. elective  trajectories  are  giv®n 

as  R  =  and  R  =  $p’t‘  .  Under  the  Hayes  and  Tslen  hypersonic 

8  J  p  r 

similitude  law,  the  flow  field  corresponding  to  a  steadily  expanding 
cylindrical  piston  corresponds  to  the  two  dimensional  hypersonic  steady 
flow  field  past  a  slender  cone.  Since  the  shock  propagates  at  a  constant 
velocity  into  an  initially  uniform  medium,  the  ncvi-steady  flow  behind  the 
front  la  lsentroplc.  The  basic  equations  governing  the  self-similar  motion 
of  the  shocked  states  as  given  previously  by  Eqs.  2.5.28  and  2.5.29  are 


/=  JML- 

f 


(2.5.28) 


'  *  4-St -/**• 


(2.5.29) 


He  shall  first  consider  the  case  of  an  inert  medium  and  the  boundary 
conditions  at  the  shock  front  =  /  are  given  as 


q{>0)  - 

m 


(2.2.30) 
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(3,7.1) 


The  solution  terminates  at  the  platon  surface  )  where 

the  particle  velocity  matches  the  piston  velocity  (  u.» 

A  word  must  be  said  about  the  specification  of  the  initial  conditions  for 

this  particular  problem.  In  general,  it  is  convenient  to  specify  the 

piston  velocity  R  and  to  obtain  the  solution  in  this  case  we  have  to 
P 

first  assume  a  shock  velocity  R  .  With  R  «nd  R  known  £>  &  can 

3  p  s  f  fis  Js 

be  found.  With  the  shock  velocity  known,  the  shock  Mach  number  /c0 
and  J  -  '/<  can  be  obtained  and  Eqs .  2.2.30  and  3.7.1  yield  the 
boundary  conditions  and at  the  shock.  The  basic  equation  can 
now  be  integrated.  The  correct  solution  will  be  obtained  when  the 
assumed  value  of  the  shock  velocity  yields  a  solution  that  satisfies 
the  condition  at  the  piston  surface  (i.e.,  .  In  general  we 

have  to  iterate  for  the  correct  shock  velocity  for  a  given  piston 
velocity. 


However  if  we  were  to  do  the  inverse  problem  and  specify  the 
shock  velocity  leaving  the  corresponding  piston  velocity  to  be 
determined  by  this  solution,  no  Iteration  is  necessary.  We  simply 
integrate  the  basic  equation  from  the  shock  J*/  until  .  The 
piston  velocity  R^  can  then  be  found  immediately  for  the  value  of 
the  shock  velocity  specified. 

In  general,  the  separation  between  the  piston  surface  and 
the  shock  front  is  relatively  small  for  strong  shock  waves  (i .e.,/75»/, 
^<<  /  ).  Hence  an  approximate  solution  can  be  obtained  (at  least 
accurate  in  tbe  neighborhood  of  the  shock)  by  expanding  the  values  of 
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^6(^)  and  P(^)  In  a  power  series  in  (/-jt  )  ae  follows 


(3.7.2) 


(3.7.3) 


Pd) 

'W*  O  f 

jfo) 

The  zeroth  order  coefficients <P  and  /o  can  readily  be  evaluated  using 
the  boundary  conditions  at  the  shock  given  by  Eqs.  2.2.30  and  3.7.1  as 


4(o  -  £//-?; 


(3.7.4) 


(3.7.5) 


Substituting  the  perturbation  expressions  of  Eqs.  3.7.2  and  3.7.3  into  the 
basic  equations  and  equating  coefficients  of  the  terms  in  similar  powers 
in  (/-J  )  we  can  readily  obtain  the  higher  order  coefficients  and 

(3^.  The  solution  in  the  neighborhood  of  the  shock  can  now  be  written 


<ki)  -  4(o  - o-i)  *-  - 

cpo)  -t-pco 


(3.7.6) 


(3.7.7) 


,5^)  =  /sro  -  cy)]4(ofQty(>-d(/* ) , . ,  (3,7 

'  -/?-/*(') 

Where  and  (3^  are  given  by  Eqs.  3.7.4  and  3.7.5. 

« 

The  solution  for  Cp(£)iox  piston  driven  planar,  cylindrical 
and  spherical  shocks  are  illustrated  below 
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It  is  Interesting  to  note  that  for  cylindrical  and  spherical  piston  driven 
shocks  the  particle  velocity  increases  behind  the  shock  to  the  piston 
surface  while  for  the  planar  case,  it  remains  constant  throughout.  The 
additional  isentropic  compression  behind  the  shock  is  a  result  of  the 
area  divergence  effect  for  cylindrical  and  spherical  symmetry. 

We  proceed  next  to  the  situation  when  the  medium  is  detonable 
and  the  front  is  a  detonation  wave.  We  see  in  Section  3.5  that  for 
cylindrical  or  spherical  Chapman- Jouguet  detonations,  there  exist  two 
possible  solutions,  a  free  expansion  solution  and  a  compression  solution. 
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an  overdriven  detonation.  For  overdriven  detonations,  the  solution  is 
regular  at  the  front.  Using  the  boundary  conditions  for  a  detonation  wave 
given  by  Eqs.  2.2.5  ar.d  2.5.30 


4a 


/-y  +  s 

7*7 


(2.2.5) 


=  -frif(Y<y+*sXr*j-s')$%'  (2.5.30) 

the  basic  equations  can  readily  be  integrated  until  <£  ~  ^  when  the  piston 
surface  is  reached.  The  solution  for  the  overdriven  detonation  case  is 
similar  to  that  for  a  non-reacting  shock  where  )  andy#/^^  increase 

continuously  from  the  front  to  the  piston  surface. 

For  piston  velocities  ,  we  have  then  a  piston  trailing 

behind  a  Chapman- Jouguet  detonation  front.  Siice  the  motion  of  the  Chapman 
Jouguet  front  is  independent  of  the  conditions  in  its  wake,  there  can  exist 
a  second  shock  wave  in  the  detonation  products  as  a  result  of  the  additional 
energy  output  by  the  piston.  We  assume  the  existence  of  a  steady  shock  wave 
in  the  product  gases  and  proceed  to  seek  the  solutions  for  this  condition. 
The  r-t  diagram  for  this  condition  is  illustrated  below 


7  ftshtn  /'•SAack 
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We  denote  the  subscript  0  for  the  Initial  state  of  the  explosive,  1  for 
the  states  immediately  behind  the  Chapman- Jouguet  detonation,  2  for  the 
conditions  immediately  in  front  of  the  second  shock  and  3  for  the  states 
behind  it.  Writing  the  conservation  equations  of  mass  momentum  end  energy 
across  the  second  shock,  we  have 


ft  U-U-3  )  U-U^ 

ft 

efc.  | 


R(O-cu)  =  fis(L)-Us) 

(3.7.8) 

A  +R.(U-Uzf  =  A  *-ft(U-u,T 

(3.7.9) 

e,  +  A  r  Co -<f if  -  e,+h  +(o-usf 
ft  ft  2. 

(3.7.10) 

3.7.8  we  obtain 

Br  =  U-«± 

ft  U-a,. 

(3.7.11) 

and  since  the  density  ratio  across  tbe  uhock  is  given  In  terms  of  the 
shock  Mach  number  as 


where 


% 


-  a_ 

(U-uJ  (£-■&) 


(3./. 12) 

v 


0.7.13) 
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Noting  that 

£  ■ 


*s 


.  y± 

Act* 


a 

At  r 


(3.7,14) 


A*  3 


<k 


Ox 

?CT 


A 

Act 


(3.7.15) 


(3.7.16) 


A  *  £ 


(3.7.17) 


<6 


•it 

Act 


equating  Eq.  3.7.11  with  3.7.12  yl*  Ida 


k-*s 

4 


V-l+JVs 

r+i 


(3.7.18) 


(3.7.19) 


To  obtain  the  Holutlon  for  a  cylindrical  or  spherical  piston  following 
a  Chapman- Jouguet  detonation  front,  we  first  determine  the  boundary 
condition  at  /  using  Eqs ,  3.6.1  and  3.6.2 


4>„  o  >  --  L3i 

"  Yw 


CT 


(3.6.1) 


fitr(')  '  XUkr 

1  ?+t 


(3.6.2) 


From  th<»  pert urhat  Ion  expansions  glvsn  by  Kqa.  3. 3, 10  and  3.H.11 


fto  ■  <?o)+( & ■ 

pi)  * /»(')  i ^ •^£2£v,; . 

we  i  tain  tha  starting  conditions  for  -p  and  (5  at  aoma  valua  of  ^  olosa  to 
unity  (e.g.,  J  -  0.999).  We  next  lntagrata  tha  basic  aquations  (i.a., 

Bqa.  2.3.28  and  2.3.29)  until  sons  daslrad  valua  of  (hanca  tha  strength 

of  tha  sacond  shock  wave)  is  reached.  With  ^  ,  <j£  ,  and  known,  y% 
can  now  be  evaluated  and  t’a  conditions  behind  tha  sacond  shock  wave 
determined  using  £qs .  2.2.30  and  3.7.1  . 

<£(&)  *  (2.2.30) 

With  ^6  and  p  behind  tha  second  shock  wave  determined,  Eqs.  2.3.28  and 
2.3.29  can  be  integrated  further  until  the  piston  surface  where  »/ 
is  reached.  A  qualitative  illustration  of  the  solution  is  shown  in  the 


(3.3.10) 


(3.3.11) 


sketch  below 
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It  ahould  b*  not«d  that  tha  fra*  expansion  aolution  it  not  lnfluanced  by 
the  piaton  notion  from  th*  Chapman* Jouguat  f ront  *  /  to  th*  second 
■hock  wav*  J  ^  .  After  th*  aacond  shock,  the  aolution  changes  from 

an  expansion  aolution  to  a  compression  aolution  and  it  terminates  at  the 
piaton  surface  ^  *£ . 

Let  us  investigate  the  variation  of  the  strength  of  the  second 
shock  wave  with  different  piston  velocities.  We  note  that  when  the  piston 
velocity  4f-  &  (the  critical  piston  velocity  for  Chapman-Jouguet 
detonations),  the  second  shock  wave  vanishes  and  a  smooth  compression 
solution  i»  obtained  from  the  front  to  the  piston.  For  zero  piston 
velocity  -O,  again  the  second  shock  vanishes  and  we  have  the  free 
expansion  solution  throughout.  Between  these  two  limits  (i.e.,  0-4^4,  > 
we  have  a  second  shock  wave  in  the  flow  field.  Let  us  first  of  all  inves¬ 
tigate  the  planar  case  (i.e.,  y=  o  ).  For  planar  Chapman-Jouguet  waves, 
the  free  expansion  solution  is  given  previously  in  Section  3.3  by  Eqs . 


3.1.6  and  3.1.7  as 
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4>({)  -  +<^')  <s-i-6> 

fi(4)  S  (£-0  +ff0  (3.1.7) 

From  Eq.  3.7.13,  the  M«ch  number  of  the  second  shock  can  be  obtained  as 

M  =•  UjJfi.  .  ft  (3.7.20) 

7 C 

Substituting  Eqs .  3.1.6  and  3.1.7  into  the  above  equation,  ve  get 


Ms  -  L  -/ 

Using  the  Chapman-Jouguet  condition  cfi( >)  4 >)~t 
to  the  following 


(3.7.21) 

Eq.  3.7.21  reduces 


/*S  *  / 


(3.7.22) 


Hence  we  see  that  for  the  planar  case,  the  secondary  shock  wave  is 
always  a  congressional  Mach  wave  irrespective  of  the  piston  velocity. 
The  piston  motion  simply  reduces  the  expansion  fan  behind  the  front. 
This  is  illustrated  in  the  sketch  below. 
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For  cylindrical  and  spherical  symmetry,  we  can  only  investigate 
analytically  the  strength  of  the  second  shock  wave  near  the  front  where 
we  have  the  solution  given  by  Eqs.  3.5.10  and  3.5.11  as 

4>(i)  =  4o)  -  - 

pi )  *  p<)  - QppjPpo') 

Iff* 

and  In  the  vicinity  of  where  ^£->oand  constant  and  the  solution 

can  be  expressed  as 

Pi)  «  P’Ci-D  *■  -  0.7.23) 


(3.5.10) 


(3.5.11) 


(3.7.24) 


For  the  Mach  number  of  the  second  shock  in  the  vicinity  of  the  Chapman - 
Jouguet  front<^=V  ,  we  substitute  Eqs.  3.5.10  and  3.5.11  into  Eq.  3.7.20 


and  obtain 


/-&■>-  (ippj&py,.  ip 


(3.7.25) 


From  the  above  aquation  we  see  that  as  end  the  second  shock 

degenerates  into  a  congressional  Mach  wave.  As  £  decreases,  the  strength 


of  the  second  shock  Increases . 


In  the  vicinity  of  ^Ss£,  /7^  can  be  obtained  by  substituting 
Eqs.  3.7.23  and  3.7.24  into  Eq.  3.7.20  as 

/*  -  .4-^-0 


4  tpa,- 1.) 


(3.7.24) 


Again  as  4c,~*  >  My*  I  and  the  second  shock  degenerates  into  a 

compressional  Mach  wave  propagating  at  the  local  speed  of  sound.  We 
see  therefore  the  strength  of  the  second  shock  wave  at  first  increases 
to  a  maximum  rapidly  from  the  front  and  then  decreases  again  to  a  Mach 
wave  as  4$*  4o  ar»d  -*©  .  A  qualitative  sketch  of  the  variation  of 
the  strength  of  the  second  shock  wave  with  ^  is  shown  below 
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3.8  Expansion  of  a  Gas  Cloud  into  a  Vacuum 

In  this  Section,  we  shall  consider  the  lsentropic  expansion 
of  a  finite  gas  cloud  Into  a  vacuum  environment.  This  problem  finds 
application  In  astrophysical  problems  dealing  with  the  dynamics  of 
cosmic  gas  clouds  and  is  also  of  some  current  Interest  in  the  problem 
of  rocket  exhaust  into  a  vacuum. 

For  an  initially  uniform  density  finite  gas  mass  bounded 
by  O  f  similarity  solutions  are  not  possible  due  to  the 

presence  of  a  characteristic  length  $ c  .  However  for  planar  symmetry, 
the  basic  equations  are  invariant  under  a  coordinate  transformation 
of  hence  self-similar  solutions  are  possible  and  are 

given  previously  in  Section  3.2.  For  an  initially  non-uniform  finite 
gas  mass,  self-similar  solutions  are  possible  for  particular  distribu¬ 
tions  of  the  initial  states  in  the  gas  mass.  We  shall  try  to  nd  these 
particular  initial  distributions  for  this  problem  in  this  Section  by 
examining  the  basic  equations  under  specified  initial  and  boundary 
conditions  in  a  manner  similar  to  that  of  Section  2.4. 

The  initial  and  boundary  conditions  specified  are  as  follows: 
for  £  £  O  ,  O  -  r  * 


(1*0 


(3.8.1) 


(3.8.2) 


r 


fCO  , 


pCRt')*  © 


(3.8.3) 
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for 

l  >0  y 

U{Oti)  ~  o 

(3.8.4) 

(3.8.5) 

fCRe,*)  =c?  (3.8.6) 

where  ^c(£)is  the  position  of  the  escape  front.  We  seek  similarity 

solutions  of  the  following  form 

<Hi) '  U(F] 

fteU) 

(3.8.7) 

rm 

(3.8.8) 

fft)  - 

Gflb) 

(3.8.9) 

where  £ 

-  r/fie 

(3.8.10) 

and  f~(R* ) and  (jffie)  are  arbitrary  functions  to  be  determined.  Using 
Eqs .  3.8.7  to  3.8.10  the  basic  conservation  equations  of  mass 
momentum  and  energy  (i.e.,  Eqs.  2.1.1,  2.1.2  and  2.1.9)  transform 
to  the  following  equations: 


FdPc 


(3.8,11) 
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(3.8.12) 


jfa-gtf'+yfo'  +  Vff]  '  <3-e-13) 

where  the  primed  quantities  denote  dlff erentation  with  respect  to  the 
similarity  parameter  ^  .  Examining  Eqs.  3.8.11  and  3.8.13  we  see 
that  the  left  hand  side  are  functions  of  while  the  right  band  side 
are  functions  of  Re  .  Hence  for  self-similar  solutions  we  must  have 


fie  4JE  *•  fi,  *  const. 

F 


(3.8.14) 


fie  otG  ■«  kt  *  Const 

£  dftg, 


(3.8.15) 


The  solution  of  Eqs.  3.8.14  and  3.8.15  yields  the  functional  forms 
for  F  and  G  as 


F  AFc 


(3.8.16) 


Q  -  8^ 


(3.8.17) 


where  ^  and  &  are  chosen  such  that  the  boundary  conditions  for 
/('/Jand  tfjgj  are 

■f(t)  »  ^(0  3  o 


(3.8.18) 
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4(o)  *  yVo;  *  / 


(3.8.19) 


Substituting  Eqs.  3.8.16  and  3.8.17  into  Eq.  3.8.12,  we  get 


<4> 

z  9 


a  a 


(3.8.20) 


Examining  the  above  equation  we  see  that  for  self -similar  solutions 
to  be  possible,  we  must  have 


£  - 
r 


(3.8.21) 


^  I  •  * 

*{&  y-  fts  -  & 
*  K  le  ' 


(3.8.22) 


where  and  yE>  are  constants.  Using  Eqs.  3.8.21  and  3.8.22,  Eq. 
3.8.20  now  becomes 


(*•$'*! -pt>  'O 

The  boundary  condition  £or<^>  is  given  as 

at  r*  Re(Smt)  ,  u*#e  ,£(•)*/ 


(3.8.23) 


(3.8.24) 


at 


(4’ «) 


U.  *  O 


(3.8.75) 


Depending  on  the  value  of  the  arbitrary  constant  (3,  we  can  have  an 
infinite  number  of  solutions.  For  example  if  we  set  p  =  0,  we  obtain 
from  Eq.  3.8.23  the  solution  for  <£  as 


(3.8.26) 
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Substituting  Eq.  3.8.26  into  Eqs.  3.8.11  and  3.8.13,  we  obtain 

k,  »  ~(j+  '  J 


(3.8.27) 


ki  *  (3.8.28) 

Note  that  Eqs.  3.8.11  and  3.8.13  cannot  oe  used  to  determine  ^  and  ~f 
since  they  are  homogeneous  in  and  F  .  Hence  we  must  use  Eq.  3.8.21 


which  can  be  written  using  Eq.  3.8.26  as 


v-  3 


(3.8.29) 


For  isentropic  motion  C  and  using  Eqs.  3.8.8,  3.8.9,  3.8.16,  3 . 8 . 17 ; 


3.8.27  and  3.8.28,  we  obtain 


k-  -  £.1  - a 

fr 


(3.8.30) 


Therefore 


y'y  ~  Co«S-/cth+  (3.8.31) 

and  from  the  boundary  condition  for  •/-  and  ^  (i.e.,  Eqs.  3.8.18  and  3.8.19), 


we  see  that  the  constant  in  the  above  equation  is  unity 


(3.8. 32) 


Substituting  Eq.  3.8.32  into  3.8.21,  we  obtain  a  differential  equation  for 


d-F  *  * 


(3.8.33) 


whi'-h  can  readily  be  integrated  to  yield 


/*  C'O+ki'&i 


(3.8.34) 
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The  constant  and  K  can  be  evaluated  using  the  boundary  conditions  for 


f  given  by  Eqs.  3.8.18  and  Eq.  3.8.34  becomes 

From  Eq.  3.8.32,  we  get  the  solution  for  as 


(3.8.35) 


(3.8.36) 


Substituting  Eq.  3.8.35  and  3.8.36  into  Eq.  3.8.32,  the  constant  U  is 


evaluated  to  be 


/'/ 


(3.8.37) 


To  determine  the  velocity  of  the  escape  front  as  a  function  of  R^,  we 
use  Eq .  j.,8.22  with  ^  =  0,  o(=  and  4-4  -  -cr-tyo 

which  then  gives  the  following  equation 

4  -  W.  - 

d%.  fd  ft 

This  equation  is  immediately  integrated  to  yield 

.2-  -('(T'-y'/V') 

kc  =  9^  -  •  A  Re  (3.8.38) 

SL  Cf'i'jCj+O  ft 


The  constant  "A-  must  be  chosen  so  that  at  R  =R,k  =0.  Defining 

©  o  6 

c  as  the  local  sound  speed  at  the  origin  at  time  t  *  0,  one  has 


£  =  yt>L°.  °>  =  7 A  fit 

(°Cot  o)  £> 


-ff-Kjt) 


(3.8.39) 


Using  Eq .  3.8.39,  Eq.  3.8.38  may  be  written 


4$ 

dt 


3-. 

V-!  Cj VO4,  1 


(3.8.40) 
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where  m  fte / fio 


(3.8.41) 


t  “  /fie 


(3.8.42) 


Note  that  the  front  starts  out  at  rest  and  steadily  accelerates  as  the 
gas  cloud  expands. 

The  trajectory  of  the  escape  front  can  be  obtained  by  Integra¬ 
ting  Bq.  3.8.40  as 


a  t_  -  f  s!k  .  - 

(Fr>  '(]<■/'>  '  J 


(3.8.43) 


For  certain  values  of  the  combination  of  J  and  y  ,  the  integral  of  Eq . 
3.8.43  can  be  expressed  in  closed  form.  As  was  found  by  Mire Is  and 
Mullens,  this  can  be  done  when  is  an  integer  where  is  defined  as 


Alo  a 


(3.8.44) 


For  example  Eq.  3.8.43  becomes 


N  =  1 
o 


<rj+  o7*'  r-t 


(3.8.45) 


N  =  2  ; 

o 


=  'T+R&  J  (3.8.46) 


N  =  3 
o 


=  (Re+O(Pe'0 


(3.8.47) 
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Kq .  3.8.43  Includes  the  cass  J  *  2,  Y  •  5/3.  Kq .  3.8.46  Includes  the 
c«aen  J  «  1,  Y  m  *nd  J  *  2,  Y  *  4/3  and  Eq .  3.8.47  includes  the 
c«ao«  J  »  0,  y  -  3/3,  J  -  1,  /  -  4/3  and  )  «  2,  y  -  11/9. 

i  •/ U  •) 

In  the  asymptotic  limit  for  long  times  whan  yP«  v  «  f 
Eq ,  3.8.43  reduces  to  the  following  form 

& 


£  ? 

9' O'*  A/ 

and  the  velocity  In  the  asymptotic  limit  la  given  by  the  equation 


(3.8.48) 


& 


>  .  1 
j/'1  o  %  p~/ 


(3.8.49) 


For  the  planer  case  (j  *  0) ,  the  velocity  of  the  escape  front  la  identical 
to  that  associated  with  the  expansion  of  an  Initially  uniform  gas  cloud 
into  a  vacuum.  As  pointed  out  by  Hire  la  and  Mullens,  the  escape  front 
velocity  is  alway  equal  to  ^  irr**P#ctlv*  0 *  gaometry  for  an 

initially  uniform  medium  alnce  at  t  ■  0,  the  flow  In  the  vicinity  of 

r  «  R#  behaves  as  though  It  la  planar  (l.e.,  j  «  0) ,  Hence  the  limiting 

#  _ 

edge  achieves  the  limiting  velocity  of  **/?¥-*)  and  is  unaffected  by 

the  subsequent  expansion  of  the  remainder  of  the  ni, 

For  cylindrical  and  spherical  symmetry,  the  escape  front 

velocity  is  alway  less  than  the  planar  case  by  the  factor 

Mirela  and  Mullens  reasoned  that  in  the  present  case  the  particles  at  the 

leading  edge  of  the  expansion  have  no  energy  at  t  m  0  and  subsequently 

are  accelerated  by  the  particles  at  and  near  tha  snargy  corresponding  to 

the  condition  t  *  r  =  0  to  drive  the  front  to  the  limiting  velocity  of 
¥ 

•*/( A0  •  With  increasing  values  of  j,  the  area  divergence  effect 
increases  and  there  are  fewer  particles  at  the  front  initially  having 
energies  at  or  near  the  value  at  t  »  r  «=  0.  Hence  the  front  is  acceler¬ 
ated  to  lower  velocities  as  j  increases. 

Xn  dimensional  form  the  solution  to  the  present  problem  can  be 

written  as 


’ —  i  mi  in  mi  1 1  i  in  i  ii" 
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OC  '■ 


(3.8.50) 


(3.8.51) 


f>  *  8ReJ  (/-(£.)  )  r'' 


(3.8.52) 


wbll«  the  •■cape  front  velocity  R  and  the  trajectory  R  (t)  are  given  by 
Eqa.  3.8.40  and  3.8.'  3. 


CHAPTER  IV 


NON-1SENTROPIC  SELF-SIMILAR  MOTIO 
THE  STRONG  BLAST  WAVE  PROBLEM 


4.1  General  Considerations 

In  this  Chapter  we  shall  discuss  the  self-similar  motion  of 
the  propagation  of  non-uniform  shock  waves.  By  non-uniformity,  we  mean 
that  the  shock  strength  Is  time  dependent,  hence  the  entropy  increase  for 
different  fluid  particles  crossing  the  shock  front  at  different  times  will 
be  different.  Therefore  we  called  this  class  of  self-similar  motion 
non-isentropic  as  contrasted  to  the  class  of  self -similar  isentroplc 
motion  with  a  uniform  shock  front  discussed  in  the  previous  Chapter. 

However  we  note  that  although  different  fluid  particles  possess  different 
entropies,  they  retain  their  initial  values  after  crossing  the  shock  in 
their  subsequent  motion  behind  the  front.  Hence  this  class  of  problems 
should  properly  be  termed  as  particle  isentroplc  self-similar  motion. 

Due  to  the  restrictions  imposed  by  similarity  the  shock  front 
must  necessarily  be  of  infinite  strength  (i.e.,  ->■  o©  ,  'tj  C>  ). 

However  in  practice,  the  strong  shock  approximation  is  found  to  be  quite 
adequate  for  shock  strengths  above  3  (i.e.,  A/&  ^>3  ). 

We  shall  consider  two  problems  in  this  class  of  self-similar 
motion;  the  strong  blast  problem  and  the  problem  of  strong  shock  waves 
driven  by  a  non-uniform  expanding  piston.  We  place  particular  emphasis 
on  the  blast  wave  problem  because  of  its  fundamental  Importance  and  wide 
applicability  to  various  fields  involving  explosion  problems  that  inter¬ 
est  us.  In  spite  of  the  restrictions  imposed  by  self-similarity,  the 
solution  often  serves  as  a  zero  order  approximation  to  various  complex 
problems  and  we  can  always  perturb  this  basic  solution  to  account  for 
the  various  non-similar  effects. 
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The  non-similar  technique  to  perturb  the  basic  strong  blast 
solution  to  account  £or  different  non-similar  effects  such  as  counter¬ 
pressure,  heat  release  by  chemical  reactions,  and  a  non-similar  form  of 
the  equation  of  state  will  be  described  in  detail  in  the  next  Chapter. 
Mathematically,  the  strong  blast  solutions  are  also  of  great  interest 
since  we  can  write  them  in  closed  analytical  forms  permitting  a  detailed 
study  of  the  influence  of  various  physical  parameters  (such  as  the 
specific  heat  ratio  y  of  the  medium)  on  the  properties  of  the  solution. 
The  piston  problem  is  of  interest  to  aerodynamicists  since  under  the 
similitude  law  of  Hayes  and  Tsien,  the  hypersonic  flows  over  blunt-nosed 
slender  bodies  are  equivalent  to  motion  generated  by  a  cylindrical  piston. 
The  piston  path  in  the  r  -  t  plane  is  analogous  to  the  body  shape  in  the 
x  -  y  plane.  Actually  the  strong  blast  solution  is  a  special  case  of  the 
piston  problem  in  which  the  piston  simply  Imparts  an  impulse  to  the 
medium.  In  the  hypersonic  analogy,  this  corresponds  to  the  steady 
flow  past  a  blunt-nosed  straight  cylindrical  body.  Since  apart  from 
the  initial  instant  when  a  finite  quantity  of  energy  is  imparted  to 
the  medium  and  no  further  energy  input  to  the  flow  subsequently,  the 
strong  blast  solution  is  often  referred  to  as  the  constant  energy 
solution.  However  these  two  problems  differ  only  mathematically  since 
the  solution  for  the  particular  case  of  constant  energy  input  can  be 
written  in  closed  forms. 

For  the  physical  problem  we  consider  Initially,  a  finite 
quantity  of  energy  £T0  to  be  released  in  a  time  ta  in  a  finite  volume 
of  dimension  in  a  medium  at  rest.  This  can  correspond  to  a  small 

change  of  high  explosive  energy  content  EE0  ,  of  dimension  and 

burning  time  tc  .  We  assume  that  the  energy  is  released  sufficiently 
rapidly  to  generate  a  strong  shock  wave  in  the  medium.  At  later  times 
the  shock  expands  dissipating  its  energy  to  an  ever  increasing  mass 
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hence  it  attenuates.  This  decaying  shock  wave  is  what  is  conventionally 
called  a  blast  wave. 

To  obtain  the  solution  for  the  above  problem  we  have  to 
Integrate  the  set  of  partial  differential  equations  of  motion  by  some 
numerical  means  as  was  done  by  Von  Neuman  and  later  Brode.  For 
analytical  solutions  to  be  possible  we  have  to  make  the  following 
idealizations.  We  shrink  the  size  of  the  energy  source  to  a  plane, 
line  or  point  depending  on  the  symmetry  considered  (i.e.,  O  ), 

and  we  also  let  O  .  This  then  eliminates  the  characteristic 

length  and  the  characteristic  time  to  make  self-similar  solutions 

possible.  The  Idealization  implies  an  energy  source  of  infinite  power 


density  (i.e.,  ut  00  ).  The  explosions  of  fine  metal  wires 

by  very  low  inductance  capacitor  discharge,  laser  induced  air  sparks 
and  nuclear  detonators  are  typical  line  and  point  energy  sources  of 
extremely  high  power  densities  approaching  the  idealized  requirement. 

At  any  rate,  providing  the  shock  is  still  sufficiently  strong  at  a 
radius  ^5  and  in  a  time  ^  »-£m  ,  the  self-similar 

solution  is  found  to  give  an  accurate  description  of  the  processes. 

The  strong  blast  similarity  solution  was  obtained  numerically 
by  G.I.  Taylor  and  the  closed  form  solution  by  Von-Neuman,  Sedov, 

Kynch,  J.L.  Taylor  and  Sakurai.  For  the  sake  of  completeness  we  shall 
reformulate  the  problem  in  this  Section  and  give  the  derivation  of  the 
exact  solution  in  closed  forms  in  the  next  Section  followed  by  a 
parametric  study  of  the  properties  of  the  solution. 

As  given  previously  in  Chapter  II,  the  similarity  equations 
in  terms  of  the  variable  ^  where 

<£  *  r/R*Ct) 


(4.1.1) 
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can  be  written  as 


<&$*'+  ¥'+  ef v  WA 


(4.1.2) 


(4.1.3) 


'+  (4.1.4) 


where 


Q  x  foR l 

T£ 


(4.1.5) 


The  primed  quantities  denote  differentiation  with  reBpect  to ^  and  the 
dimensionless  density  ,  particle  velocity  <^>  and  pressure  -f  are 


given  by 


P'  4  >  f*i:  ’  f*  Jr& 


(4.1.6) 


For  generality,  we  assume  the  medium  to  have  an  initial  density 


distribution  given  by 


fi>  *  Ar‘ 


(4.1.7) 


Since  the  non-uniform  density  medium  is  of  Interest  in  astrophysics! 
problems  and  the  inclusion  of  Eq.  4.1.7  does  not  require  special 
mathematical  treatment,  we  shall  retain  this  throughout  the  discussion - 
It  should  be  noted  that  the  co  used  here  is  opposite  in  sign  to  that  oi 
Sedov.  In  Sedov's  analysis,  the  Initial  density  distribution  is  given 

by  f.  -  Ar*  . 

Since  ,  then  the  sign  of  the  parameter  0  defined  in 

Eq .  4.1.5  is  positive  or  negative  depending  on  whether  the  shock  is 
accelerating  or  decelerating.  For  the  present  problem,  0  is  negative 


and  is  referred  to  sometimes  as  the  shock  decay  coefficient. 

As  discussed  generally  in  Chapter  II,  the  existence  of 
similarity  solutions  to  Eqs.  4.1,2  to  4.1.4  requires  that  6  be  constant. 
The  value  of  Q  can  be  obtained  from  consideration  of  the  energy 
integral.  As  derived  in  Chapter  II,  the  energy  Integral  can  be  written 
as 


/  -j(f-z) 

where 

1  '((£,  * 


(4.1.8) 


(4.1.9) 


>1 

/  / 

(4.1.10) 

y = 

at” 

(4.1.11) 

n 

/ 

/  £L  yW/ 

(.tj'Ac?  ) 

(4.1.12) 

i  * 

<£ 

•  X. 

(4.1.13) 

i 

As 

Differentiating  Eq.  4. 

1.8  with  respect  to  Rg 

and  using  the  identity 

Rsd 

a/es 

« 

H 

(4.1.14) 

we  get  the  following  expression  for  & 

a 

-Cj^(,-yh/ 

)  (4.1.15) 

SEr.r-atjggfe*  fa— 
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From  the  above  equation,  we  see  that  for  ©  =  constant,  we  can 
either  have  ^  -  constant  or  J  =  0.  For  =  constant  the  front  propa¬ 
gates  at  a  constant  velocity  and  problems  of  this  class  ire  described  in 
the  proceeding  Chapter.  For  strong  shocks  we  obtain  from  Eq.  4.1.15  the 
value  of  0  to  be 

e  -  -</**+•>&  i.i6) 

The  numerical  value  for  @  is  determined  once  the  geometry  J  and  the 
value  of  44)  is  specified.  For  £?  =  constant,  the  solution  of  Eq.  4.1.5 
yields  the  shock  radius  time  dependence  as 

&  =  kt? 


(4.1.17) 


where 


rJ- 


/-e  <4a'18> 

Hence  for  an  initially  uniform  medium  (l.e.,  o>  =  0),  we  have  the  trajec¬ 
tory  of  the  blast  wave  given  as 


A 


•vr 


>  J 


;=  s 


kt* 

&  -kt*  >  j  ■*  o} 


spherical 


cylindrical 


(4.1.19) 


planar 

Substituting  Eq.  4.1.17  into  the  energy  Integral,  we  can  obtain  the 
constant  k  of  the  shock  trajectory  in  terms  of  the  initial  conditions 
and  the  solution  as 


B. _  1*4- 

where  R  is  given  by  Eq.  4.1.18,  and  I  by  Eq.  4.1.9  which  is  determined 


K  ~  [f/ijttfj  (4.1.20) 


by  the  similarity  solution  itself. 


-  158 


Hence  for  given  initial  conditions,  and  the  value  of  0 
determined  from  Eq.  4.1.16,  the  similarity  equations  (i.e.,  Eqs. 
4.1.2  to  4.1.4)  can  be  integrated  numerically  starting  at  the  shock 
front  (  £  *  /  )  with  the  boundary  conditions  given  by  the  following 

relationships . 


2 '±L  ;  &')  *  /so 

Y-i 


3 

r+/ 


(4.1.21) 


The  flow  is  bounded  by  the  shock  and  the  center  of  symmetry 
(i.e.,  o£  £  -  /  ).  From  the  solution  for  and 

t  the  integral  I  can  be  evaluated,  hence  K  can  be  found  from 
Eq.  4.1.20  completing  the  solution  of  the  problem. 

It  should  be  noted  that  lot  physically  valid  solutions,  the 
value  of  co  must  be  greater  than  — (J+0  (i.e.,  uj  >  -  Cj+0  ). 
From  the  mass  Integral  derived  previously  in  Chapter  II 


arS~" 

J+WH 


y 


(4.1.22) 


we  see  that  the  total  mass  enclosed  by  the  shock  front  is  finite  only 
when 

CO  ?  -</+*)  (4.1.23) 

For  CO  -  -Cjtl)  ,  we  cannot  deposit  finite  energy 

into  the  system  at  the  origin  such  that  y-^°/ J  O  and 

s  -*■  •  For  the  consideration  of  systems  where 

60  S  ^  >  slmtUrity  ®olutions  therefore  require 

{Eb  in  a  particular  manner  such  that  y^*/j  & 

Tbe  study  of  such  systems  can  only  be  of  mathematical  Interest  and  it 
in  fact  they  do  exist,  the  special  circumstances  of  them  actually 
arising  must  lead  to  a  separate  specialized  analysis. 
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4.2  Closed  Form  Expressions  for  the  Constant  Energy  Solution 

As  was  stated  In  the  previous  Section,  It  is  often  faster  to 
simply  integrate  the  similarity  equations  numerically  on  the  computer  to 
determine  the  constant  energy  solution  for  strong  blast  waves.  However 
it  was  found  that  for  this  particular  value  of  &  ■»  -Cj+u)+  O/Zi 
for  the  constant  energy  solution,  the  similarity  equations  can  be 
integrated  analytically  to  yield  closed  form  expressions  for  the 
solution.  Although  these  closed  form  expressions  are  somewhat  implicit 
in  nature  and  it  is  rather  difficult  to  recover  the  original  variables 
from  them,  they  serve  an  important  purpose  in  the  study  of  the  dependence 
of  the  properties  of  the  solutions  on  the  parameters  u>,  j  and  y  . 

As  derived  in  Chapter  11,  the  first  integral  obtained  from 
the  continuity  and  energy  equation  is  given  as 


,  refill*  ,  »•*-■** 

4>  (J-4)  5 _ 


(2.5.15) 

For  the  particular  value  of  Q  in  the  constant  energy  solution  (i.e 
• a  —Cj  +  uJ+  ')/„£  )  the  first  integral  becomes 


±. 


(1-XjtO 


=.  K 


(4.2.1) 

Using  the  boundary  conditions  at  the  front  for  strong  shocks  (i.e., 
Eq .  4.1.21),  the  constant  K  can  be  evaluated  as 


* 
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k-  J&til 


ni  rjtwfl 


(4.2.2) 


To  obtain  the  second  integral,  we  first  multiply  the  continuity  equation 
(i.e.,  Eq.  4.1.2)  by  cf>/X,  *  the  momentum  equation  (i.e.,  Eq.  4.1.3)  by 
<f>lf  and  the  energy  equation  (i.e.,  Eq .  4.1.4)  by  l/fY'1)  •  Adding  the 
resultant  equations  and  rearranging  yields 


+[  *  s'?  i- 


+  (<2B  -hj+  urt  /)(  =  O 

where  c  =  £-  +  <0 

T-l  * 

In  the  particular  case  where  @  «  —  (j +- CU  +  •) / J2j 
can  be  integrated  and  we  get  the  following  expression 


iJt 7” c¥-iK  *  4f]  ’ 


Const* 


(4.2.3) 


,  Eq.  4.2.3 


(4.2.4) 


Evaluating  the  constant  of  integration  using  the  strong  shock  conditions 
at  the  front  (i.e.,  Eq .  4,1,21)  it  is  found  to  be  rero.  Hence  Eq.  4.2.4 
can  be  written  as 


(  4  "&(■£/+ 


(4.2.5) 


It  should  be  noted  that  unlike  the  first  integral  (i.e.,  Eq .  4.2.1) 
which  is  valid  for  arbitrary  values  of  Q  ,  tb*“  second  integral  (i.e.. 
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Eq  .  4, 2. 1''  exists  for  the  particular  value  ol  fi  *  ( j  *  ^ 

only. 

To  complete  the  solution  of  the  problem  we  have  to  obtain  one 
more  expression  since  there  are  three  dependent  variable#  (/  ,  <^>  end  / 
To  obtain  the  third  integral,  we  use  the  derivative  of  expression 
derived  in  Chapter  II  (i.e.,  Eq .  2.5./)  which  is  given  as 

dJ-K  Z&M4  #7  + 

9  &-£  >‘-  "V 


From  the  second  integral  we  can  expresa 
^  as 


£  - 

¥  ^  (&-£)  <*•’■*> 


Substituting  1  .  4.2.6  into  Eq .  2.5.7  and  using  the  value  of 
&  “  “  9  00  1  ^  f  we  obtain  the  following  equation 

(4.2.7) 

The  above  equation  may  be  conveniently  transformed  by  defining  a  new 
variable  F  as 

P  ~  (4.2.8) 

In  terms  of  P,  Eq.  4.2.7  becomes 


•  l  ft* 


whet* 


A 


i 


_ _  »  fJ 


/A  ,  *  zikll _ 

j+/  +  y(un*)-l 

A  2  *  JjLL-  -  ,4  -  Aj 

oi,  »  j+<*+2- 

J+tj+'Xp') 

o/x  *  *^r 

hq  .  A. 2, 9  con  be  integrated  immediately  to  yield 


Again  the  constant  of  integration  can  be  evaluated  using 
shock  conditions  at  the  front  £  *  /  as 


(A. >. 9) 

(A,?. 10) 

(4 , ? . 12) 

(A. 2. 13) 

(4.2.14) 


(4,2. 1M 
the  strong 


1M  - 


a  I  (ftof'rs)  -zff-t)  ■ 

•2  *  /  .  *2  ^  tj+>)('y->) 

(  >7 


-o  -<wrv<> 


]■(*?!* 


(4.2.ie>) 

with  the  Ajt  Aj  and  given  by  Kqa.  4.2.10  to  A, 2. 12.  Up  on 
examination  of  the  above  aquation,  we  aee  that  the  term 

( 14  *)/>  •  3)  -“*7*  0 

'  X!-') 

ctwMi  Cron  the  nidd  i«  tarn  -0^  ,  In  Kq .  4, 2. IS.  Defining  a 

critical  value  of  u>  ae 


P4-I 


(4.2.1?) 


we  ae*  that 


-  ^  <  O 


>04 


(4.2.18) 


and  g&'O  -  ot,  >0  if  *U  <  *Oc 


(4.2.19) 


Prom  Che  above  aquatlona,  It  la  evident  that  the  third  Integral  ns 
given  by  Kq,  4. 2. 15  repraaenta  the  condition  for  cO^COc.  and 
<fi( *)  ~9tf  >0  •  ?or  40  > uj^  ,  the  third  Integral 

ahould  be  written  as 


i  -  dfu-ff'd-'i 


(4.2.20) 
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where 


Aj 


.  J 


A,  r  rtf-')  t  W")  -O'+'W-V  -A- 


2+(/*>)cr~o 


-J  (*r) 


(4,2.21) 

and  tha  value  of  A^,  A^,  A^,  oij  and  oT^  are  as  given  before  by  Eqs. 
4.2.10  to  4.2.14. 

The  simplest  way  to  obtain  the  solution  for  the  variables  0  , 
and  ^4  from  the  three  integrals  derived  is  to  first  ubs  the  third 
integral  given  by  Eq.  4.2.15  or  Eq.  4.2.20  depending  on  whether  OJ<.CUc 
or  (JJ  >uJc,  ,  and  solve  for  £  in  terms  of  .  Having  done 

this,  y*  and  ^ may  be  found  from  the  first  and  the  second  Integrals. 
From  the  first  and  second  integrals,  we  get 

jj**" 

and 


{/+ “Ofjt  a )i>)  -out/-  •) 


i 

Y 


u->)  <£££& 

A  (&-£) 


and  solving  for  ^4  by  eliminating  -f -  ,  we  obtain 


rc £0- .  £  /: 

L+Qr-')” 


J+ 


cot! 


l 


cjtuxw)  -  cor/-  o  .  *(/*>  0 


(4.2.22) 
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Providing  c O  ^4  (fr-*Vj+0  ,  we  can  solve  for  Ip  immediately 

from  the  above  equation  and  obtain 


/  (1±£lh 


■M+‘)+ujfir+i) 

* 


Cj+<*>Yj+*J+>)  -  yu(f~  i } 
Cg~%)Cj-t  i)  -U) 


(4.2.23) 

Substituting  the  above  equation  into  the  third  integral  (i.e.,  Eq .  4.2.6) 
we  get  an  expression  for  -f  as  follows 


*-/  /  (M 


4fr->y 


m  r 


J+UJ4-I 


K ttlltHititt' )  +  /  cy+c+x /-*•«+ O -  u>cy->) 

//-*)****•“•  i  <r+xj+»-«> 


(4.2.24) 

For  tO  ~  ( ')  >  we  cannot  solve  for  ^  from  Eq.  4.2.22. 

In  fact  for  this  particular  value  of  o>,  the  first  integral  (i.e.,  Eq  ■ 
4.2.22)  and  the  third  integral  (i.e.,  Eq.  4.2.15)  are  identic,  reducing 
the  number  of  available  analytical  expressions  by  one.  Fo-  Mr. -.a 
particular  case,  methods  other  than  the  one  described  above  must  be 
used  to  solve  the  problem. 

It  is  possible  to  express  the  solutions  obtained  in  a  more 
compact  form  than  that  presented.  Defining  the  following  parameters 
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5 

% 


J-  .  d 
9*0  £ 


/ 

<&0)  -/ 


/ 

7<f(0  -/ 


(4.2.25) 


where  ^O)  s  is  the  boundary  value  of  cp  at  the  shock  and 

is  defined  previously  by  Eq.  4.2.13.  It  is  seen  that  T^,  T and 
all  equal  unity  at  the  front  £  =■/  .  In  terms  of  the  T's  defined  by  Eq. 

4.2.25,  the  third  integral  can  be  written  as 


_  3. 


t 

'/ 


-2^ — • 

7J  jf'+w-o+w 


(4.2.26) 


where  is  given  previously  by  Eq.  4.2.12  as 


A  -  JBl—  -  j£—  /-  __£/ _ - 

j-n  A/rawO  -a- 


The  expression  for  the  density  W  given  by  Eq .  4.2.23  becomes 


j L 

where 


*(/+>)  +<*(&•) 

Z l  * 


7T 


JiZitL 

J+!  t 


72 


■~diCjHO+  ‘XjJwfi) 


(4.2.27) 
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Of^x/so  -oo 


(4.2.28) 
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If  instead  /7ft  ,  where  is  the  value  of  p  at  the  shock  front^  is 
desired  it  can  be  obtained  simply  by  multiplying  Eq.  4.2.27  through  by 
£  ^  .  Hence 


£  -  &  i‘ 


(4.2.29) 


where  ^  is  given  by  Eq.  4.2.26, 

For  the  pressure  f  ,  Eq.  4.2.6  can  be  written  in  terms  of  the 


T's  by  inspection  as 


/.  =  7;\7i"g  4 

fr<)  °  WO  5 


(4.2.30) 


where  ^  and  are  given  above  by  Eqs .  4.2.26  and  4.2.27  respect¬ 

ively.  Similarly,  if  //fa  where  is  the  value  of  the  pressure  at 
the  shock  front  is  desired,  it  can  be  obtained  by  multiplying  Eq.  4.2.30 


/ 1 

A  *■> 5 


(4.2.31) 


The  temperature  distribution  can  also  be  written  as 


.zr.  £  . 
n  -fro  f 


(4.2.32) 


We  can  also  obtain  the  T.agrangian  coordinate  for  the  fluid 
particles  as  follows:  A  particle  whose  original  position  was  at  r 

o 

when  the  shock  was  at  r  will  be  at  later  time  at  r  when  the  shock 

o 

position  is  at  Rg .  Since  the  entropy  of  the  particle  remains  constant 


we  can  write 
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*  fr(r0>ra-)  .  (4.2.33) 

fhA) 

lining  the  definition  of  )  ~  ’f&fr) )  end 

^  >  Eq .  4,2.33  becomes 

i  »  -fa  f  m  fV  *  fio  /L  T'k  <*.,.»> 

Y*  w/L  ftonl  ysor{  r°'  kt 

From  the  energy  integral  given  by  Eq.  4.1.8  which  for  strong  blast  waves 
can  be  written  as 
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The  analytical  expressions  given  for  the  solution  of  the 
strong  blast  problem  are  valid  for  arbitrary  values  of  the  density 
exponent  o>  (except  for  the  critical  value  of  Xj+t')  ). 

For  the  solution  of  the  case  with  initially  uniform  density,  we  simply 
equate  u)  to  zero  in  all  the  expressions  given  in  this  Section. 
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4.3  The  Strong  Blast  Solution  In  Coordinates 

Although  the  choice  of  variables  is  a  matter  of  preference.  It 
would  be  Interesting  to  describe  the  constant  energy  solution  In  terms  of 
the  state  variables  (i.e.,  ^  and  ]/  )  used  by  Soviet  scientists  as  well 
as  many  Western  investigators.  As  discussed  in  Chapter  II,  the 
similarity  equations  in  coordinates  are  given  as 

cU  -  zy!lYi41  '*3 ~ ( o  +2) v  ]  _  Y/r-,)  (2.6.8) 

dv  (V-lJ)  I  \ /(v-,)(V'A/)  - 

jjL4  s  -y  J  i/(v-  o(y-M)  1  (2  6  9) 

v  V’M  [  V(V-t)fV’*0-£ (v(j4  0  ~  0 ) )  J 


-  yfe-fv-vf) _ 

dJb\/  \l(\l~  0/V*  A/)  N(u>+2-))) 

where  £  and  V  are  defined  as 

f  ~ 

V 

Once  a  solution  for  has  been  obtained  ^4  ,  <£  ,  ■/*  ,  can 

be  found  fromEqs.  **  •  2.6.10,  2.6.1  and  2.6.2  respectively. 

The  strong  shocks  the  boundary  conditions  at  the  front  are 


t?rj 
r  f 


mJ 

1 


(2.6.1) 


(2.6.2) 


given  by 
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20)* 

(t+>? 


(2.6.25) 


1/fO  '  (2.6.24) 

¥+i 

and  the  value  o£  the  exponent  N  Is 

N  '  7— -  (4.1.18) 

J+U+Z 

for  the  strong  blast  constant  energy  solution.  With  the  value  of  N 
given  by  Eq.  4.1.8  and  the  boundary  conditions  for  2.0)  and  Vf /  )  by 
Eqs.  2.6.24  and  2.6.25,  the  integral  curve  ^ (V)  can  be  obtained  by 
integrating  numerically  Eq.  2.6.8.  However  for  the  particular  value  ol 
N  for  the  constant  energy  solution,  a  closed  form  solution  for  -2(V~) 
car.  be  obtained.  To  get  this  solution,  the  simplest  way  is  to  use  the 
second  integral  derived  in  the  previous  Section  as 

r  -  L2  4  (£-4)  •  (4.2.6) 

f  *  Q4-D 


Writing  the  above  equation  in  terms  of  2  and  V  ,  we  get 


jta/V*  =  (tS>  ["4 )//  -  y*  ) 
iy  _ LJLJ 

f  [  Cf)d  ~JrJ 

and  simplifying,  we  obtain  the  following  result 


i  =  v~Y.y-  v) 

L  A  1  (  v-  a Vr) 


(4.3.1) 


The  above  equation  is  Identical  to  that  given  by  Sedov  (Eq.  14.6  on 
page  261  of  Sedov's  book)  where  Sedov  uses  B  instead  of  hJ  and  his 
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a)  is  opposite  in  sign  to  ours  (we  let  o>  carry  its  own  sign) .  In  fact  the 
complete  analytical  solution  comprises  the  three  integrals  derived  in  the 
previous  Section,  Expressing  the  complete  solution  in  £~V  coordinates 
we  transform  4.2.23  to  4.2.36  with  1/  as  a  parameter. 

Prom  Eq.  4.2.25,  we  obtain 


rrW-yCW-o 

where  ot,  is  defined  by  Eq .  4.2.13  as 


(4.3.2) 


= 


/*3 


(4.2.13) 


Eq 


4.2.26  for  £ 


now  becomes 


5 


-A: 


2. 


(4.3.3) 


where  is  given  by  Eq .  4.2.12  as 

A*  =  _ /V  — 

<£•+  j+’)  j*f 


The  expression  for  the  density  Ck  from  Eq .  4.2.27  becomes 


(4.J.4) 


wj  - 


.  (fwkj^sy 

}£  *  f  o',  .  J-  t*  y 

^0  i  J  * 


wbnre  d^  Is  defined  by  Eq  .  4.2.2K  an 

^  ifyto-t  ^ 

and  by  Eq .  4.7.12.  Similarly  Eqa.  4.2.29,  4.2.30,  4.2 
arid  4.2.37  become 

t  t  }L  r 
A  fh) 


£  -  z;%  C 

ftO  W 


£  ,  £  tu > 

A  £"> s 


x  =  £  £1’ 

7s  £■)  f 


and  «.  *  Xji- 

14 


(4  V . 2d) 
.32,  4.7.3b 

(4.7.29) 

(4.3.->) 

(4.7.31) 

(4.2.32) 

(4.2.36) 

(4.3.6) 


The  above  equations  are  identical  to  those  given  by  Sedov. 


M  M 


I'MiAnicitii  ><(  i  ho  c mo  > ny  i**u 

»UMre  1  ho  « mmo! anl  oneigv  Mulnllnn  »  mm  ho  wi  Him  Im  iImnoiI 

analytical  form,  wo  can  i**tUly  mAh#  an  lnv**ll||»liMti  i*»  th*  Interesting 

of  I  ho  anlnMnn  mm  the  various  parameters  to  ,  j  »»»«*  )  • 

Wo  shall  first  »*t  Mil  CMMSldet  the  WOMt  <<  OrnnOM  t'MSO  OM»' (Mini  O  |'0«l  t« 

prarti>'e,  t  hAl  or  MM  initially  uniform  density  medium  (u  •  U, 

n  -  (  MMMl  M.tl  )  . 
f  M 

Km»  im  -  U,  I  ho  first  two  Integrals  given  previously  ran  ho 

writloM  mm 


(*ll' (£-+)$* 


(/♦  ,**.!) 


£  *  hi .  <£('£-41 

V  a 

while  the  third  Integral  haa  two  forma  depending  on  whether 
(j> ')(/■*)  ■~3-(Y~l)  18  greater  than  or  leas  than  zero 


4 

i 


J>  /  h  .  d 

[  3-t( /* ')($-<)  , 


A 


/  d>  M  tzL - 

( l  ~r)J*' ***-'> 


(*.<♦. 3) 


for 


in 


(4.4,  •« i 


f  »»r  i  i *  *)i  ,f  1 )  N  ' ' 


wha  r#  /)  3  «  — -Oli -  -  y  - -  (4.4.M 

3 + O' •//+  0  y^  7" 

>  -!■  ...  . 

(f 

(4  ,4 , M 

( «*  I)jrr;i7f.r 


unit 


?;V' 


(+.<) <j*')  *<)->) 

J  +  ijt'tff  ') 


Aa  described  previously,  the  solution  la  obtained  by  first  determining 
i  "  a  function  of  Hi  from  Eq ,  4.4.3  or  4  .4  .4  .  Than  K.qs.  4,4.) 
and  4,4,2  are  vised  to  solve  for  -f  and  . 

Eliminating  /  t  row  Eq .  4.4.1  using  Kq .  4.4.2,  we  obtain 


(4.4 .1) 


from  which  ^  is  evaluated  at  once  providing  TV  X  .  The  7*2 
case  corresponds  to  the  general  special  case  of  u.)  * 
mentioned  previously  In  Section  4.2  and  the  solution  cannot  be 
determined  by  the  procedures  outlined  in  this  Chapter.  In  fact  II 

2*  t  Eq-  4.4.7  reduces  to  the  second  integral  given  by  Eq.  4,4  3. 
Hence  an  additional  relationship  must  be  found  in  order  to  determine 
th<  solutions  tor  the  three  variables  and  ^  . 


\  ft\  . 


KtM  //  ,  I  In'  solution  of  Kij ,  A,  4./  for  tli<i  (tenuity 


,  ( o  ids 

/  ■  %  )  * 1  }  ^  * 
■l-N'i)  / 


•  /  / 

(>/  < ) 


A 


(4.4.«) 


Substituting  the  ehove  equation  Into  Kq  ,  4.1|,2  for  yields  the 
lol  lowing  relationship  t or  t tie  pressure  4 


u.fmw  / 


(4.4.9) 

Koi  I  lie  pt  unite  and  cylindrical  cases  (i.e.,  .1  -  0  aiuI  1  respectively), 
l  he  t  erm  (j*  >)Y/'  -i)  --V (f~  >)  ~  l  J  '  '  >  and  -  */  . 

For  the  spherical  case  (j  i*  / )( /  £  )  —  mf  } '  )  »  Y  ~  7 

Hence  we  see  limiedlatet y  that  the  third  Integral  has  the  form 
given  b j  Eq.  4.4.:i  for  )  U  mid  l  for  all  values  of  ^  ,  and  i  or 
|  2  with  y^-7  .  For  the  case  J  -  2  and  Y >7 ,  the  second  form 

given  by  Eq  .  A. 4.4  is  used. 


For  the  particular  case  of  J  -  2  and  Y'~  y  ,  the  solution 
takes  on  a  very  simple  form.  In  this  case,  the  constant  of  integration 
of  the  third  integral  given  by  Eq .  4.4.6  is  tern  and  Eq .  4.4.4  yields 
the  oolut  on  for  c4>  as 


(4.4 , 10) 


Using  the 
solutions 


above  solution  for 
for  and  T~  as 


^  and  7~ 


E’8- 


4.4.8  and  4.4.9  yield  the 


-  1/7 


v r  H 


(4.4.11) 


/  '  £  (4.4.1?) 

A 

Hancc  for  )  -  2  and  y  *■*  7,  the  parf.tc.lw  velocity  <jl>  and  the  density 

! j/  are  linear  with  ^  ^  decreasing  from  its  value  at  the  a  hoc  k  to  zero 

1  p 

at  the  canter  of  symmetry.  The  pressure  distribution  f  In  a  cubic 

function  of  ^  also  decreasing  from  its  value  at  the  shock  to  zero  at 

the  center  In  contrast  with  the  cases  for  arbitrary  values  of  y  where 

the  pressure  •/  is  finite  at  the  center  of  symmetry  -0. 

Before  examining  the  solutions  for  the  two  caseH  where 

y yV  l)(Y'i  )  -  1 )  ls  ^■fS88  than  ®nd  greater  than  zero,  it  is 

appropriate  to  mention  that  a  close  study  of  the  integrals  revealb 

that  for  the  case  +  3)  —  <  O  ,  the  particle 

velocity®  behaves  like  ^  as  <*  -&O  at  the  center  of  symmetry.  For 

the  case  where  ( j\<  >)(}-$)  -  ?{){-')  >0  ,  ^behaves 

Hk.  j  ,  some  finite  value  of  ^  .  This  implies  that  for  the 

second  case,  (¥'{)  °  at  s  ome  finite  £  *  fo  »  he"ce  £0 

in  a  vacuum-gas  boundary. 

Let  us  now  look  at  the  solution  for  the  first  case  where 
( j+ t)( }■•'£')  O  ,  This  corresponds  to  j  =0,  1  for 

arbitrary  values  of  Y  and  j  =  2  with  .  For  this  case,  we  have 

c^>  — 5>  constant*^  near  £  -  O  ,  which  implies  that  the  solution 

"xiats  for  the  entire  range  of  O  S  £  <  /  .  The  asymptotic 

solution  for  the  variables  ,  ¥  and  as  £  -*  O  can  be  written 


as 
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$ 


/  *  (4.4.13) 

Substituting  the  above  expression  forthwith  the  third  Integral  (i.e„, 
Eq  ,  4.4.3),  it  is  seen  that  in  order  to  satisfy  the  integral. 


<k  -  4 


or 


JJ± 


JUj+'Hf'O 


(4.4.14) 


It  turns  out  that  since  the  other  alternative  yields  an 

unsatisfactory  value  for  the  exponent  s  since  S ,  >  / 

2  •*- 


exponent  s ^  is  found  to  be 


(&:1  <-3 

r-f 


and  the  coefficient 


is 


4  =  <  (if ^ 


A3 _ i.).  -L 

j  t-jtwi  v  Ki 


S-! 


The 


(4, .4. 15) 


(4.4  16) 


where  A0  and  K 
2  3 

expressions  for 


ate  gi/en  by  Eqs.  4.4.5  and  4.4.6. 
•f  and  Into  Eqs,  4.4.8  ai.d  4.4.9 


Substituting  the 


font L 


I 

r-2- 


(4.4.17) 
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%r  o 


(4.4.18) 


4  •  ftd% 

*1+  9, 


(4.4.19) 


ML 

r-/ 


(4.4.20) 


&  *  h  (4.4.51) 

where ^  is  given  by  Eq .  4.4.16.  Using  Eqs.  4.4.14  to  4.4.21,  the 
solutions  near  the  center  of  symmetry  can  now  be  written  as 

x  .  .MtS 


aJatT 


/  *  (y-m 

J7% 


(4.4.22) 


For  some  order  of  magnitude,  let  us  take  the  case  of  spherical  blasts 
in  air  (i.e.,  j  *  3-  \  *Y  *  /-4  ),  Eq .  4.4.22  can  be  written  as 

v  ' 

7.1 


y  ^  i r/a^  - 


(4.4.23) 
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Note  that  the  powers  of  £  In  the  above  equations  ere  very  large.  Since 
(:>.<  ^4'  /  ,  we  nee  that  the  particle  velocity  is  almost  linear,  the 

pressure  almost  constant  while  the  density  is  near  zero  for  a  substantial 
distance  from  the  center  of  symmetry  to  the  shock  since  the  first  term 
dominates.  The  density  profile  indicates  that  moat  of  the  mess  is 


concentrated  in  the  neighborhood  of  the  shock  front  -  especially  so  for 
lower  values  of  y  .  For  example  if  say  y  *  /./  ,  the  density  profile 


becomes 


(4. 4. .24) 


and  since  ^  -  /  ,  we  see  that  decreases  extremely  rapidly  behind 

the  shock  front  to  vanishingly  small  for  ^  <  /  .  Thi3  led  Cheryrii 

to  propose  the  Newtonian  approximation  for  treating  blast  waves  yield¬ 
ing  quite  accurate  results  for  y  +->  /  .  For  the  second  case  where 
(yV-OfY'O -2<Y-  O  y  O  >  (i*e.,  for  j  =  2  and  y>7  ),  the 
third  integral  takes  on  the  second  form  given  by  Eq.  4.4.4.  Upon 
further  examination,  it  is  seen  that  it  is  impossible  to  achieve  O 

and  therefore  we  have  — >  /«,  .  The  solution  exists  for  the  domain 

J:<3  ~  ~  /  and  for  ^  ^  ,  we  have  a  vacuum  cavity. 

Physically  this  means  that  the  shock  drags  the  mass  away  from  the 


center  faster  than  the  rarefaction  waves  can  accelerate  it  back  in 


the  opposite  direction. 

Near  the  gas-vacuum  boundary  £  *  £0  ,  the  solutions  have 

the  forms  given  as 
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f  *  L  + <$*(£-£.)  + 

y  --  'k'Cti.'fc*- 

(4.4. 25) 

/  -  ta-i^ 


where  the  cavity  diameter  ^  and  the  coefficient  {y^^can  be  obtained 
by  substituting  the  above  expressions  into  the  third  Integral.  £  is 
given  as 

L  kl  CtyY*'  (4.4.26) 

O  ~ &'f'’ 

d"  ,  /.'•■>»  Vi*  are  not  given  here  but  can  be  obtained  readily 

using  the  integrals  as  before.  For  high  values  of  Y ,  tf*  practically 
suffers  a  jump,  rising  from  zero  at  the  boundary  <^0  to  some  finite 
value  at  £  <v  very  rapidly. 

For  C^-^Q  ,  we  again  have  two  cases.  In  order  to  correspond 
to  the  oi  =  0  solution  given  previously  we  shall  denote  the  first  case 
for  UJ>CUC  and  the  second  case  for  cu^cu^  where 


ujq  -  Cy*>vr-s)  -2W-Q 

th 


(4.4.27) 


For  j  =  C,  1  and  2,  C*X~  and  respectively, 

'  T"+f  ?+/ 

From  the  mass  integral,  we  see  that  U)  if  the  mass  enclosed 

by  the  shock  front  is  to  be  finite.  Hence  case  2  (  UJ  OUc,  ) 
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is  only  permitted  for  cylindrical  (j  =  1)  and  spherical  (j  =  2)  symmetry* 
For  the  first  case  CO  ,  we  see  again  that  j*£b.)  =  <S> 

and  the  solution  exists  for  the  entire  domain  O  ^  ^  ^  /  •  Using 

the  three  integrals  (i.e.,  Eqs .  4.2.20,  4.2.1  and  4.2.6)  we  obtain  the 
solutions  for  ^  and  ^  near  the  center  of  symmetry  ^  =  0  as 

JtptL+u>+3 

t- i'*,i 


/  *  *  - 


(4.4.28) 


f  -  t 


/-/ 


/-  ' 


where 


4  7f 


jl _  ,  /fz 

!_  y+**»y  j'v+3  _  j  )  j_ 

7  J  ( J+y+'ft-')  *  J  /r3* 


JH  +#1t„)+-fuJ 
Y't 


(4.4.29) 


and  A2  and  K*  ai  e  given  by  Eqs.  4.2.12  and  4.2.21.  /.  and 


are 


obtained  as 


l  -  Cr-st^ 


(4.4.30) 


fro 


r*i 


(4.4.31) 


183  - 


It  can  be  seen  that  for  co  =  0,  the  above  equations  reduce  to  those  given 
previously  by  the  uniform  density  case  (i.e.,  Eq.  4.4.22).  Note  that  the 
pressure  •£  goes  to  infinity  as  since  the  leading  term  in  the 

expression  for  /  in  Eq.  4.4.28  behaves  like  •  This  is  a  result 

of  the  way  the  pressure  /  is  defined. 

/  . 

y  fJT 

and  since  ,  this  places  a  in  the  leading  term  for 

/  *  If  we  were  to  use  where  ^  is  the  pressure  at  the 

shock  then 

A  *  £.  =  (r±)£ 

k  fro  » 


where  f0  is  given  by  Eq.  4.4.30  and  will  then  be  finite. 

For  the  case  CU  -  UJ&  «  fj^J * 0(t~3)  ~^(J~ ')J/{ which  can 
be  physically  meaningful  for  cylindrical  (j  =  1)  and  spherical  geometry, 
the  constant  (i.e.,  Eq .  4.2.16)  becomes  zero  and  the  particle  velocity 
is  linear  in  £ 

</>  &  £l  (4.4.32) 

•  r+t 

The  pressure  -f  and  the  density  ^  take  on  the  simple  forms  which  are 
obtained  fromEqs.  4.2.23  and  4.2.24  as 

,  A/,  ,  54- 


-  m  /  7>r 
/'/  ■> 

-  A  % 


(4.4.33) 


(4.4.34) 


As  was  pointed  out  earlier  the  physically  allowable  limits  on  to  (i.e., 
CO  ^>~Cj  +  •)  )  permit  the  above  solutions  to  be  meaningful  only  for 

cylindrical  and  spherical  geometries.  For  the  planar  case  j  =  0  and 
putting  to  =  <d  =  -1,  it  becomes  evident  by  examining  the  density 
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profile  given  by  Eq .  4.4.33  that 


a*  m  =  constant  throughout 
• 


This  means  that  if  before  the  explosion  we  have  mass  A^|  within  a 
distance  of  and  after  the  explosion  when  the  shock  is  at  ,  we 
now  have  a  mass  .  This  means  we  have  more  mass  than  we 

r-/ 

started  out  with.  This  type  of  behavior  is  typical  for  values  of 
(jJ  ^  -  A/V  0  .Of  course  if  o>  =  -1  for  j  =  0,  the  mass 

Af  is  infinite  so  that  the  argument  breaks  down,  but  it  illustrates 
the  non-physical  nature  of  the  solution  when  oO 

For  the  second  case  where  6t)<'4t/c  ,  a  vacuum  cavity  is 
formed  at  the  center  and  the  solution  exists  in  the  region  ^  5"  £  ~  f 
where  is  the  gas-vacuum  boundary.  Using  the  third  integral  given 

by  Eq .  4.2.15  the  cavity  radius  £o  is  obtained  as 


*  L  /Y-!  -A. 

V  l  Mj+'Xr"/ 


4.35) 


Where  andA^  are  given  by  Eqs.  4.2.16  and  4.2.12  respecti 

The  solution  in  the  neighborhood  of  £  s  is  found  to  be 

~  SB  *  +  - 

)  +  uj(£j± 

y-  %  ( §-  t.)  f  . 

X  2f/4')  +  uJrj-<)  ,  . 

/  -  l  ’  , 


(4.4 .36) 


w'  ere  the  cool  lit  and  can  be1  found  ov  subxtilul  uig 

the  above  expressions  into  Eqs.  4.2.15,  4.2.23  and  4.2.24.  It  ic  inter 
eating  to  note  the  general  behavior  of  ^  and  ~f  near  the  cavity  by 
examining  the  exponents  of  them  in  Eq .  4.4.36.  It  in  seen  that  the 
density  goes  to  zero  for  <d  >  -  3tj*'  V( />  ')>  finite  for  cO  ~-i<  /  *<>/{&') 
and  goes  to  infinity  if  to  ^  ~^C// >)/(?+  >)  •  The  pressure  f 

always  goes  to  zero  however,  if  <_-<J  ,  which  in  in  the 

physical ly  meaningful  range  for  to. 

From  the  foregoing  analysis,  it  ia  seen  that  the  three  integral 
derived  are  extremely  useful  in  generally  describing  tne  behavior  oi  tie 
solution  with  varying  y‘  tj  and  aJ  .  However  due  to  their  implicit 
nature,  it  is  often  more  convenient  to  simply  Integrate  the  similarity 
equations  directly  on  the  computer. 


^  >  Piston  Driven  Strong  Shock  Waves 

We  shall  study  In  this  Section  the  gas  motion  bahir.fi  an 
expanding  shock  wave  driven  by  a  piston  in  its  wake,  Sinra  tha  expanding 
piston  Is  continuously  doing  wotk  on  the  gas,  energy  is  being  added  to 
the  flow  continuously  also.  For  self-similar  motion  it  i.i  necessat) 
that  the  energy  input  be  of  the  form 

!z  *  (*. s.i) 

In  fact,  the  strong  blant  problem  treated  in  the  previous  Sections  of 
this  Chapter  is  but  a  special  caue  of  Eq .  4.‘j.1  in  which  o(~  <o  and 
(i.c.,  the  constant  energy  solution).  For  the  case  in  which 
in  -  0  (i.o.  ,  uniform  initial  density)  and  cV  -  j  +  >  ,  we  have  a 

uniformly  expanding  shock  wave  (i.e,,  /Kfj  *  constant,  y  -  constant) 
driven  by  a  constant  velocity  expanding  piston.  This  case  is  treated  in 
Chapter  III  on  ii'entropic  aelf-stmilnr  problems  since  the  entropy  is 
uniform  throughout  the  flew  field.  We  shall  consider  here  only  the 
case  where  to  “  0  since  it  is  of  more  practical  interest  in  connection 
with  the  inviseid  hypersonic  flow  past  blunt-nosed  slender  bodies 

For  to  »  0,  the  expression  for  0  derived  previously  in  uhaptei 
11  Is  given  as 


18? 


so  that  the  time  dependant  term  drop*  out. 

The  ehock  trajectory  for  BeLf -similar  motion  la  given  ai 


where 


N  = 


JL.  *  J— 

/-e  yvj-o*' 


(4.5.2) 


Hence  for  o<f  «  O  and  ^  ■*  —  0+i)/a,  ,  we  have  Kg 'v  ^ 

which  Lb  the  strong  blast  solution  described  In  the  previous  Section, 
For  ex'* and  A/"  /  and  we  have  'V  t  ,  a 
uniformly  expanding  shock  wave  of  constant  strength  followed  by  a 
uniformly  expanding  piston.  For  arbitrary  values  of  of  ,  /?$  <\i  ^ ' 
and  for  self -similar  motion,  the  piston  path  must  correspond  to  a 
elm  larlty  line  (I.o.,  constant  £  line)  hence  ^  '"V  if 
also  where  Is  the  piston  path. 

From  physical  considerations,  o<  cannot  be  arbitrary,  but 
hes  to  be  limited  to  a  permissible  range.  In  other  words,  the  nl«ton 
path  cannot  be  arbitrary  at  least  not  If  self -s lir.llar  solutions  we.e 
to  exist.  Fur  example  o(  =  0  corresponds  to  «  Unite  energy  released 
at  the  Initial  Instant,  and  If  ^f  <T  0,  we  see  Immediately  Irom  Kq . 

4. 5, 1  that  the  energy  input  at  the  Initial  instant  Is  Infinite,  and 
at  later  tiroes,  energy  Is  being  extracted  from  the  flow.  It  la 
difficult  to  Imagine  a  physical  situation  corresponding  to  this  case. 
For  ;>  yV  /  ,  we  see  from  Eq .  4.5.2  that  Af  >  /  , 

hence  the  shock  velocity  is  zero  at  the  initial  Instant  and  accelerates 
as  it  expands.  Although  this  situation  cannot  be  ruled  out  from  phys l 
cal  considerations  because  we  can  have  hypersonic  flows  over  concave 
bodies,  we  would  not  expect  the  flow  over  concave  bodies  to  exhibit 
similarity  properties.  Besides,  the  zero  strength  shock  wave  property 


contradicts  (  h**  formulation  h  l  nc *•  tha  entire  analysis  la  baaad  vn 


strong  aback  approximation  (i.e.,  y -+>  O  ).  Hence  from  physical 
arguments,  cX  must  be  between  the  limits 

O  <'  .'V  £>  j 1  / 

*e  -<  O  (4.5.3 

My*j)  s  v  -  / 

s/ 

A  sketch  illustrating  the  shock  and  piston  trajectories  for  vaxious 
values  of  <X  are  shown  below 


/%  '  t** 


Zero  piston  velocity,  constant 
energy  solution  ex  o 


‘t 


c<  <  ;V/ 


f' 


constant  shock  velocity 


^  >7V '' 

no  self -similar  solution 


r  •r^amaTtM.rt^^^TriYiuig  sasasiaagi^^Eai 


wi thin 


-  1  - 


^<>1  ■« nv  piste t  path  (1.#.,  body  shape)  /\,.  f 
the  limits  specified  by  Eq.  A. 5. 3,  £  cart  be  found  directly  from  Eq , 
2  .A  .55 


9 * 


A/'/ 

W 


(2. A. 55) 


With  the  value  of  Q  Unown,  the  similarity  equations 

y>  _  fatf-  f]f  -  *  (36  *  Vpf 


(A. 5. 5) 


W-i?  -f 


(4.5.6) 


can  be  integrated  immediately  with  the  boundary  conditions  at  the 
shock  £  - }  given  as 


W) 


r±L  .  do)=A>)  - 

t-t  }  tti 


(A. 5. 7) 


Th 


solution  terminates  at  the  piston  surface  where 


From  Eq.  A. 5. A,  we  see  that  the  boundary  condition  at  the 
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piston  Hurl  act  i  ^  r  C  correspond!  to  a  singularity.  Let  us 
Investigate  the  behavior  of  the  solution  In  the  neighborhood  of  the 
piston  surface.  Rearranging  toe  first  Integral  obtained  previously  In 
Section  2 . i > ,  we  obtain  for  the  case  at  *  0 


/  ~7"  o?-ty°'V2A  “w, 


/ 

As  we  approach  the  piston  surface 

y,  —  isfnf.) 

A. 5. 8  is  a  finite  constant.  Hence 
must  have 


(4.5.8) 

(C^> &  >  the  density 

since  the  right  hand  side  of  Eq. 
for  the  density  to  be  finite,  we 


- -  >  O  ( 4.5.9) 

36  +  irrj*  o 


From  the  above  equation,  we  get 


and  /J  >  - — -  (.4.5.10) 

*3+  T(j+  0 

Eq.  4.5.10  specifies  the  limit  for  A /  if  the  density  at  the  piston 
surface  Is  to  be  finite.  For  any  real  gas  )'>/  and  the  limits 
imposed  by  physical  arguments  given  by  Eqs .  4.5.3  satisfies  Eq .  4.5.10. 

In  practice  the  limits  are  set  by  Eq.  4.5.3  from  physical  considerations. 
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CHAPTER  V 

NON-SIMILAR  SOLUTIONS  FOR  BLAST  WAVES 


In  this  Chapter,  we  shall  present  some  methods  for  obtaining 
analytical  solutions  to  explosion  problems  where  the  requirements  for  the 
existence  of  self-similar  solutions  discussed  previously  in  Chapter  n 
are  not  satisfied.  We  shall  illustrate  these  non-similar  techniques  by 
treating  the  problem  of  point,  line  or  planar  blast  waves  In  a  detonating 
gas.  Although  in  this  particular  problem,  the  non-similar  effects  arise 
from  counter-pressure  effects  (i.e.,  influence  of  the  initial  Internal 
energy  of  the  medium)  and  from  the  energy  released  by  chemical  reactions 
at  the  front,  the  underlying  concepts  of  these  non-similar  methods  can  be 
applied  to  account  for  other  non-similar  effects  such  as  from  a  non-similar 
form  of  the  equation  ot  stace  or  from  the  presence  of  a  characteristic  length 
In  other  problems.  We  shall  present  the  analysis  in  a  generalized  rorm 
and  the  particular  case  of  bltst  wave  propagation  in  an  inert  medium 
with  counterpressure  effects  can  be  reduced  from  the  present  generalized 
formulation  by  simply  taking  the  chemical  energy  Q =  O 

The  model  is  id-.ii-al  to  that  for  the  blast  wave  problem  treated 
in  the  preceeding  Chapter  in  which  at  time  t  =  0,  a  finite  amount  of  energy 
is  deposited  in  a  detonating  gas.  Consider  the  ratio  of  the  total 
chemical  and  Initial  thermal  energy  of  the  gas  enclosed  by  the  shock  front 
to  the  source  of  energy  Eq 

£0 

For  early  times  when  R^  is  small,  ^ /  and  Eo  Pokjfg' (Qi-e.-)  . 

Hence  the  flow  is  dominated  by  the  source  energy  Ee>  which  is  constant  and 
the  solution  is  self -similar  and  is  in  fact  the  constant  energy  strong  blast 
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solution  given  in  the  previous  Chapter.  At  later  times,  the  shock  radius 
becomes  significant  and  the  total  chemical  and  thermal  energies  enclosed  by 
the  front  (i.e.,  fo^J ^  (Q.  )  can  no  longer  be  neglected  as 

compared  to  Eq*  The  shock  strength  is  now  finite  and  hence  the  boundary 
conditions  as  well  as  the  energy  integral  become  time  dependent  and  self¬ 
similar  solutions  are  no  longer  possible.  We  shall  present  the  various 
non-similar  techniques  for  obtaining  solutions  in  this  finite  shock  strength 
non-similar  regime. 

We  shall  describe  three  non-similar  methods;  the  perturbation 
method  developed  by  Sakurai  and  independently  by  Melnikova.  The  local 
similarity  or  quas l-s imllarity  method  developed  by  Oshima  and  the  power  law 
density  profile  method  first  proposed  by  Porzel  and  developed  by  Rae  and  the 
authors.  Of  these  three  methods,  the  perturbation  scheme  is  perhape  the 
most  rigorous  mathematically  and  yields  excellent  results  for  relatively 
high  shock  Mach  Numbers.  However  due  to  the  asymptotic  nature  of  the 
perturbation  expansions,  they  diverge  rapidly  and  become  quite  Inaccurate 
for  low  strength  shock  waves.  The  quasi-similar  method  of  Oshima  yields  a 
solution  for  any  particular  value  of  shock  Mach  Number  specified  and  less 
effort  is  involved  In  getting  the  au^ui-ioo.  However  it  gives  fairly  good 
results  only  for  the  intermediate  shock  strength  regime  where  the  local 
similarity  approximation  is  adequate,  as  pointed  out  by  Oshima  himself  the 
method  works  best  in  conjunction  with  the  perturbation  scheme  for  the  high 
shock  strength  regime.  A  serious  drawback  of  the  quasi-similar  technique 
is  that  mass  is  not  conserved.  Hence  flow  distributions  particularly 
particle  velocity  trajectories  are  very  poorly  described  as  compared  to 
quantities  such  as  the  shock  trajectory.  The  density  profile  method  gives 
surprisingly  good  results  for  the  entire  range  of  shock  strengths  In  spite 
of  its  simplicity.  It  is  perhaps  the  most  useful  non-similar  method  for 
this  particular  problem.  However  it  lacks  generality  and  can  only  be 
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applied  to  problems  if  the  density  distribution  can  adequately  be  described 


by  a  simple,  power  law. 
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5  L  The  Non-Similar  Equations 

For  non-similar  problems,  the  exact  differential  equations  of 
motion  must  be  used.  They  are  as  given  previously  Eqa,  2.1.1,  2.1.2  and 
2.1.9  as  follows: 


j£  ^  +j* 7^ 

(2.1.1) 

-t  +  &  it 

dt  dr  r dr 

(2.1.2) 

d£  y-  xd/>  -t  7ft&l  +  s  O 

dt  dr  d<  f 

(2.1.9) 

For  convenience  in  obtaining  analytical  solutions,  we  make 

the  following 

tr-  nsformation  based  on  the  parameters  used  previously  in 

similarity 

analyses . 

fCr,t)  fo '/'(£,&«■>) 

(5.1.1) 

U&,-t)  —■  R^-O  £)  RSU  >) 

(5.1.2) 

f>(r,£)  jiRtrcf,  &(*>) 

(5.1.3) 

r  -e-  £  =  r/RsH) 

(5.1.4) 

£  -*•  &(£) 

(5.1.5) 

f<s  (t)  and  Rg(t)  art  the  instantaneous  shock  position  and  shock  velocity 


!>)'»  - 


respectively.  We  asmmic  the  lull  tal  den* t ( v  {,,  of  the  medium  t  >>  he  i  *ut 
tor  the  sake  of  simplicity  although  the  Inclusion  of  f-A  >  )  Al"  only 
Involves  slight  modification*  ol  th#  aquations,  t  Uo  analyi***  remain  Identic*) 


Using  the  above  defined  parameters  Kqs.  2.1.1,  2.1.2  rtnd  2  ,  l  ,  ‘l 


become 


/</-£  )  dr  t  tj  /•  M/ 
di  ls  > 


A\ 

Ok\ 


o ,  i  .m 


a;<V 


(3.1./) 


¥■£>& +tf&  +  v¥+a6/''  <d£ 


(5.1.8) 


where 


e  --  fis*s/£ 


(5.1.9) 


It  should  be  noted  that  Eqs.  5.1.6  to  5.1.8  are  exact  and  no  approximations 
have  been  made  other  than  a  transformation  of  dependent  and  independent 
variables.  They  remain  a  set  of  three  non-linear  partial  differential 
equations  as  the  original  set  of  equations  in  dimensional  form  (t.e.,  Eqs. 
2.1.1^  21. 2  and  2.1.9).  Depending  on  the  method  of  analysis,  it  is  some¬ 
times  more  convenient  to  use  the  shock  Mach  Number  /*?5  or  y  -  '/m\  as 
the  independent  variable  rather  than  the  shock  radius  It)  .  To  use 
the  shock  Mach  Number  as  the  independent  variable  we  use  the  identity 

/S.  2  -  ^2,  --  <9/^2  =  -?ey3 


(5.1.10) 


“Imply  lopla.r  1 hr  ilflltt  Imuil  n  Me  ,«l  VIA  I  .<  1  l.K  |,v  t  |i» 

desired  fnvm  in  tt«j  ,  1,1.10. 

T!*«  eitetgv  Integral  stld  I  lie  slunk  tadln*  •  «  nek  M 1 1  «tig|  ( h 
lelationship  jitven  previously  In  I'haptei  11  [hi  tonatai.l  energy  (»,•  , 
*t  •  <?  )  and  uniform  Initial  density  (  1  ,  p  ,  ,  ,n  ..  o)  m\»  as  ff  «*  1  I  ««wm  i 


V  y  J*>  (\>n  )  'if-/ 


O.l  U) 


f'U 


(fr,  ' 


o.i.tn 


->  ■  ar 


O.i  .1  0 


tfyfcCS  )  ( //rA  / 


(5.1. 14) 


/  ,  2n,  4*  for  )  -  0,  1,  2  respectively  anti 


%  *  (»...»> 
The  bou  tdary  conditions  at  the  front  <£*/  for  the  general  ease  taking 
y,  x  y  >r<  given  as 


J±J— 

Y+y  —  S 


(5.1 .16) 


4(>, '/)  * 


;  / 1 


c». i . i  /> 


/ A  v) 


/V  ?  v  /i‘ 

*(f+0 


o ,  l  •  1  to 


where 


s  ”  Lf/r?)%-  kyj 


0.1 . 1  *») 


(5.1. JO) 


In  the  above  aquations,  thu  sign  I* t>r  overdriven  solution  in  considered 
only  elnco  the  blast  wav#  started  out  au  an  Infinite  strength  shock  and 
decay#  aaymptot  teal  1  y  to  a  Cbapman-Jougnet  detonation.  Kqs  .  5.1,  lh  to 
5.1.1H  can  be  expressed  In  a  more  convenient  form  as  follow#*  From  Kq  . 
5.1.19,  we  note  for  Chapman- Jouguet  detonations  ( t  ,  e  .  ,  y-**  ^cr  )  the 
parameter  S  **  0  and  solving  for  K  as  a  function  of  '’JtT  ,  we  get 


(c  -  (isJkf) 


(5.1.21) 


Substituting  Kq .  5.1. 21  for  K  in  Eq .  5.1.19  and  simplifying  yields 


S  =  [O’  %TX'~yVcr)J 


I'll  till  llj; 


V  -  7/fr, 


Ins.  ’>  .  I  .  1  f«  (  .  .  I  .  I  *>  .  .-in  tie  i  nui  ll  I  or  In  I  lie  f  o  1  I  nw  l  ng  f  o  i  m : 


*/  ('•?') 


p.t  .22) 


>  'LlstS 

//  / 


(!)  .1.23) 


■fo.y) 


y  v-  y  c  r  ^  ys 


(5.1. 24) 


5  = 


/V"?'*''-  J»f>] 


(5.1.25) 


li>  reduce  the  above  equations  for  the  non-reacting  case  (l.e.,  £  *  O  ) 
simply  take  7cr  *  /  • 

In  terms  of  VJ  Instead  of  ,  we  note  that  the  basic 

equations  remain  identical  while  the  energy  integral  becomes 


/  - 


y[f*r  ’Mwo+V] 


(5.1.26) 


and  the  shock  radius  -  shock  strength  relationship  stays  In  the  same  form. 


'*  .1  Perturbation  Solution  In 


_  _  _  "  *{/V<r 

Tito  flow  field  In  bounded  by  til*'  shock  and  the  center  ol 
symmetry  O  £  £  v  /  while  O  S  y  t  .  For  early  t  lmes» ,  tt  *■-'<  /  nnd 

we  seek  solutions  to  liqN.  5.1.6  to  5.1.H  of  the  following  form 

4a, f)  -  2  <k<i)fn-  M )  -  *,  w? 

■  (5.2.1) 

?w/y;  *  2  «4<3pjA 

«t«o  4 

From  the  energy  Integral  (i.e.,  Eq .  5.1.26)  we  note  that  the  left  hand  side 
Is  a  constant  equal  to  unity.  Hence  o-S*  f  y  must  approach  the  form 

y+-Ay'  as  Therefore  the  correct  expansion  for  y( y')  is  given 

as 

y(y')  =  Ay+Ai'f'- +A/7'*+-  *  (5.2.2) 

'Tt  *  / 

Using  the  above  equation  and  the  definition  of  &  given  by  Eq .  5.1.9, 
we  obtain  the  perturbation  expression  for  as 

00  vt 

&fy)  -  =  &o  +  9t°l  '  4-  '  ■  (5.2.3) 


where 


*  -Cjr  .O/Z. 


(5.2.4) 


(5.2.5) 

(5.2.6) 

(5.2.7) 


Ihe  boundary  conditions  at  the  front £ -■  /  given  by  Eqo.  5.1.22  to  5.1.25 
can  rcadiLy  be  expanded  in  ascending  power  of  ^  .  Substituting  the 
perturbation  expressions  given  by  Eqs.  5.2.1,  5.2.2  and  5.2.3  into  the 
basic  conservation  equations  (i.e.,  Eqs ,  5.1.6  to  5.1.8)  the  energy 
integral  (i.e.,  Eq .  5.1.26)  and  expanding  the  boundary  conditions  given 
by  Eqs.  5.1.22  to  5.1.25  in  ascending  powers  of  o? f  ,  and  sorting  out 
the  terms  of  the  same  powers  in  ^  ,  we  get  for : 


Zeroth  order  in 


(5.2.8) 


(5.2.9) 


+  (5.2.10) 


A,  ■=  Is? 

To 

-n  _  r*rs. 


x°  -{(£'  +%)&£ 


(5.2.11) 


(5,2.12) 


A  -0'±) 

2mm 

and  the  boundary  conditions  at  the  shock  front  ^  / 


(5.2.4) 


Tkf'i  =  '£tl  ,  <&(')  *  ^ 

r- 7  ' 


(5.2.13) 


Note  that  the  zeroth  order  equations  and  their  boundary  conditions  are 
identical  to  the  classical  strong  blast  similarity  solution  given  in 
the  previous  Chapter.  For  first  order  in  ^  we  have 
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Firnt  Order  in 


(&-4)  W+ih# 


+j('h  5*f 

'[$,(  9^ -So)  -t-e,<&> 


(cfc-i)tf  +  7-(o<^j  -  -*-<£;£!  +2&i£> 

+rjC44  *  W^J 

4  *  (%M  -A,T,)/I0 


where 


*■  ”  j>>  ( r({->) '  <?  ^ 


&,  --  -eJJfl, 

With  the  boundary  condition  at  ^ /  given 


as 


$0)  =-  '(JOlJuVcr)- 

3ft-0 


(5 .2.14) 


(5.2.15.) 


(5. 2.16') 


(5.2.17) 


(5.2.18) 


(5.2.19) 


(5.2.5) 


(5.2  .20) 
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cf>((0  ~  -  (  '  +  y/ct) 


(5.2.21) 


/Yo  -  (Vcr-r^V ty 


Tf 


(5.2.22) 


Si  ond  Order  in 


-4M'  +*4'=-[i Vj <&'->■  W0)  +  W' 

*-4>  V/+ <&%?  -  jy  &, 

+J  +*Arfo) J 

(<&-£.)& -~[<A(ck'*5(j">)  + 

+&i<& 

+*'C£  -*)M‘J 

(4  -i  )//f  X.  <4  '•  -[i( M'*,  ■<  0  +H*. ' 

■/-  ifj( ■ £?£  */V  +£<4>)/£ J 


(5.2.23) 


(5.2.24) 


(5.2.25) 


^ssatamumm 


(5.2.26) 


A3  =  ( Vcr  As  k  -  A,  A  -  A  h  )/A 


-h 


4,44,  +  444.)  £ J‘dJ 


(5.2.27) 


(5.2.28) 


with  the  following  boundary  conditions  at  the  front  g  -  / 


r+i 

m~ol 


-rt'io-Vcif) 


(5.2.29) 


(5.2.30) 


(5.2.31) 


For  the  third  order  In  ^ ^  we  bave 
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i  vd  ordf.v  in 


+■<$&*  ■'■Jl^i  /  ^4k 


<5 


/ 


*w/l  J 


(4-4H'^/=  -[4(4-s*>  +  M-se,) 


-t  $($'-&*)  +  ^<4 


+  rl  (%  -  ’A) 

W  %%  %  (5' 

-£.'($!-*&  ri)l 

llz  u,  J 

la  <o  /© 

(4'V4 '+  r/°i%  -[ 4( M'-i*)  +4M-&,) 

-t n/,4, ' '  *4.4 
+44/ +y(44  *"44.  (5 

+  44  +44  y^ J 


2.32 ) 


2,33) 


2.34) 


A,  --  (icrkk.  -4Jj  -AZ  -JjT.yz, 


(5.2  35) 
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I,  = 


=■  ('(&-  +  Ud'+  +  ^<4 

Jo  V  Y-f  Jb  2. 

-/-  ^<£<4.  +  *4<4<4 )/M 


(5.2.36) 


%  ^  y-x  ^<^|)  ?/^;  t3-jri) 

with  the  following  boundary  conditions  at  the  front  ~  / 

+  -ViT'  'X/  ^  7cr)t/  -  ?£r  ;3' 

-Ad+Jcrlj 


4f0 


-  0-7  *r)  O'Vcj) 

0  fr-t-0 


£'•)  *  4(0 


(5.2.37) 


(5.2.38) 


(5.2.39) 


(5.2.40) 


It  should  be  noted  that  the  present  perturbation  expressions  are 
asymptotic  in  nature  and  do  not  converge.  In  fact  very  little  Is  gained 
by  taking  higher  orders  in  ^  above  the  third  order.  In  Sakurai's 
original  work,  the  analysis  has  been  carried  out  to  first  order  in 
only  and  he  termed  it  the  second  approximation  with  the  classical 
similarity  solution  for  strong  blasts  being  the  first  approximation. 

In  his  work  on  hypersonic  blunt  body  flows,  Swigert  extended  tde  analysis 
to  the  th  .rd  approximation  (i.e,. ,  the  second  order  solution  in  the  present 
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vork)  and  gave  results  for  the  particular  case  of  cylindrical  symmetry 
(j  =  1)  in  air  (  =  1.4)  only.  Swigart's  work  indicates  that  ior  shock 
Mi  h  Numbers  below  3  ,  the  third  order  correction,  particularly  for 
the  density,  is  a  significant  percentage  of  the  first  and  second  order 
terms.  It  appears  worthwhile  to  carry  out  the  analysis  to  higher 
orders  as  is  done  here  to  obtain  better  results  for  the  density  profiles, 
ri owe. ver  for  quantities  such  as  the  shock  trajectory,  the  higher  order 
•solutions  in  fact  overcorrects  it  and  the  second  order  solution  gives  the 
t.fcst  results. 

To  complete  the  solution,  we  shall  derive  the  expression  for  the 

shock  trajectory.  Using  Eqs  .  5.2.2  and  5.2.3  and  the  identity  d&J 

°  dt 

we  .an  have  the  following  equation  for  the  shock  trajectory 

cj;  =  s,  z  +  y  +  ) 


4  - 

f  £ - - — - — — 

J* 

rj  AzG*-l)Cjl3) 


£3  = 


/At  _  j A^A? 
(•3j++)<j*s)(  ft  aTo>o 
Cj''X7/v9y 
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and  t he  A  1  n  are  g  l .  on  p rov  Iouh  1  y  by  Kq m  .  5  ,  2  .  1 1  ,  ‘>,2,17,  5 .  ?  .  2b  and  1  . '? .  V\  . 

From  the  E«ri*h  order  aquation  and  it«  boundary  condition*  w* 
see  that  tha  zeroth  order  solution  is  the  classical  constant  energy  solut  ion 
of  Taylor,  Von-Neiiw’tn  and  Sedov  discussed  in  the  previous  Chapter.  To  obtain 
t\:e  zeroth  order  solution  numerically,  Eqs.  .'4,2.8  to  5,2.10  are  Integrated 
with  the  conditions  at  ^  given  by  Kq .  5  2.13  using  tha  value  oi  B  *- 
From  tills  solution  J-o  and  A/  can  than  be  datarmlned  from  Eqs.  5.2.12  and 
5,2.11  respectively. 

For  the  first  and  higher  order  solutions  the  aquations  cannot  he 
integrated  directly  since  <9*7 is  as  yet  unknown.  An  iteration  procedure  can 
be  used  to  arrive  at  the  correct  solution  using  the  condition  of  aero  parti¬ 
cle  velocity  at  the  center  of  symmetry  as  a  criterion  (i.o,, 

For  example,  to  obtain  the  first  order  solution,  a  trial  value  o£  A^  is 
assumed  and  B/  can  be  determined  from  Eq.  5.2.5.  The  firct  order 
differential  equations  are  then  integrated  numerically  with  this  value 
of  B(  ,  and  the  boundary  conditions  given  by  Eqs.  5,2.20  to  5.2.22  at  £  *  / 
The  correct  solution  will  be  obtained  when  the  assumed  value  of  A^f  hence 
^  ,  gives  a  solution  with  the  particle  velocity  at  the  center  of 

symmetry  equal  to  zero  (i.e.,  <3 "  O  ).  As  a  check,  the  new  value  oi 
A2  computed  from  the  energy  integral  (i.e.,  Eqs.  5.2.17  and  5.2.19)  using 
the  solution  obtained  mu3t  also  agree  with  the  initial  assumed  value.  It 
should  be  noted  that  either  the  zero  particle  velocity  at  criterion 

or  the  energy  integral  criterion  (assumed  value  of  A^  satisfies  Eqs.  5.2.17 
%nd  5.2.19)  alone  is  sufficient  to  determine  the  correct  solution.  However 
it  was  found  that  the  particle  velocity  at  the  center  of  symmetry  is  by 


far  more  sensitive  than  the  energy  integral  to  very  small  variations  in 
Bri  3s  ^U.approaches  its  correct  value.  Hence  very  high  accuracies  in  the 
solutions  can  be  obtained  using  tbe  cj>^fo)-0  criterion  for  the  iteration. 


W<>  (mind  t  It m t  via  i ug 
I  I m it  o (  /vAh.'*’)/  - 
double  prarieion  on 
Ki  1 1  «  method  vtth  n 


-  iOH  - 

the  "regula  •( ale i"  iteration  neheiee  with  an  avour  aoy 
/C>“^  ,  rapid  convergence  ia  obtained  with 

the  1UM  3f>0.  Numerical  integration  ia  by  the  Runge* 
etnp  else  K  •  &Q  / 
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S  . 3  >*f rtuybut Ion  flotation  in 

lt>«  analysis  given  In  the  previous  Suction  la  based  on  th* 
perturbation  parameter  .  It  ahould  ho  noted  that  othar  parametara 
can  ha  uaatl  an  wall  *  >d  although  they  yield  Identical  reaulta  alnca 
they  must  ha  related,  the  accuracy  to  the  tame  order  In  the  perturbation 
parameter  ahould  be  baaed  on  thla  accuracy  of  the  particular  quantities 
daalred.  In  thla  Section  we  give  the  analyale  using  the  dlmenelonlaau 
•hock  radium  y  «*  aa  the  perturbation  parameter  since 

initially  y«/  • 

Examining  again  tha  energy  Integral  given  by  Eq.  5.1.11,  we 
see  that  ae^y-*»0  ,  f/y  must  approach  .  Hence  the  expanalon  for 

muat  be  of  the  following  form 

~  fz+fij+kf*-  f^’1  <5-31) 


(5.3.1) 


Prom  the  above  equation,  we  cau  obtain  the  expansion  for  &(y)  as 


d(y)-  2  +6*y~+ 


(5.3.2) 


where 


&o--  ~(J±y 


(5.3.3) 


-  *“  Q>F(/Fo 


(5.3.4) 


-  */&-  n) 


(5.3.5) 
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Using  now  y  as  the  independent  variable  replacing  ,  Che  basic 

conservations  (l.*.,  Eqs.  5.1.6  to  5.1.9)  become 


&-§)&  + 


(5.3.6) 


(5.3.7) 


Writing  the  solutions  to  the  above  equations  in  the  following 
perturbation  form 

=  2  -  M) 

My)  -  f>  £  My"  -  Mi)  *  M{)y  /  -  ■ 

My)  =  |=  =  ^  • 


and  substituting  them  together  with  the  perturbation  for  @(y)  given 
by  Eq.  5.3.2  into  the  basic  equations  (i.e.,  5.3.6  to  5.3.8)  and  the 
energy  integral  given  by  Eq.  5.1.11,  we  obtain  after  sorting  out  terms 
of  the  same  order  of  iagnitude  in  y  the  following  equations. 
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Zeroth  order  In  y 


&„  ~<J40/2 


First  order  In  v 

(4-4W+ 


+j0&4  +<*,&)  /£j 


(4-in  ’+&' --[w-  *>-  *,*> 
(4-^)/,' ~  -[mw  /  2&I& 

y  Xj(64,  +J4)/iJ 


(5.3.10) 


(5.3.11) 


(5.3.12) 


(5.3.13; 


(5.3.14) 


(5.3.15) 


(5.3.  L6» 


O.J.!  /' 


(5.3  i 8) 


(5,3. .9> 
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(5.3.20) 


^  ~  “  /fo 


(5.3.21) 


Second  order  In 


+<i<£'+ j(& i+jy 

+4<A)/£j 

C4-M '*  % 4/=  -[ 4H'-3&)  +  4 (i'+z) 

+  -vac] 


(5.3.22) 


(5.3.23) 


(5.3.24) 


o 


(5.3.25) 
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L  = 


(5.3.26) 


(5.3.27; 


Using  the  perturbation  expression  for  ^(j)  given  by  Eq.  5.3.1,  the 
boundary  conditions  can  be  expanded  in  powers  of  y  and  we  get  the 
following  results  corresponding  to  the  different  orders  in  y. 
Zeroth  order  in  y 


&0 


7±L 

r-/ 


(5.3  ,28) 


rfoO)  ~  -fo(') 


(5.3. 29 > 


First  order  in  y 


57/0  -  -  ( r+jX. K-t4 ) 


(5.3,30) 


-  ~  fettL 

ZFoCfrO 


(5.3.31) 
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{(>)  -  -[**’•)+&] 

YCr+O 

Second  order  in  y 


(5.3.32) 


(3.3.33) 


4>Jt)  -  (x:+4-Y4Fi  -it) 


(5.3.34) 


&(q  -  87,(70 -7k(t^-4F,) 

8  r(y+  OF*- 


(5.3.35) 


The  zeroth  order  solution  recovers  the  similarity  strong  blast  solution,, 
With  the  zeroth  order  solution  known,  X0  hence  ^  can  be  determined. 

With  Fo  known  the  first  order  boundary  conditions  c-o  now  be  eval ,h"  ■.;d  . 
Using  an  assumed  value  of  ^  ,  the  first  order  differential  touat  io,i 
can  be  integrated  and  we  iterate  for  the  correct  value  of  ^  ,  bene ' 
the  solution,  by  demanding  the  rear  boundary  condition  at  the  center 
(i.e.,  <fc/6)*0)  to  be  satisfied  as  described  in  the  preceding  Section., 
The  expression  for  the  shock  trajectory  can  be  determined  in 
a  manner  identical  to  that  for  the  case  of  using  ^  as  the  perturbation 
parameter  in  the  preceeding  Section.  It  can  be  written  a  => 


o 


(5,3036) 
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5 „ 4  Qsblma's  Quasi -Similar  Method 

In  this  Section,  we  shall  discuss  the  quasi-similar  or  the  local 
similarity  method  first  used  by  Oshima  in  the  study  of  cylindrical  blast 
waves  from  exploding  wires,  generalized  by  Lewis  to  planar  as  well  as 
spherical  symmetry  with  applications  to  hypersonic  blunt  body  flows  and 
extended  by  Lee  to  detonating  gases  in  the  study  of  detonation  initiation. 
The  quasi-similar  method  was  also  used  by  Rae  to  investigate  the  material 
impact  problem  where  departure  from  similarity  arises  from  the  equation 
state  for  solid  media. 

The  basic  conservation  equation  (i.e.,  Eqs .  5.1.6  to  5.1.8)  in 
terms  of  ^  and  7 '-7/7  cr  as  independent  variables  are  given  as 

<5.4.1) 

(4-mi  +  =  <5.4.2) 


¥ 


>£  J 


(5.4.3) 


From  experimental  observations,  it  was  found  that  the  density  distribution 
lj-'  for  nearly  equal  shock  strengths  have  similar  ieatures.  In  other  words, 
the  solution  for  1J> )  1°  the  narrow  range  of  shock  strength  can 

be  approximated  by  the  form 


f(if)  -  W-  Mr) 


(5.4.4) 
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Differentiating  the  above  equation  with  respect  to  'j  we  get 

/  C  h  T/jfy)  =  f( 'n‘)  -  dJnt/O)  (5.4.5) 

(  3^,/  a?' 

Where  is  the  value  at  the  front  =  /.  Assuming  quasi-similarity 

for  the  pressure  and  particle  velocity  distributions  as  well,  we  can 


write 


?J/) 


s>7; 


/  £  /,  <;  \ 
O  T  0  w  ;< 


PZ?* )  = 
ay'  ^  ' 


(5.4.7) 


Eqs.  5.4.5  to  5.4.6  are  called  the  quasi-similar  approximations.  Using 
the  boundary  conditions  given  previously  by  Eqs.  5.1.22  to  5.1.25 


4'0>p 


7+’ 


(5.1.22) 


/— Vcj  y  '-I-  S 


(5.1.23) 


fO,y) 


r  *■  ycTy  v  rs 
7fy+ o 


(5  1 .24) 
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5---  JJi-yX'-ftrY)] 


'L 


(5.1,25) 


we  can  evaluate  the  derivatives  and  Eqs,  5.4.5  to  5.4.7  become 

=  -/ 7*r%( /-f'jcr  J 

(7+  Vcrl'  -  S) 


c>&  y' 


-l*l'lcr  i-  JL( l-y'lcT+VlrO' 
( /-  7'/7tr+s) 


(5,4.9) 


,  &'*r-  zfi'-rK'tU'-r'Qj 

sAif'  y+Vcf+K 


(5.4.10) 


For  the  non-reacting  case  where  q  =  0,  S-  /'£?  and  /YJcr-~  /  ,  the  above 

equations  reduce  to 


d&d 


(5.4 .11) 
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C>A<t  - 

d&y 


-i- 

n 


(5,4.12) 


~b£f  -  -yfr-/) 


(5.4.13) 


which  are  Identical  to  those  obtained  by  Oshima. 

Using  the  above  equations  for  the  derivatives  of  with 

respective  to  ,  the  non-similar  equations  given  by  Eqs.  5.4.1  to  5.4.3 
become 


(4- £)</-'+  W+J4*  =  A,  4 


(5.4.14) 


(5.4.15) 


(4-£){‘+r/4+rjM  -  A}/  <,.*.*> 

where  the  prime  quantities  denote  differentiation  with  respect  to  <~  and 

A 

the  /  are  defined  as 


a  =  -*e[l V'T  +  jlrC'-lZy'+ifrfv’))]  ^  ^ 
'  74i„7'-S  "  " 
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jjj'fcr  ’‘is  ^  /  ( 

. . T-  w  t-s  J 


(5 .4, IB) 


l  y +7  fcr  ns  J 


(3. 4. 19) 


Similarly  the  /)j$  tor  the  ..on-reacting  case  can  be  written  *»  follow, 
using  Eqs .  5.4,11  to  5.4.13  for  th.  derivative*. 


A  * 


-4#'{ 

Y-t 


(5.4.20) 


(5.4.21) 


/)  -=■  ~26/&Z!ij  -t  I  )  (5.4.22) 

3  n-^/r-o  y 

H.nc.  for  any  .perilled  .hock  .trcngtb  (l.«.,  the  value  o£  y'  ), 

5.4.14  to  5.4.16  become  .  a.t  of  ordinary  differential  equations. 

lng  .  value  of  9  ,  these  equation.  can  he  Integrated  numerically  using 
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tin-*  boundary  conditions  at  tho  front  /  co.nput-d  it  out  Lqs.  5.1.2?  to 

5,1.25.  An  Iteration  procedure  it  necessary  for  arriving  at  the  correct 
solution  which  eatieflae  the  rear  boundary  conditions  at  the  cantor  of 
symmetry  (i.e., 

It  will  be  shown  later  that  the  quasl-slmilar  approximation 
yields  solutions  that  do  not  conserve  tho  total  mass  enclosed  by  the 
front  (i.e.,  the  mass  Integral).  Tharefore  the  profiles  themselves  ere 
in  error  and  iterating  for  the  correct  solution  u.,ing  the  boundary 
condition  of  aero  particle  velocity  at  the  center  in  this  case  la  quite 
inaccurate  for  certain  values  ot  .  It  was  found  that  using  the 
energy  Integral  criterion  for  determining  the  correct  solution  (i.e., 
demanding  that  the  solution  satisfies  the  energy  Integral)  yields  better 
results * 

An  expreesl  n  for  &  can  be  obtained  by  differentiating  the 
energy  Integral  (1.*.,  Eq.  5.1.25)  with  respect  to  .  Using  Eq.  5.1.15 
and  solving  for  &  ,  we  get 


9 


(5.4.23) 


c  - 


I  * 


4-( 

j+> l 

/ 


/ 


rft-o 


v; 


-  m+QK* 


(5.4.24) 


(5.4,25) 


it  should  be  noted  that  the  quasi-similar  approximation  cannot  be  .applied 
to  functions  which  consist  of  the  sum  of  two  other  functions  (e.g., 


Kf)  .  However  it  can  be  applied  to  fut  (.one  consisting  of 
the  products  of  other  functions  (i.e.,  Pfy)  s  ) .  Haerafore  to 
use  the  quasi-similar  approximation  to  evaluate  dl/drf  9 

we  must  first 


write 


*L4£  =.  21/ —'  +  ) 

1  df  i  (  <*2’  *Y' 


(5.4,26) 


where 


1,  *  [Li>n 


(5.4.27) 


-  f' 


(5.4.28) 


Using  Eqs .  5.4.5  to  5.4.7  and  Eqs.  5.4.8  to  5.4.10,  Eq.  5.4.26  becomes 


(5.4.29) 


where 


,)  -  1  'Vcr  ~  j|  (l~f  W  f_  ’IvO'l  '>) 


Y+Yycr+ys 


(5.4.30) 


Wy)  =  '(77^  nfa  *P<-r>])  ■ 

(lf-*y'lcr~S  ■•r+fs) 


(5.4.31) 


-  223  - 


For  the  non-reacting  cas e,Gp/if'}  and  (jxty ')  reduce  to  the  following 


&f)  - 
1 


(5.4.32) 


Qjy)  ~*J ( *  Jr-sr-oy  ) 


(5.4.33) 


We  can  use  Eq.  5.4.31  to  Iterate  for  the  correct  solution  as  follows: 

We  again  assume  a  value  for  0  and  integrating  the  basic  equations  we  can 
determine  the  integrals  I,  1^  and  From  Eq.  5.4.31,  we  can  compute  a 

new  value  of  B  based  on  the  solutions  obtained  from  the  assumed  value  of 
Q  .  We  then  Iterate  until  the  two  values  of  &  are  matched  to  a  desired 


accuracy. 


Wfc  can  obtain  the  first  Integral  of  the  quasi-similar  equations  by 


an  identical  manner  as  described  previously  in  Section  2.5  for  the  similarity 
equations.  Multiplying  the  continuity  equation  (i.e.,  Eq .  5.4.1)  by 

^  *°d  t*1®  energy  equation  (i.e.,  Eq .  5.4.3)  by  )^J 

and  rearranging  the  results,  we  get  the  following  pair  of  equations 


\U  V-  <V-i/  +  j±Lz d<  /  / 

Y  ?-£  t-i  i 


-  o  (5.4.34) 


l '  +  7(H) '  t-  7(fi±A3  „  rj 

f  ¥-£  +-£  £ 


-  O 


(5.4.35) 
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Eliminating  the  term  in  the  above  equations  we  get 

V  -  *,£  VttrJQgfcf /+  (Ypizi*')  -  o 
f  ¥-  ?-£  i 

which  can  be  integrated  immediately  to  yield 


(5.4.36) 


Y'^i 


-  KY 


n 


(5.4.37) 


wbere 


X,  =  7(J+0-A3 

Xx  /"  -4 

ind  the  /Is  are  given  previously  by  Eqs.  5.4.17  to  5.4.19. 
can  be  arranged  in  a  more  convenient  form  as 


(5.4.38) 

(5.4.39) 
Eq.  5.4.37 


(5.4.40) 


where 


s  =  -(rxi-x)/t,  -  (5.4.A1) 

Jt, -A, 

and  ^ ^  evaluated  using  the  boundary  conditions  at  the  iront  ^  is 
gi  cen  as 


(  Y+YHcr~^ '  If 


(5.4.42) 


For  tbe  non-reacting  case,  the  first  Integra:  reduces  to 


(5 .4,43  ^ 


\ 
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i  An  alternate  method  for  obtaining  the  solution  was  proposed  by 

Oshima  in  a  later  paper  at  the  Second  Conference  on  Exploding  Wire  Phenomena* 

I  I 

j  utilizing  the  first  integral.  Following  Oshima,  we  introduce  two  new 

i 

!  variables 


7  = 

§-t 

(5.4.44) 

fc  * 

i 

% 

i 

(5.4.45) 

From  the  quasi-similar  equations  of  momentum  and  energy  we  get 

W,  jW  -  fa -  v%) 

Using  the  definition  of  the  variables  given  by  Eqs.  5.4.44  and  5.4.45 
Eq.  5.4.46  can  be  transformed  to  the  following 


dT 

di 

-  A  +  J. 

-  *  fc 

(B-JJ)  <CJ0.±) 

(5.4.47) 

where 

A  * 

/*  Az. 

(5.4.48) 

B - 

At.' A}  +f 

r  J 

(5.4.49) 

C  * 

At, 

(5.4.50) 

*  Readers  should  be  careful  in  using  the  equations  given  in  this  paper  for 
it  contains  a  tremendous  amount  of  errors  probably  due  to  misprints. 
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From  the  quasi-similar  equations  of  continuity  and  energy  we  get  the 
following  pair  of  equations: 

Y  '  -/  J'1-  4’  !  <s  ‘ 

f  -  jijU -»'-*?) 

Using  Eqs .  5.4.44,  5.4.45,  5.4.51  and  5,4.52,  we  obtain 


(5.4.53) 


where 


6  =  jlt-0  +  A,-' h 


(5.4.54) 


The  /|  s  in  Eqs.  5.4.48  to  5.4.50  and  5.4,54  are  given  previously  by 
Eqs.  5.4.17  to  5.4.19  for  the  reacting  case  )  and  by  Eqs.  5.4.20 


to  5.4.22  for  the  non-reacting  case  (  ^  =  Q  ).  For  the  non-reacting 
case,  the  coefficients  A,  B,  C  and  D  can  be  written  as 


ft  =  /  -f  Auy)e 


(5.4.55) 


/  -± _ 


(5.4.56) 
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c  - 

" 7 


J>*Jfr-0+e[m 


±j£  _  41 


-f-CZ-Oy  f'/tiy 


J 


(5.4.57) 


(5.4.58) 


The  boundary  conditions  for  the  new  variables  at  the  front^*/and  the 
center  of  symmetry^  can  readily  bo  obtained  from  the  Rankine-Hugoniot 
relationships  given  by  Eqs.  5.1.22  to  5.1.24  as 


j(l)  ~  X /  j*  (5 .4.59'' 

y+i 

kCO  ”  -  -  (5.4  60) 

y+yfa+rs 

J(o)  ~~  O  (5.4.6s.) 

KM  ~  f  (5.4  62) 


For  the  non- reacting  case  EqB.  5.4.59  and  5.4.60  reduce  to 

JO)  =  TzLtS.1 

Yi-t 

kco  =  Q+'Yi-i) 

*r-rt-oy 


228  - 


For  every  specified  value  of  ^  ,  the  boundary  conditions  at  the  front 
can  be  determined  from  Eqs.  5.4.59  and  5.4.60  (or  Eqs.  5.4.63  and  5.4.64 
lor  the  non-reacting  case).  Assuming  an  arbitrary  value  of  Q  ,  Eqs. 
5.4,47  and  5.4.53  can  be  integrated  and  we  iterate  for  Q  until  a  solution 
satisfying  the  boundary  conditions  at  the  center  of  symmetry  given  by  Eqs. 
5.4.61  and  5.4.62  has  been  obtained.  Once  a  solution  f  or  J( and  J 
has  been  determined,  Eqs.  5.4.44,  5.4,45  and  the  first  integral  (i.e., 

Eq .  5.4.37)  can  be  used  to  recover  the  original  variables  cj>  ,  ~f  and 

5/  . 

Examining  the  numerical  solution  for  J~^)  led  Oshima  to  suggest 


the  following  approximate  form, 


TV? )  *  01  i 


(5.4.65) 


Substituting  the  above  equation  into  Eq .  5.4.46  and  using  the  boundary 
conditions  given  by  Eqs.  5.4.59  and  5.4.61,  the  coefficients  o(  and 
and  the  exponent  n  can  be  determined  as 

^  -  MB  (5.4.66) 


-  JO)  -ot 


(5.4.67) 


(5.4.68) 


Where  A,  B,  J  ( L )  are  given  by  Eqs.  5.4.48,  5.4.49  and  5.4.59  respectively 
a  nd  c/JJ)/d£  can  be  evaluated  using  F.q  .  5.4.47  and  the  Rankine -Hugon  lot 
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equations  at  the  front. 

Substituting  Eq .  5.4.65  into  the  differential  equation  for  h 
(i.e.,  Eq .  5.4.53)  and  integrating,  we  get  the  solution  for  as 


m  =  t  SB 


(5.4.69) 


where  K(l)  is  given  by  Eq .  5.4.60  and  D  by  Eq .  5.4.58.  Using  Eqs . 
5.4.51  and  5.4.52  we  can  obtain  the  solution  for  and  as 


Wt)  - 


m  i  ~ " 


(5.4.70) 


/?» -  HW,)  “  •  £ 


A  z'r0r -r,  (4 ^  -  nrj-t '/) 


Offt)-') 


(5.4.71) 


Once  the  solution  )  and  7^^}  are  determined,  the  integral  I 

given  by  Eq .  5.1.12  can  be  evaluated  and  from  the  energy  integral  the 
dimensionless  shock  radius  ^  o)  ^  can  be  determined. 

With  Jty)  known,  the  shock  trajectory  can  readily  be  determined  from 


the  relationship 


cu  ~ 

fio 


fiL*y 

Jo 


(5.4.72) 


As  pointed  out  earlier,  the  quasi  similarity  approximation 
yields  results  that  do  not  conserve  the  lotal  mass  enclosed  by  the  shock 
front.  Although  quite  good  results  can  be  obtained  for  quantities  such 
as  the  shock  trajectory  since  the  total  energy  is  conserved  (i.e.,  energj 
integral  satisfied),  the  distributions,  particularly  the  particle  paths 


can  be  in  considerable  error.  To  demonstrate  tins,  we  multiply  the 


-  230 


9 

least-similar  continuity  equation  (i„e.,  Eq .  5. 4. 14)  by  and  rearranging 


m  get  the  following  result 


~  - i)J  +  ~  o 


(5.4.73  > 


nd  integrating  the  above  equation  yields 


J-H  -A,  '  ~ 


(5.4, 74) 


wterc  i<<)  and  fro  are  the  density  and  the  particle  velocity  at  tfcu 
tront^s-/  given  by  Eqs.  5.1.22  and  5.1.23  respectively,  from  the 
relationship  of  mass  conservation  across  the  shock, 

fok  =  fi  (£<.-“■<) 

/  =  777  X'-*0') 


JnX'-^X  =  -/ 


y-i') 


i_q.  5.4.74  becomes 


W/) 


JH  -  A 


0.4.7V 


Vnt  mass  to  be  conserved  we  set  that  the  mass  intr-gi  s  l  derived  pievlOu  1 
m  Section  2.3 


l.Hui 


J+* 


(5.4  7  4, 


u.  *  !v  satisfied.  Comparing  t‘  qua  1  •  leal  i  r  tc  ,  .  ,  •  fi?  ]  . 


2  t  l 


‘  with  l;.q  ,  ‘r.A./h,  Wi  ■  note  t  lull  live  nirtotlludr  .  *  t  I  to  ci  tin  dnp<  ml  •  on 

,  An  pointed  out  by  Kuo,  t  or  spheric* l  hla»t  In  »lr  «l  *  short'  itmngtl 
J « ;/4  (i.e.,M  2),  the  error  based  on  the  insults  computed  by  l.ewln  to 

found  to  be  an  much  as  “>0  percent. 

li  should  be  noted  that:  unlike  the  per  I  m'bal  t  on  solution,  t  l*e 
Op.ssl-s iml  1  ar  solutions  satisfy  ti>e  boundary  sulltl.ms  at  I  lu  i  t  .ml 
exactly  and  yield  also  a  good  estimate  of  the  slope  oi  the  car  loos  i  l  old 
propurt  lea  at  the  shock.  For  blast  waves  the  inns  a  is  concentrated  "«nii 
the  front  except,  for  very  low  shock  Mach  Nuiiihois,  i  herd  m  r  the  quasi 
ylmllar  approximation  gives  good  prediction  tor  quant tt ten,  such  u  t‘- 
shock  trajectory,  that  depend  on  integrated  values  u  the  uolut  ton  In  pi'  ' 
of  the  fact  that  the.  distributions  themselves  are  to  cons  tdnrahl  r  n  i  u 
further  downstream  of  the  shock.  For  the  model  at.  stunk  stitngll,  jigim 
where  the  quuni-9.imtl.ar  approximation  Is  good,  the  d  1  nt  r  I  hut  t  mis  helm 
properly  except  in  thi  region  very  close  to  the  c  enter  of  nymmeiiy. 


n?  - 


VI  » ■Hgihgd.ttL.Nllfj 

A  rathav  powerful  method  foi  obtaining  analytical  non-alwilar 
mo  tu(  too*  to  tU«  hiaat  wav*  problem  van  h*  developed  baa  ad  on  th#  po»n»r  law 
denaity  pioltU  appma Imat  1  on  flrat  aoggealed  by  Por**l .  It  waa  proponad 
originally  by  for  a* l  to  account  lor  departure  from  ideal  gan  behavior  In 
mit  K’*i  oaploeion*  aval  lain  adapted  by  ?ak*r  it)  obtain  nun-aimllat 
uoUitlona  rot  at  tong  point  eaploaluna  in  aolid*.  Tito  eeaenra  of  fora* t 'a 
uM-lbvxl  1*  to  annum®  the  dennity  profile  behind  Ilia  atioug  epherical  bleat 
wave  to  be  of  the  form 


(>.■>.  t> 


where  J~'f  ta  the  deunity  at  the  a  ho  ok  ind  the  eMpone.il  la  tiiae  dependent 
and  can  be  related  to  the  daualty  retro  neing  the  conaervet Ion  of  total 
menu  (t.e.,  muaa  integral)  an 


Horn  t  ho  continuity  and  uunnont  um  equation  the  particle  velocity  and  the 
pioNMui  o  prof  tin  are  determined  an 


U  -  U,  r/f?s 


O.S.3) 


O.b.4) 


the  shuck  trajectory  ia  determined  irom  an  energy  balance  aqua  ion  using 
tbo  ho  .  til  led  waste  heat  concept  , 

Uae  cKtk'ndcd  I’oi/et  (iiitl  ,'akei  1  ri  work  *  and  derived  the  v  ari  niu- 
di  filiations  behind  the  shock  In  n  genei  l  t orm  valid  tor  finite  shock 


strengths.  He  alao  pointed  out  the  important  fact,  that  If  the  equation 
of  atat*  le  specified,  the  internal  energy  distribution  can  be  obtained 
trm  it  dlreotly  without  uaing  the  waste  heat  concept  to  account  for  the 
available  and  the  unavailable  potion*  of  the  ahock  energy  for  useful 
work.  With  the  internal  energy  distribution  known,  the  energy  integral 
can  be  used  to  obtain  the  variation  oi  shock  strength  with  ahock  redi.ua 
4nd  also  the  shock  trajectory.  Following  Raa,  Lee  further  extended  the 
analysis  end  applied  it  to  the  problem  of  blaat.  wave  propagation  in  a 
detonating  gee  to  account  for  non-similar  effects  arising  from  uounter- 
prossura  end  energy  released  by  chemical  reactions.,  Porael'e  method  was 
also  later  applied  by  garb  and  Lae  to  account  for  non-similar  effects 
arising  from  the  equation  of  atato  in  their  study  of  shook  propagation 
In  solid  media. 

It  should  he  noted  that  a  similar  attempt  has  been  made  by 
Sekurit  to  obtain  an  analytical  solution  valid  for  the  entire  propaga¬ 
tion  regime  of  blest  waves  in  e  perfect  gas.  Xn  Sskural's  work,  e 
linear  velocity  profile  (i.*.,  Sq.  5.3.3)  was  first  assumed.  To  obtain 
the  density  profile,  It  was  necessary  to  further  aaauine  that  the 
derivative  of  the  density  with  respect  to  the  Shock  Much  Numbtr  in 
the  continuity  equation  can  he  neglected.  This  assumption  is  true  only 
lor  relatively  strong  shocks  and  considerable  error*  are  involved  in  the 
low  shock  Mach  Numbers  regime.  The  rest  of  Baku rat's  analysis  is  similar 
to  ours  and  the  energy  Integral  is  used  to  determine  the  shock  trajectory. 

The  essential  steps  in  the  following  analysis  on  Porxel's 
method  is  to  easume  a  power  law  density  profile  behind  the  blaat  wave 
the  exponent  of  which  1*  determined  from  the  mass  integral.  This  then 
,  nal'l»*  the  particle  velocity  profile  to  be  obtained  from  the  differential 
equations  of  mass  conservation.  With  the  to eras  lor  the  density  and 
psiticle  velocity  profiles  known  tLe  momentum  equation  can  be  integrated 
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to  dateralns  tha  pressure  prof i la.  Substituting  thase  profiles  into  the 
energy  integral  then  yields  «  first  order  differential  equation  for  the 
dependence  of  the  parameter  the  shock  strength.  The  integration 

of  this  equation  then  completes  the  solution  of  the  problem. 

Writing  down  again  the  non-similar  equations,  the  energy 
integral  and  the  boundary  conditions  as  given  previously  in  Section  5.4, 
w«  have  for  tha  basic  conservation  equations 


(5.4.1) 


c*-i)  & +*#+$}[  = 


(5.4.2) 


(4'i +  -  ieY^>  ’  <5-4-« 


I 


the  energy  Integral  given  as 


/ 


m  j[£p  J"(?(r-')+V]  ,  o.i. 


26) 


and  the  boundary  conditions  at  tbe  front ^  * /  given  by  the  following 
equations 


7+/ 


7+7'r? 


-5 


(5.1,22) 
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dOrf)  =  /-  Vcrt'-t-S 
1  Y-h 


(5.1.23) 


-  y+V'rV'+YS 

r(r+0 


(5.1.24) 


5  -  f^c/~y)(/~ycry)J 


(5.1.25) 


On  examining  the  basic  equations,  it  can  be  seen  that  the  continuity 
equation  (i.e.,  Eq.  5.4.1)  contains  only  two  dependent  variables,  the 
density  and  the  particle  velocity  .  Hence  by  assuming  the  solution 
for  one  of  them  the  other  can  be  obtained  by  solving  the  continuity 
equation.  In  Sakural's  analysis,  the  particle  velocity  profile  was 
assumed  instead  of  the  density,  hence  the  solution  of  the  continuity 
equation  for  the  density  tj'  requires  a  further  approximation  that  the 
term  is  small.  However  this  term  is  of  the  same  or<*er  of 

magnitude  as 'the  other  terms  in  Eq.  5.4.1  for  low  shock  strengths. 

Hence  the  results  of  Sakurai  become  increasingly  inaccurate  as  '-*•  / , 

If  the  density  profile  is  assumed,  then  Eq.  5.4.1  reduces  to  a  firit 
order  linear  ordinary  differential  equation  which  can  be  solver 
immediately  for  the  particle  velocity  profile  ^  without  furt-:r 
approximations.  Following  Porsel  and  Rae  we  assumed  the  density  profile 


to  be  of  the  form 


Wif)  = 


(5.5.5) 
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Using  the  solution  for  ^^^Jgiven  above,  the  exponent  can  be 

determined  from  the  mass  integral  (i.e.,  Eq.  5.4.70)  as 


ouc«i') «  (j+  oCtfo,  y)  -  0  <5 *5 *6> 


Note  that  for  the  spherical  case,  Eq.  5.5.6  reduces  to  the  form  used 
originally  by  Porzel  (i.e.,  Eq.  5.5.2).  From  Eqs.  5.5.5  and  5.5.6,  we 
see  that  the  density  profile  is  completely  specified  for  every  local 
shock  Mach  Number. 

With  the  density  profile  known,  its  derivatives  with  respect 
to  ^  and  y f  can  readily  be  evaluated .  Substituting  these  into  Eq . 
5.4.1,  we  obtain  the  following  differential  equation  for  cf  : 


dy'  (5.5.7) 

Solving  Eq.  5.5.7  subject  to  the  boundary  condition  that  *0, 

we  get  the  following  result 

9^4?^  =  (5.5.8) 


where 


(h)  -  djtfiij) 

d7' 


(5.?. 9) 


From  Eq.  5.5.8,  we  see  that  unlike  the  density  profile  which  is  completely 
specified  for  any  local  shock  Mach  Number,  the  particle  velocity  profile 
cannot  be  explicitly  determined  since  it  contains  the  parameter  Qfy^ 
which  is  as  yet  unknown.  In  Sakural's  analysis,  the  velocity  profile 
is  considered  to  be  linear  hence  the.  term  is  neglected.  Under  this 
approximation  the  particle  velocity  profile  becomes 


-  237 


(5.5.10) 

which  is  also  completely  determined  for  any  specified  value  of  .  The 

present  exact  form  given  by  Eq.  5.5.8  reduces  to  the  linear  form  given  by 
Eq.  5.5.10  in  the  strong  shock  limit  (i.e.,^-*»©  )• 

Substituting  the  density  and  the  particle  velocity  profiles 
given  by  Eqs.  5.5  5  and  5.5.8  into  the  momentum  equation  (i.e.,  Eq. 

5. A. 2)  we  obtain 
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Mr)  + 

+  ^3  ( §  £fa+*)Ag  ~'J  +  0 

+  ~ ^  (_C&+2) -<2fa+1)'h^+ZjJ 

(5.5.12) 
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In  the  strong  shock  limit  when  ,  the  pressure  profile  simplifies  to 

the  following  form 

■f(4)0)  =  -fOto)  +  ■<{■(>,  °)4>o,q)(#-,)  ■ 

(a+2) 


( /-  $0,0)  -  &fo7  ) 


(5.5.16) 


mere.  and  d)  are  the  conditions  at  the  shock  in  the 


limit  17-2  0  which  can  be  written  as 


iU‘>  o')  -  iLL  ,  £0,0)  -  <?0,  o)  = 


(5.5.17) 


Eq.  5.5.16  for  the  pressure  profile  is  identical  to  that  given  by  Sakurai. 
Summarizing,  we  see  that  in  Saku^t. ’ 1 s  analysis,  the  profiles  are  always 
assumed  to  take  on  the  simplified  form  valid  only  In  the  limit  of  strong 
shock  as  •  However  these  limit  ng  forma  were  used  to  consider  the 

propagation  regime  where  the  shock  strength  is  finite.  Hence  in  the  weak 
shock  regime,  Sakurai 's  approximate  solution  becomes  quite  inaccurate. 

From  Eq.  5.5.12  to  5.5.15,  we  note  that  the  pressure  profile 
requires  not  only  the  value  of  9(f)  but  also  its  first  derivative  to 
be  known  before  it  can  be  evaluated. 

To  complete  the  solution,  the  functional  relationship  between 
Q  and  f  must  be  determined.  Substituting  the  density,  particle 
velocity  and  the  pressure  profiles  (i.e.,  Eob.  5.5.5,  5.5.3  and  5.5.12) 
into  the  energy  integral  (i.e.,  Eq 5.1.26)  and  solving  for  , 

Wk:  obtain  the  following  equation 

=  F(e, f) 


(5.5.18) 
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where  is  given  as 

F(6'P  -  L~k  *  *M(»P'Xr')*fZgg 


y'Vfty) 


•*rVM 


4&[  iiw  - -L  +  -Wm)  )<&p 

/  ayt3  yo.f)  jf  tfOtf)  ( WfbYfy) 


A 


xf  ^thl)  (  Q-m'fa'&p) 
9L  0 

+  fa+/V2)&W)  - 
4y'V'ftf) 

/  0  /  orx-xat /*f?y cr 
jy'y'Otf)  &y 


(5.5.19) 


For  the  non-reacting  case,  reduces  to 

/=%)  =  [A  r(&+*2) 

‘  L  7  *7 


Y**') 

e?Yr+ ')  J 


+ ef-d  *  J(~ ±At‘F  /  i/  *?&('>  ?) 

L  (  4  +4y  J  &/  &7jYUn 


&yYTi> 


(0,  -rfiWw)  -h  (r-Of//  •)(Di  +  iy)<fiO;y)  7 
Syfrf  (>,->])  /^x  J 

-(!-)</+ 0^**7? 


(5.5.20) 
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D,  =  Y(j*$+y-0 


(5.5,20) 


In  the  above  equation,  the  relationship  tor  the  dependence  of  the  shock 
radius  y  on  the  shock  strength  *2? '  is  unknown.  Hence  the  differential 
equation  for y(Tj')  given  previously  by  Eq.  5.1.15 


dJ  =  -i/i'X 

d*'  ^  &V 


(5.1.15) 


must  be  used.  Eqs .  5.5.19  and  5.1.15  constitute  a  pair  of  first  order 
differential  equations  for  QCy')  andjfip  which  can  be  integrated  by 
standard  numerical  methods  such  as  the  RungL--Kutta  scheme.  The  boundary 
conditions  are  at 

9(o)  =  0B  ;  y(o)  «  o 

9  '  y  (5.5.21) 


r 

However  one  notes  that  both  Eqs.  5.5.19  and  5,1.15  are  singular  at  ~  O 
since  the  boundary  condition  state*  that  y(o)-0 .  Hence  the  slopes 
are  indeterminate  (i.e.,  j2-  ,  d^/Co)  _  ), 

dy'  o  y  a 

Trierefore  to  perform  the  numerical  integration,  it  is  necessary  to 
evaluate  both  &  and  ^  at  some  small  finite  ,&lue  of  and  proceed 

the  integration  from  this  point.  To  seek  solutions  in  the  neighborhood 
of  y'-o  ,  QCy')  and  y(y)  are  t xpanded  in  the  following  power  series 
in 

9(y)  -  Oc 

y(f)  -  y,f  * 


(5.5.22) 
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Substituting  the  above  perturbation  series  into  Eqs .  5.5.19  and  5.5.15 
equating  terms  of  similar  powers  in  'rj>  ,  the  coefficients  Oy  and 
readily  be  determined.  These  coefficients  are  extremely  lengthy  and  c 

only  be  expressed  in  repeated  parametric  forms  as 

Go  =  (5.5.23) 

y/  -  -E/Cq+AtSo) 

(5.5.29) 

0,  --  +  <?>/&  +£i/(y,9.))/c, 

(5.5.25) 

j4.  -  -y<  9'/6> 

(5.5.26) 

9X  -  &'(. A3 1 (8,-09,  t-8t90  +[ c,q%/£- 

Q&t/@0 

i-oa. /&<,  *  £j/(y,&'))/(c,  +£,/ay,)') 

/<;  c:  0-7  \ 

Ji  =  y,  (  tf/60-  GL/Q&t)  (5.5.28) 

~  &o  (  A*  +  (8l-2)8^  +  8>e/+e>}Gc 

-  8^/&?)  iL{~V( &y&0  -  Q/&*)  "  ^3&/£b  r^J/Qc 

(5.5.29) 

+( £, §6^/(3 •%)  -EA/f58.)  +e+)/(y, &*))/(€, -tie, /ay,-)') 

j4  =  y,(76>'Si/(2^  -%/&>)/? 

*--!;t*rt'  t.hc  cuff  f  Ic  lent  s  In  the  ab<  equiit  i  .ons  are  n.s  follows 


(5.5.30) 
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•/•  y*  !^^k- 


?urtb*r,  by  defining 

/?0  *  '•'Y, 

^  ».  - JffsiA,/*/) 

-  /?. ('V ?47^ l-^t6/^>) 

fij  »  /Fol-l 
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/  *•  c Rf  +~  ctt 
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*  /lrj  +h-p' 

a„  *  A<£ 

U,  “  <£»$  * 

Ut  *  ^o<?l  * 

u j  =  ^»<4  ^ 

^  ‘  A>A 

\z,  * 

%  *  AA 

•  A<^  ’‘A^- 
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4(/4  *  t'V^  +$/} 
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th*  C'a  «nd  E'«  arm  glv*n  by 

C,  -  -<V4  V  t-/4-  -<>>*>"><*/« 

cK  *  (r-’)g?rj(v+  -<v*  -  fj*  >xr-»tu./t 

Cj  *  Of-i)t'f'rii/+  -HtM 

c4  *(l-i)$ynt*/4  -«iM  t-fcM  -(/'fHfO‘4. >/a 


£f  »  (J+‘'Hl->)7c,1-/4- 
£ x  *■  ycf^tfo 

Sj  *  (J* ')(&’<} 

£4  *  Cjn)ft-}yeTll/4- 


For  th*  non -r*«c ting  cm,  the  coefficient*  of  £qa.  5.5.23  to  5.5.30 
r*duc«  to  elmpler  fora*  glv«n  by 

A  *  6,/frrr*'i) 

-  -£  +  i‘O£>/++Vft'fr'0 

Aj  *  0-f)r-xj*  »)/<&') 

A*  *  ° 

8 !  *  -  -4 

=  -3(j+ ocj+  <  >  )/&* 

^  *  t)(bf+j(r-'0/(4n+'f) 

c\  *  ( - b?  +ty( + 4jty  >))/(MP  f) 
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c,  «  [  A  ( -  £  *  ()[■  •)(/*  •>)  *  4  (*  -ft-  'fy  *  ■  >)] / faff*  •? ) 


c+  « -(j-a-'W '>)/( }■<■•>'*- 

g  «  ■■(}■'  >(j*  0  tf"/(  Srrt’i) 

£x  *  ~{t-<)(j+i)bt/drt') 

£j  »  -AOr-OCJ+o/ffH) 

s*  *  o 

b,  *  YO+V+J-s 

fro*  So .  5,5.23,  m  not*  that  tb.  co.fflcl.nC  Q  - /%  vblch 
yields  the  time  n^ouint  fj  -  2/S,  1/2  and  2/3  for  spherical,  cylindrical 
and  planar  strong  blast  waves  as  in  cK«  classical  self-slo-lUr  solution. 

for  given  geometry  "  j  ",  tha  Chapman- Jougu  at  Mach  Number  Jcr  » 
and  tha  spaolflc  hast  ratio  V  ,  tha  parturbation  coefficient*  SL,$ 
and  ara  first  determined.  Using  tha  parturbation  expressions  givan 

by  £q .  SoS.22,  &  and^y  ***  determined  at  soma  small  valua  of  J,m  J'* 
where  Jt*«  /  .  With  as  starting  values,  Eqs.  5.5.19 

and  5.1*15  can  than  ba  integrated  numerically  using  the  Runga-Kutta 
method.  From  our  experience,  it  wea  found  that  using  the  Runge-Kutta 
method,  tha  step  alee  h  must  be  small  as  compared  to  in  the  early 
phases  of  tha  integration  otherwise  large  errors  are  generated.  It  was 
found  that  using  h  £  gave  good  results. 

To  determine  tha  shock  trajectory  the  Identity 


rt  —  Oh 

n$  — 


dt 


is  used  and  expressing  the  above  aquation  in  dimensionless  parameters^/ 
and  get 


“  ‘ ' '  *25£‘*r 
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^£lJr 

fio 


(5.5.31) 


As  the  solution  for  j/fy)  and  Is  being  determined,  the 

Integral  In  Eq ,  5.5.31  can  simultaneously  be  carried  out  numerically 
yielding  Che  shock  trajectory. 

For  small  values  of  y  1  ,  an  analytical  expression  for  the 
shock  trajectory  can  be  obtained  by  substituting  the  expansion  for 
yf1}')  Into  Eq.  5.5.31.  Evaluating  the  Integral,  we  get 


fie 


H  *  Us!  tXf?  rte3 ,  7 

J  Sjf?  7p3  j 


(5.5.32) 


where 


T,  * 


7^  *  Pjmfa/y,  -  jytAyfr "))  / 'j*  •) 
+  j(»j *  oyi/( < 6y,  tyoV )/(/*■' 


and  the  ym's  are  given  previously  by  Eqs.  5.5.24,  5.5.26,  5.5.28  and 


5.5.30. 


Looking  at  the  extreme  complexities  of  the  various  coefficients  and 

given  in  the  preceeding  pages,  one  cannot  help  but  ask  whether  all 
these  are  necessary  since  the  method  after  all  is  only  approximate.  We 
have  tried  various  methods  to  obtain  the  starting  values  for  &  and 
in  the  simultaneous  Integration  of  Eqs.  5.5.18  and  5.5.15  and  found  all 
of  them  to  be  unsatisfactory.  It  should  be  pointed  cut:  that  the  inte¬ 
gration  of  Eqs.  5.5.18  and  5,5.15  is  stable  only  in  the  forward  direction 
of  increasing  y*  ,  hence  iterating  for  the  correct  starting  values  by 
going  backwards  to  recover  the  boundary  conditions  at  y sO  does  not 
work  in  this  case.  Another  obvious  method  is  to  use  the  perturbation 
solution  given  in  Section  5.2  to  yield  the  starting  values  for 
and  yfy*')  since  the  perturbation  solution  is  extremely  accurate  for 
•  However  the  approximations  in  the  perturbation  scheme  are 
not  consistent  with  those  in  the  method  of  Porzel  and  although  the 
starting  values  might  be  more  accurate,  the  use  of  them  to  start  the 
integration  of  Eqs.  5.5.18  and  5.5.15  results  in  oscillations.  However 
these  oscillations  damp  out  rapidly  and  a  smooth  curve  for &fy')ar\d yty') 
can  be  obtained.  Hence  if  one  tolerates  some  oscillations  in 
the  Initial  period,  the  perturbation  solution  could  be  used  to  start 
the  integration.  In  the  authors'  opinion  the  relationships  for  the 
coef f ic lents  and  although  complex  need  to  be  obtained  only 

once.  Since  they  are  consistent  with  the  approximations  of  the  method 
and  yield  good  results,  we  feel  that  the  use  of  them  is  justified. 

It  should  be  noted  in  the  method  of  Porzel  just  described, 
the  only  approximation  Involved  is  the  form  for  the  solution  of  the 
density.  Based  on  only  one  assumed  form  for  the  density  profile,  the 
particle  velocity  and  the  pressure  prer  i.;>  art  determined  exactly 


from  the  basic  conservation  equations.  It  the  power  law  form  for  the 
density  profile  assumed  is  exact,  as  in  the  case  of  strong  spherical 
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blast  in  a  medium  with  Y-  7  >  tken  the  velocity  as  well  as  the  pressure 
profiles  are  also  exact.  From  numerical  solutions,  we  see  that  the 
density  profiles  for  various  values  of  ^  and  shock  strengths  can  closely 
be  approximated  by  a  simple  power  law.  Hence  the  method  should  yield 
extremely  accurate  results. 

The  present  method  satisfies  conservation  of  total  mass  and 
total  energy,  however  if  the  solutions  for  ^4  ,  (jfo  and  given  by 
Eqs .  5.5.5,  5.5.8,  and  5.5.12  are  substituted  into  the  differential 
equation  of  energy  conservation  (i.e.,  Eq .  5.4.3)  it  is  found  that  the 
energy  equation  is  not  satisfied.  This  is  due  to  the  approximate  forms 
of  the  profiles,  and  for  the  particular  case  of  >  J  ~  2.  y  W- O 

in  which  the  profiles  are  in  fact  the  exact  solution,  the  energy  equation 
is  also  satisfied.  However  since  quantities  such  as  the  shock  trajectory 
and  the  shock  strength  -  shock  radius  relationships  depend  on  the  inte¬ 
grated  total  energy  and  that  is  conserved,  accurate  results  can  be 
obtained  in  spite  of  the  fact  that  the  energy  profile  is  in  error. 
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5 .6  Shock  Propagation  in  Solid  Media 

In  this  Section  we  shall  demonstrate  the  use  of  Porzel's 
method  described  in  the  previous  Section  to  account  for  non-similar 
effects  arising  from  the  equation  of  state.  We  shall  treat  the  problem 
of  strong  shock  propagation  in  a  solid  medium.  For  sufficiently  strong 
shocks,  the  material  strength  of  the  media  can  be  neglected  as  compared 
to  the  dynamic  pressure  Involved  typically  of  the  megabar  range.  Under 
this  condition,  the  shocked  states  can  be  approximated  to  behave  as  a 
ccmpres®  ibl  p  inviscid  medium  and  the  hydrodynamic  equations  given  *  - 
Chapter  II  can  be  used  with  the  exception  of  the  equation  of  state 
which  for  solid  media  is  quite  complex  in  general.  A  full  description 
of  the  various  equations  o'  state  for  solid  media  is  given  by  Rice, 
McQueen  and  Walsh  In  their  review  article  in  the  Advances  of  Solid 
State  Analysis.  We  shall  not  go  into  a  discussion  on  that,  but  rather 
use  the  simplified  form  for  analytical  work  derived  by  Rae. 

For  ar.  arbitrary  equation  of  state  the  basic  non-similar 
equations  can  be  written  as 


&-i)  &  * 


=  B%djf 


(5.6.1) 


#  -f  f ;  +**?  |  -£%. ) 


(5.6.3) 
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where 


9  -  R±£s 

fit 

%  =  '//% 


(5.6.4) 

(5.6.5) 


(5.6.6) 


In  the  above  equations  ^  is  used  as  the  other  independent  variable 
instead  of  used  before  because  of  convenience  as  we  shall 

t 

see  later.  One  can  write  the  energy  integral 


E0  =  f  (e  -  ft  -t  <^/z  )f  r'dr 


(5.6.7) 


which  transforms  to 


/  = 


(5.6.8) 


where 


<?  ^ 

J  -  (fts/fic,)'*' 

R.  =  {E-y(ECt9))RT 


(5.6.  ) 


(5,6.10) 


(5.6.11) 


The  shock  strength  -  shock  radius  relationship  can  be  oo1'  lined  by  the 
differentiation  Eq .  5.6.10  with  respect  to  y^  as 


^  s-j 

dys 


(5.6.1?) 


For  so1 id  media  under  high  pressures ,  the  equat ions  ot  st  at  i 
ire  generally  derived  from  i  xpi  i innital  shock  wave  data  The  nature 


i.f  then#  exper  Intents  In  general  Is  to  accelerate  a  metal  plate  to  high 
velocities  by  solid  explonivea  end  let  It  impact  onto  a  target  material. 

The  shock  wave  and  the  particle  velocity  in  the  target  material  are  the 
two  usual  parameters  measured  and  the  shock  Hugoniot  determined  from 
these  data.  For  most  solids,  It  was  found  from  experimental  shock 
Hugoniots  that  a  linear  relationship  exist*  between  the  shock  velocity 
and  the  particle  velocity,  Thia  relationship  1s  generally  written  as 

/?s  »  CtSU,  (5.6.13) 

where  C  end  Sere  the  experimentally  determined  constant*.  Using  the 
above  equation  the  Mie-Gruneieen  equation  of  state  as  derived  by  R«e  is 


e-e«  «.  _  -  -i—  (P-M 

C*  ZC*&~0f  -2^'O^syO -tS-Of)  (5.6.14) 


and  in  terms  of  the  non-dimensional  parameters  used,  it  becomes 


[I 


(&-•)■£  7 

s-a-of  -J 


C*.6.16) 


In  the  above  equation  the  Gruneisen  factor  is  assumed  to  be  constant 
having  ite  limiting  value  of  at  $$  .  As  pointed  out  by 

Rae,  Rq ,  5.6.15  ceases  to  be  valid  in  the  limit  of  vory  high  pressure 
end  also  at  low  pressure.  It  ie  however  a  good  approximation  in  the 
intermediate  pressure  range  where  the  linear  relationship  between  the 
■hock  velocity  and  the  particle  velocity  applies.  For  the  sake  of 
convenience,  Eq .  5.6.15  is  used  in  the  entire  range  of  pressures 
hearing  in  mind  its  limitations.  A  more  accursge  form  of  the  Mle- 
Grunelsen  equation  of  state  valid  for  a  much  wider  range  of  pressures 
has  been  derived  by  Tiilotson.  With  minor  modifications  TLllctsort's 


-  2..-  - 

1mm  can  be  Incorpor/ 1 ;d  Into  the  non-nlmllar  methods  deaci  ibed  In 
till*  chapter. 

Using  tbe  equation  of  state  given  by  Eq .  3.6.15,  we  can  see 
that  the  departure  from  similarity  nrlnea  from  the  finite  shock  Mach 
No.  term  on  the  right  hand  aide,  Kor  strong  shocks  where  -je  o  , 
this  non-similar  term  vanishes  and  Eq .  5.6.15  reduces  to  a  form 
similar  to  that  for  a  perfect  gas. 

Using  Eq.  3.6.13,  the  boundary  conditions  at  the  shock 
front  can  readily  be  obtained  from  the  Ranklne-Hugonlot  relationships 
which  can  be  written  aa 

(5.6.16) 


h )  "Jr*.  " 

/•* * 

(3 

>k*') 

Substituting  Eq .  5.6.13  Into  the  above  equations,  wo  obtain  the 
following  relationships  for  transition  serosa  a  shock  wave  In  a  solid 
media 

Ww  '  s—  (5 


* 

L2 

s 

(5.6.19) 

A  '«*> 

LJi. 

s 

(5.6.20) 

To  obtain  non-almllar  aolutlona  to  the  propagation  of  shock  wave  in 
solids,  any  one  of  the  non-almllar  methods  described  In  this  Chapter 
.an  be  used  based  on  the  above  formulation.  The  quasl-slmllar  method 
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of  tlshlma  was  used  by  Rae  and  the  method  of  Porzel  by  h*ch  anu  Lee. 

We  shall  present  the  analysis  using  the  method  of  Porsel  below  since 
it  yields  better  results  for  the  distribution  of  the  various  properties 
beh'nd  the  shock.  As  far  as  the  shock  trajectory  1b  concerned,  the 
quasi-similar  method,  the  method  of  Portol  and  the  ample  quasi-steady 
of  Rae  yield  vary  close  results. 

Using  the  method  of  Porsel,  the  density  profile  is  again 


assumed  to  be  a  simple  power  law  of  the  form 


if  ~ 


(5.6.21) 


where  the  exponent  determined  from  the  mass  Integral  is  given 


(5.6.22) 


From  the  continuity  equation  we  obtain  the  particle  velocity  profile 


to  be 


(5.6. 2i) 


where 


(£)  =  d^'.W 


(5.6.24) 


From  the  momentum  equation  we  obtain  the  pressure  profile  to  be 


■ff$,  --  ft'A) +-6(£v£w»H-i]*0 


(5.6.25) 
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whore 


I  ~V± (5.6.26) 

^  ^  v 

-  <3x^0,  h)  -<s>fyh  ft) 

£ 

4  »  )<8fy  Ot  )  (5.6.28) 

These  profiles  are  identical  in  form  to  those  given  in  the  previous 
Section  for  a  perfect  gas  since  they  are  obtained  from  the  continuity 
and  momentum  equations  only.  Substituting  the  density  and  pressure 
profiles  into  the  equation  of  state,  the  distribution  of  Internal 
energy  can  be  obtained. 

Substituting  the  various  profiles  Into  the  energy  integral 
and  solving  for  d&/d  we  get 

c/e  _  J&'.Kl-/  j.  (d.+*fd(HW  +  %Y/tZ£'> 

dft  Vs  s#  % 

{/ +<■/+*!->)  +  £  fa',T)iXJ,+31s? 

i  sjj.*- 

-  )gW/,  k  )  j_(j*  pa-  o  ?  \  kYj,^9s  ) 

VsVO>K)  Is 

-  J(J* ors- -){d/ *Vs')\ 

y5  j  £5  (5.6. 


Js 


(5.6.29) 
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4  s  s(ft*)-z 


(5.6.30) 


G(vO=  - 1 -- - j J«(sz!i3‘)  <-0j2sf 

“  '  An-'Ys-n^yjt:)  (  (  7s  / 


.  ssfS-oo-ft)  +  4s^±CHO 

%  fiH- Ji) (Stic  fi ))  oi (if/-?:.  -)(Si-X'-f0)(3ti('-p) 

-  s(SH-fc)  y^/^-)kr — ' — - 

(. k( S  +k(hfo)( U 

-  y^/.szA.  ■{ 

fl-  f-'  (  S-r*n  ' 


(s or ^0(5  s+{b  iy/-fa) 


(5.6.31) 


To  obtain  and^//}^)  we  have  to  Integrate  Eqs.  5.6.29  and  5.6.12 

s Imultaneoualy  with  the  boundary  conditions  G  ^  &  *  Gc 

at  as  before.  As  in  the  perfect  gas  case,  Eqs.  5.6.19  an’ 

5.6.12  are  singular  at  y$-o  ,  so  we  must  determine  0  and  y 
at  some  small  value  of  ^  to  start  the  numerical  Integration.  In 
this  case  however,  we  cannot  assume  expansions  for  &  and  ^  in 
the  form  given  before  by  Eq.  5.5.22  since  the  function  )  has  a 
term  (see  Eq.  5.6.31)  and  hence  the  previous  form  does  not 
satisfy  the  differential  equations  (i.e,,  Eqs.  5.6.19  and  5.6.12). 
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Rather  than  solving  for  the  proper  starting  form  for  J  and  Q 
the  following  procedure  Is  adopted. 

Noting  that  the  cohesive  contributions  In  the  Mie-Grunclsen 
equation  of  state  are  small  under  very  high  pressures,  the  non-slmllar 
term  In  Eq .  5.6.15  is  assumed  to  be  negligible  as  compared  to  the  first 
term  lor  small  but  finite  .  Eq.  5,6.15  then  reduces  to 


9 


(5.6.32) 


which  Is  identical  in  form  to  that  for  a  perfect  gas  when  9/S~')  Is 
replaced  by  Y-/  .  Hence  by  assuming  the  solid  medium  to  behave  like  a 

perfect  gas  with  the  value  of  &  and  y  for  some  small 

value  of  Jg  can  be  determined  as  In  the  previous  Section.  With  ttaeae 
as  starting  values,  Eqa.  5.6.19  and  5.6,1?  «ie  then  integrated  numeri¬ 
cally.  The  solution  for  0  and  y  .  obtained  using  this  procedure 
demonstrates  a  slight  oscellatlon  but  rapidly  damps  out  to  give  a  smooth 
monotonlc  function  of  . 

The  oscillations  produced  when  the  transition  from  the  perfect 
gas  to  the  Mle-Grunelsen  equation  of  state  is  made  is  a  direct  result  of 
the  mismatch  in  the  boundary  conditions  at  the  shock  front.  For  small 

when  the  medium  was  assumed  to  behave  as  a  perfect  gas,  the  boundary 
conditions  used  are  those  given  by  Eqs.  2.2.25  to  2.2.27  in  Chapter  II 
with  Y ''  .  These  values  obtained  differ  from  those  for  a 

solid  medium  when  the  boundary  conditions  are  determined  by  Eqs.  5.6.18 
to  5.6.2C.  the  values  obtained  using  the  different  relationships  only 
agree  in  the  limit  as  •  To  obtain  a  better  solution  for  &(%) 

and  y(%)  for  small  values  of  ,  an  approach  similar  to  Rae's 

"quasi-steady"  method  can  be  used.  The  equation  of  state  is  first 


written  as 
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/  O?f0- ‘Yti  (5.6*33) 

with  Y  allowed  to  vary  with  ^  such  that  the  boundary  conditions  at  the 
shock  front  as  determined  by  Eqa.  5.6.18  to  5*6.20  are  recovered  at  all 
times.  For  any  values  of  ,  the  boundary  values  for  1/^/t )  ,  ^C')  and 
■((<)  from  Eqs.  5.6.18  to  5.6.20  are  then  equated  to  their  corresponding 
values  across  a  strong  shock  wave  in  a  perfect  gas  as  follows: 


yji)  - 


3-,  y7s 


TCMtL 

rtK)  -/ 


(5.6.34) 


(fo1)  *  -ft*)  ~  life  -  — - 

Solving  for  Yrf§j  from  the  above  relationships  we  obtain 


(5.6.35) 


ytk)  *  miktL 

VO)  -/  cfr,)  -fro 


(5.6.36) 


yfy/s)  2s__//_Vs  (5.6.37) 

With  the  equation  of  state  as  given  by  equation  5.6.33,  solutions  for 
&K)  and for  small  values  of  7^- are  next  obtained  in  a 
manner  similar  to  that  for  the  perfect  gas  described  in  the  preceeding 
Section.  Evaluating  the  energy  integral  using  Eq .  5.6.33  for  the 
equation  of  state  and  solving  for  t  we  get 
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0ys 


(5.6.38) 


where  df  is  defined  previously  by  Eq.  5.6.30.  Together  with  Eq .  5.6.12 
for  f  a  pair  of  differential  equations  is  obtained  for 

and  JCfi)  •  Eqs.  5.6.38  and  5.6.12  now  permit  the  solution 
of  and  J  for  small  values  of  to  be  of  the  form 

9  *  9o+8,ys  +  +  *  * 

(5.6.39) 

j/  ~ 

The  coefficients  ^  and  y^  can  readily  be  evaluated  by  substituting 
Eq.  5.6.39  into  Eqs.  5.6.38  and  5.6.12  The  resultant  expressions  for 


them  are  given  below  as 


-J/v  9/a 


(5.6.40) 


S/  =  A,&0  +c,  +  t>,/y,  ) 


(5.6.41) 
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*  Ga  [Az  -bCz/B^  i~  ba./(y,Go)  +Ql 

Co 

r  8,&0  -  ci  G/e?  *  t>,  8, /at- e,  ] 

y,  -  — - 

y  /U*« 

y^  — 

ys  --  y,(  3^/at  -  */&) 

where 

A  =  d>/s 

A,  -(  *($+*) -*J)/S 

Ax  -  *Q+')/s 

B0  *  J(/+(/V,ys-o)/4 

c„  =  dyd'+jfs-D/s'- 

C,  =  [d,CJ+31  +(3-dl)(dl+j/s-»)l/s‘- 

ct  »  [r±4Xj*j)  -zfy+ycs-oij/s1- 

t>0  -  -sQtO/s-ydt/s 


(5.6.42) 


(5.6.43) 


(5.6.44) 


(5.6.45) 
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A  =  -3(/'+')d,(d,S 

4.  =  -Z(J+'Xdf*2  Sd/  +4fS-o)/S 

t 

and  Of  is  as  given  before  by  Eq .  5,6.30.  For  any  arbitrary  small 
value  of  ^5  ,  the  values  and  are  obtained  from 

Eqs .  5.6.39  to  5.6.45.  Using  these  as  starting  values,  the  original 
equation  for  d&/dy$  (i.e.,  Eq.  5.6.29)  and  Eq.  5.6.12  can  then 
be  integrated  numerically.  We  found  that  using  the  starting  values 
obtained  by  this  procedure  gave  negligable  oscillations  initially 
cince  the  boundary  conditions  at  the  front  are  now  matched.  Detailed 
results  from  this  calculation  can  be  found  in  the  paper  by  Bach  and 


Lee . 


5 . 7  Asymptotic  Motion  of  Detonation  Way** 


W«  have  thus  far  demon.it  rat  ad  three  non-* irnllur  method*  for 

describing  the  motion  of  a  detonation  w«ve»  init  luted  by  the  Inst antanaoo* 

release  of  a  finite  quantity  of  energy  £>  .  All  these  method*  give  a 

fuirly  accurate  prod lc-  ton  of  tho  detonation  .notion  for  strong  detonations 

(i.e.,  /  )  but  failed  to  describe  the  asymptotic  he<  4viov  ss 

o^>>r+7cr  ).  In  Ch 1 n  Section,  we  shall  Investigate 

this  asymptotic  regime.  For  non-reacting  blast  wave,  the  asymptotic 

decay  law  baa  baan  studied  by  a  large  numhar  of  investigators,  particularly 

by  the  Loa  Alamos  group  in  connection  with  nuclear  blast  effects  (e.g,, 

Penny,  Bethe,  Brinkley,  Kirkwood),  by  Whltham  and  LlghthUl,  and  in  the 

Soviet  Union  by  Landau  and  Sedov,  Recently,  Levin  end  Cbernyl  gave  the 

analysis  for  the  asymptotic  motion  of  detonation  wave*  and  pointed  out 

the  interesting  possibility  that  for  spherical  and  cylindrical  detonation, 

Chapman-Jouguet  condition  can  be  met  at  a  finite  shock  radius.  For  planai 

detonation,  the  Chapman-Jouguet  condition  is  met  at  infinite  shock  radius, 

analogous  to  the  non-reacting  blast  where  the  acoustic  limit  is  only 

approached  at  ^s"**4*9  .  Th**  approach  to  Chapman- Jougvet  at  a  finite 

radius  is  an  Important  result,  since  by  relating  this  radius  with  the 

initiation  energy  and  using  some  physical  arguments  might  lead  us  to  the 

development  of  a  quantitative  theory  for  the  prediction  oi  the  critical 

energy  for  the  direct  Initiation  of  cylindrical  or  spherical  detonations 

in  a  given  explosive.  We  have  been  studying  this  asymptotic  problem 

following  similar  lines  as  Levin  and  Cbernyi  and  found  that  although  the 

mathematics  indicate  such  a  possibility  ior  cylindrical  or  spherical 

* 

decaying  waves  to  approach  Chapman- Jcsiguet  conditions  at  a  finite  radius, 
it  is  not  obvious  that  this  possibility  is  indeed  the  unique  solution. 

To  prove  the  uniqueness  of  the  solution  we  h- ve  to  carefully  analyse  the 


appt  n*t  mat  ions  used  In  taking  '<»«>  various  limit*  a*  well  a*  the  details  of 
(ha  flow  Rfhii'lur**  of  (ha  decaying  ami  the  self -a Initial'  Chapman*, loo  goat 
solution.  At  present  wa  hava  not  completed  Ihta  study  to  our  aat laf act  inn 
hot  laal  that  tha  Impoitance  of  ( U»<  aaymptnt  lo  hahavtoi  warrants  an 
exposition  of  tha  analysts  to  d->m,n\*l  rale  thla  possibility  of  decay  to 
Chapm.ui<*.luugnet  detonaltona  at  a  (lotto  imhi«  lot  cylindrical  and 
spherical  symmetry, 

Following  Chernyi ,  wa  ftrat  Mat  iva  tha  ralatl  onahtpa  at  tha 
wave  front  aa  /  ,  Tha  hoomlary  conditions  at  tha  front  ara  given 

previously  aa 


n 


2±L 

rtj’r, 


-S 


(5.1.312) 


/  *_£  Vf/-  t  S 

irtt 


(5  1.23) 


SO,r)  7+y*r+rs 

W+o 


(5.1.24) 


'A- 

where  5  * 


(5.1.25) 


we  define  €  *  t'J*  >  j'*  ^  (5.7.1) 

and  In  the  asymptotic  regime  whan  *  y'-> / 

£  «  /  .  Expanding  the  boundary  conditions  in  powers  ot  £  , 


we  obtain 


&•£•/*  <n:r'Oj  ,  I 

ft,  fir  ftfirlSt'-*,  '  OtfirY/'fir)  -* 


& 

Utr 


o  ;.a) 


/  + 


( ~*r  ){■ 1 

t  /mfrr  J 


r  (Jjfr  $  + 

JO' ft!) 


L 

Ar 


*  f  +  YuJkr'fe  l  t  A —  t  1 

Ytfcr  L\  /-fcr'  Oftj  — ' 


(5./.M 


In  the  above  expression,  the  aubacrlpc  C T  denotea  conditlona  at  a 
Chapman- Jouguet  detonation  front.  To  obtain  tha  variation  of  entropy 
at  tha  front  In  tha  aaymptotlc  ragtm«>,  va  find  an  expression  for  Hp* 

aa 


k  -  C^kr)  .  Ar 

I°r  (rtotf  jtr 

and  uairig  Bqa ,  5.7.2  and  5.7.4,  va  gat 

t~  »  Ar  f  /  /■  YCY’OQ-  Vct)  €  &  -  •  7 


fc. 


(5.7 ) 


(5.7.6) 


From  tha  abova  aquation,  wa  see  that  to  tha  order  of  ,  the  entropy 

ramaina  conatant  at  tha  front  and  la  equal  to  its  value  at  Chapman -Jouguet 
conditlona . 


To  obtain  the  decay  law,  that  Is  the  variation  of  £.  with  shock 


ladtu*  ,  v#  no  back  to  lb*  basic  cons* tvat Inn  equations,  Using  the 
momentum  end  tbs  energy  squat too  given  lit  tbs  previous  Meet  Ion  5,4 


(f  '  'w7  »p 


(S.4.2) 


(H)^  *  n‘$  +  '  **7$f 


=  -28/C') 


(5.4.3) 


and  evaluating  than  at  ths  front,  wo  got 


('fio-Ojg'j  +rA‘)^/ 


-  s-j8yj&>  (s.7.8) 

Since  s^ro  -  /  -  -  '/•&>)  ,  from  the  conservation  of  maB8 

across  the  front,  addition  of  Eqs.  5.7.7  and  5.7.8  yields 

S  j  -  +  %£r'>  J 

-  V/V&O  (5.7.9) 


Using  the  boundary  conditions  given  by  Eqs.  5.1.22  to  5.1.25  to  evaluate 
the  derivatives,  Eq.  5.7,9  can  be  written  as  follows  after  some  algebraic 
manipulating . 


2h9 


s\ 4 1  «  -j£  f  (3+l'*l'r)S  *i~f 

*1  t-<  #!*<)  I 

-;V5?  -  7'*^"/ 


(/-y'leTtVCrij'icr+rs) 

Cf4tS~  (5.7.10) 

Solving  for  $  in  tha  above  aquation,  we  get 


(5.7.13) 
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The  slope  of  the  particle  velocity  at  the  front  in  the  limit  ea  given 
previously  in  Chapter  III  on  the  propagation  of  Chapman-Jougust  planar 
detonations  by  Eq.  3.1.6  is 


*4 1 


3 

rn 


Substituting  the  above  equation  into  Eq .  5.7.13,  we  get 


From  the  definition  of  O 


B  = 

2S  ctts 


and  the  Identity 


fiid  --  -  -My'jgt, 

oA  a f/ns  'df 


we  can  write  Eq.  5.7.15  as 


9^-3.  42.'  **  -3c*2( 

<?y' c//?S  '  £ 


t 


(5.7.14) 


(5.7.15) 


(5.7.16) 


since  Cir  /  .  SuDStituting  Eq .  5.7.16  into  Eq.  5.7.15  and  noting 

that  (£■  *  /*^  and  f  we  get 

(5.7.17) 

Integrating  the  above  equation  yields 


641 

a 


€  -  i-y'  * 


(5.7.18) 


where  is  an  arbitrary  constant  of  integration.  Since  y*m  $Cj/ * p 

where  is  the  Chapman-Jouguet  detonation  velocity,  we  can  write 


Eq .  5.7.18  as 
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L'-c&M  *  ^ 

Since  *•//%  «  /  ,  we  can  expand  the  square  bracket  and 

taking  the  £irst  term  only  upon  integration  yields 

/  +  i[  %')  +  "  ]  (5.7 

Substituting  Eq.  5.7.18  into  Eqs .  5.7.2  and  5.7.4  we  get  the  asymptotic 
decay  laws  for  a  planar  Chapman -Jouguet  detonation  as  follows 


(5.7.24) 
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From  Eq.  5.7.24,  we  aee  that  the  decay  of  a  planar  blast  to  an  acoustic 
wave  has  no  asymptote.  The  blast  trajectory  always  Intersects  the  straight 
line  R%- Cot  ■  constant  for  any  large  value  of  the  constant. 

Por  cylindrical  and  spherical  symmetry,  J ^  O  and  the  first 
term  in  Eq .  5.7.12  remains 


e  s 


(rt'p') &L  , 


(5./ .12; 


From  Eq.  5.7.12  given  above,  we  see  that  the  first  term  on  the  right  hand 
side  vanishes  as  7J1-*/  like  (/-y')  ^  .  However  in  Chapter  III,  it 

was  shown  that  for  the  self-similar  solutions  of  cylindrical  or  spherical 
Chapman-Jouguet  detonations,  the  slope  of  the  particle  velocity  at  the 
front  is  infinite  and  behaves  like  0  88  /  •  Hence  it 

seems  reasonable  to  assume  that  the  second  term  of  Eq.  5.7.12  (l.e., 

j  £  mr/^/)  must  behave  like  (hy')*~  as  y'-?  /  although  we  have 
to  carefully  look  into  this  further  and  exercise  great  care  in  the  taking 
of  the  limits  of  both  and  ^  as  they  approach  unity.  With  the 
assumption  that  the  second  term  behaves  as  as  ,  we  can 

write  Eq.  5.7.12  as 

9  ~  ~AJ{ f~y')  (5.7.25) 

where  fJ  is  some  constant  depending  on  the  behavior  of  the  limits  of  the 
second  term  of  Eq.  5.7.12.  Using  Eq .  5.7.16,  we  can  write  Eq.  5.7.25  as 


(5.7.26) 


Integrating  the  above  equation  yields 
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or  (5.7.27) 

ez  *  el -a/ Mis. 

#So 

where  *  Rs»  at  y*  *yL  .  From  the  above  equations  we  see  that 

t 

as  y -P  /  and  £-PO  ,  the  detonation  becomes  a  chapman-Juuguet  wave  and 
we  have 

f/^o4 

/?S«o  *  &o  €  N  (5.7.28) 

where  /?S*»  is  the  radius  when  the  detonation  becomes  a  Chapman-Jouguet 
detonation  wave.  It  should  be  remembered  that  Eq.  5.7.28  Is  valid  only 
when  yL  is  very  close  to  unity  itself.  In  practice  o*>  can  be  obtained 

by  extrapolation  as  %“*  /  using  various  values  of  R$m  and  yl 

from  some  non-similar  solution  to  determine  the  corresponding  R$«o 
blnce  Eq.  5.7.28  is  only  valid  for  sufficiently  small  values  of  , 

the  non-similar  method  used  must  be  accurate  In  this  regime.  We  have 
found  that  both  the  perturbation  and  the  quasi-similar  method  is  quite 
inaccurate  for  but  the  method  of  Porzel  yields  excellent  results 

in  this  regime . 

The  corresponding  asymptotic  decay  laws  for  cylir.drlcal  and 
spherical  detonations  can  be  obtained  by  substituting  Eq.  5.7.27  into 
Eqs.  5.7.2  to  5.7.4  as  demonstrated  in  the  planar  case. 


274 


CHAPTER  VI 

ASYMPTOTIC  SEIF -SIMILAR  MOTION 

6.1  General  Considerations 

The  initial  conditions  necessary  for  the  existence  of  self- 
similar  solutions  are  in  general  quite  impossible  to  fulfill  in  practice. 

For  example  the  constant  energy  self-similar  solution  for  strong  blast  waves 
requires  an  Idealized  point,  line  or  planar  energy  source  of  infinite  power 
density,  the  self-similar  solution  for  piston  driven  smocks  requires  the 
piston  to  have  an  infinite  acceleration  at  the  initial  instant,  and  the 
self-similar  solution  for  the  explosion  of  a  gas  sphere  into  a  vacuum  re¬ 
quires  special  initial  distributions  of  the  fluid  states  in  the  sphere.  If 
these  idealized  Initial  conditions  are  not  met,  and  self-similar  solutions 
exist,  they  cannot  be  valid  initially  but  may  give  an  approximate  descrip¬ 
tion  of  the  asymptotic  behavior  when  the  influence  of  the  initial  conditions 
of  the  motion  becomes  vanishingly  small.  For  example  if  a  blast  wave  is 
generated  by  the  release  of  energy  in  a  finite  time  c  and  in  a  finite 
volume  of  radius  ,  then  the  constant  energy  self-similar  solution  can 
only  be  used  to  describe  the  motion  at  late  times  £  »  <T  and  at  a  shock 
radius  »  f?i  ,  providing  of  course  the  shock  strength  still  remains 
sufficiently  strong  to  neglect  counter-pressure  effects.  It  should  be 
pointed  out  that  even  when  the  conditions  t  >>  TT  and  "»  /^*  are 
satisfied,  the  self-similar  solution  cannot  be  uniformly  valid  in  space 
from  r  =  0  to  r  =  .  The  mass  that  has  been  subjected  to  the  Initial 

non-similar  motion  can  never  acquire  the  self -similar  form.  Hence  in  prac¬ 
tice  the  self-similar  profiles  are  only  valid  in  the  neighbourhood  of  the 
shock  front  and  cannot  describe  the  flow  in  the  region  near  the  center.  As 
a  result,  the  energy  scaling  principle  is  not  valid  even  though  the  blast 


trajectory  and  flow  near  tbe  shock  front  may  adequately  be  described  by 
the  self -similar  motion  since  taking  the  energy  integral  from  r  *  0  to 
r  =  Rg  includes  mass  that  bears  the  memory  of  the  initial  non-similar 
motion. 

To  illustrate  the  influence  of  the  initial  non-similar  condi¬ 
tions  on  the  asymptotic  self-similar  motion,  consider  an  experiment  on 
the  propagation  of  a  cylindrical  blast  wave  generated  by  a  linear  spark 
discharge  or  an  exploding  wire.  For  diagnostics,  we  measure  say  the 
blast  trajectory  and  the  shock  pressure  variation  with  radius.  By 
matching  the  experimental  blast  trajectory  (or  shock  pressure  vs  shock 
radius)  at  late  times  with  a  theoretical  one  obtained  from  the  self- 
similar  constant  energy  solution,  we  can  determine  the  equivalent  blast 
energy  Eq.  The  equivalent  blast  energy  determined  in  this  manner  will 
be  less  than  the  discharge  energy  (l.e.,  the  energy  stored  in  the 
capacitor  less  the  resistive  lorses  of  the  leads).  This 

energy  difference  AE  *  will  be  greater  the  longer  the  dis¬ 

charge  time  T  ,  which  can  easily  be  changed  experimentally  by  altering 
the  discharge  circuit  parameters.  The  energy  difference  A£*  can  be 
Interpreted  as  the  fraction  of  the  discharge  energy  that  remains  in  the 
mass  bearing  the  memory  of  the  non-similar  initial  motion  while  the 
equivalent  blast  energy  is  the  fraction  of  the  discharge  energy  that 
goes  to  the  self-similar  flow.  The  energy  integral  can  thus  be  written 
as 

£y  -  J  (f>e  +f>g-)kjrjdr  +  J  (pe+ft^j/jrtir 


or  in  the  similarity  coordinates 
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(6.1.1) 


where  fcj  or  is  the  boundary  separating  the  non-similar  from 

the  self-similar  region  of  the  flow  field.  Since  R*j  ,  hence  ^  ,  is 
unknown  and  can  only  be  determined  with  an  exact  numerical  solution  of 
the  problem,  the  energy  integral  therefore  cannot  provide  the  scaling 
constant  for  the  blast  trajectory.  With  a  sufficiently  rapid  discharge 
and  a  vanishingly  small  source  volume  (i.e.,  ,  /?•  O  )  the 

non-similar  region  becomes  relatively  small  and  the  first  integral  on  the 
right  hand  side  of  Gq.  6.1.1  can  be  neglected  since  ^  q  .  Under 
this  condition  the  energy  integral  can  then  be  used  to  obtain  the  scaling 
constant  A  (i.e.,  -A£’J  ).  In  practice,  the  shock  strength  must 

remain  sufficiently  strong  at  large  shock  radii  where  the  non-similar 
initial  conditions  have  negligible  influence  on  the  shock  motion  otherwise 
non-similar  effects  from  another  source  (i.e.,  counter-pressure)  begin  to 
come  in  and  there  will  be  no  limiting  self-similar  regime  at  any  time  for 
the  propagation  of  the  shock  wave  (except  the  limiting  acoustic  form). 


In  general,  if  the  initial  motion  is  non-similar  and  asympto¬ 
tically  approaches  a  self-similar  motion,  it  is  evident  that  the  initial 
conditions,  which  dictate  the  early  time  non-similar  motion,  cannot  be 
used  to  determine  the  self-similar  solution  for  the  motion  at  later  times. 
The  asymptotic  self-similar  solution  must  be  found  from  the  basic  equations 
of  motion  themselves.  However  the  asymDtotic  self-similar  solutions  cannot 
be  completely  determined,  but  contain  certain  constants  which  bear  the 
memory  of  the  initial  non-similar  motion  Zeldovich  called  this  type  of 
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asymptotic  solution,  self-similar  motion  of  "the  second  claae".  In 
contract,  aalf-aimilar  motions  of  the  first  dui  are  those  In  which 
the  Initial  conditions  can  ba  uaad  to  completely  and  uniquely  determine 
tha  aolution  auch  aa  tha  point  blaat  problem  of  Chapter  IV.  Important 
example*  of  this  second  class  of  self 'Similar  motion*  are  the  Implosion 
problem,  the  propagation  of  a  planar  strong  shock  wave  near  the  vacuum 
edge  of  a  star  and  the  "sharp  blow"  problem.  In  this  Chaptar  we  shall 
investigate  these  asymptotic  self -similar  motions  starting  with  the 
"sharp  blow"  problem.  This  is  e  particularly  interesting  problem  since 
in  principle,  it  belongs  to  the  explosion  problem  of  the  first  class  of 
self-similar  motion  in  which  the  initial  conditions  can  be  used  to  deter¬ 
mine  the  solution  (i.a.,  0  from  the  energy  integral1! .  However  it  turns 
out  that  the  energy  integral  is  infinite  if  a  self -similar  solution 
exists  for  ell  times  and  hence  cannot  be  used  to  find  Q  .  The  solution 
is  found  instead  from  the  consideration  of  tha  singularities  of  the  basic 
conservation  aquations,  a  method  of  solution  typical  for  the  so  called 
second  class  of  self-similar  problems. 


For  the  theoretical  model,  w#  uonelder  initially  •  eeml -infinite 
a  lab  of  ga*  at  uniform  preasura  fa  and  denalty  fit  occupying  tha  positive 
t  half-plan*  (i.e.,  OH*'***  ).  In  tha  negative  r*  half-plan#  , 

we  have  a  vacuum  environment .  At  time  ,  it  1#  aaaumad  that,  a  suffi¬ 

cient  amount  of  energy  la  released  at  /'»<“>  to  generate  e  strong  shook  wave 
which  subsequently  propagates  into  the  gas  in  the  positive  f  half-plane, 
Since  the  energy  la  assumed  to  be  released  In  s  vanishingly  small  volume 
at  1*0  ,  the  thermodynamic  states  of  the  gas  are  very  high,  In  feet  the 
temperature  as  well  aa  Che  sound  spaed  are  infinite  according  to  this 
theoretical  model.  Therefore  simultaneously  with  the  shock  motion  to  the 
right,  the  gas  escapes  at  infinite  speed  to  tha  left.  Hence  at  any  time 
t  ,  the  gee  motion  is  bOw.'ded  by  the  shock  front  f'*  sod  the  escape 
front  at  r  »  .  The  theoretical  model,  just  described,  le  highly  ideal¬ 

ised  but  we  shell  sea  later  how  the  eelf-simllar  solution  based  on  this 
idealised  model  represents  the  asymptotic  behavior  of  uome  realistic  modals 
with  non-similar  conditions. 

If  the  shock  remains  sufficiently  strong,  self -similar  solutions 
exist  for  the  conditions  specified  by  the  present  theoretical  model.  The 
self-similar  equations  of  motion  derived  previously  in  Chapter  II  for  planer 


symmetry  end  uniform  initial  density  (i.e.,  / =  o  ,  oo *  o  )  can  be  written 


(6.2.1) 


(<£-£)<$>  +  +■  y.’f  ~  O  (6.2.2) 


(6.2.3) 


-  2/9  ■ 


where  & 


-  constant . 


(6.2.4) 


The  aolutlon  of  Eq,  6.2.4  yields  the  following  form  for  the  ahock  trajec- 


A  9  At' 


(6.2.5) 


(6.2.6) 


The  flow  la  bounded  by  the  ahock  f*  A  *nd  the  escape  front  at  r*  *> 
corresponding  to  the  limits  for  the  similarity  variable  -ao  <  £  £  / 

At  the  shock  front  the  boundary  conditions  are  given  by  the  limiting 


etrong  shock  relationships  as 


(6.2.7) 


cfic  o  ~  ■ft'o  *  -S+ 


(6.2.8) 


At  the  escape  front,  we  have  both  the  pressure  and  the  density  equal  to 


f~oo)  *  O 


(6.2.9) 


The  problem  reduces  then  to  the  task  of  seeking  a  continuous  solution  to 
Eqs.  6.2.1  to  6.2.3  satisfying  the  boundary  conditions  at  the  shock  front 
£-/  (!•*•>  Eqs.  6.2.7  and  6.2.8)  and  at  the  escape  boundary  ^  =  -o® 

(i.e.,  Eq.  6.2.9). 

The  choice  of  the  appropriate  solution  depends  on  the  value  of 
the  parameter  &  ,  which  i  is  yet  unknown.  For  the  self-similar  solutions 
of  the  first  class  (e.g.,  the  constant  energy  blast  wave  solution)  O  can 
be  determined  from  the  initial  conditions  through  dimensional  considerations 
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of  the  energy  integral.  Writing  the  energy  integral  for  the  present 
problem,  we  have 


(6.2.10) 


For  the  symmetrical  planar  blast  problem  treated  in  Chapter  IV,  we  note 
that  the  limits  of  the  integral  are  finite  (i.e.,  ).  In  the 

present  problem,  the  integral  is  bounded  between  .  Hence  if 

the  solution  is  continuous  in  the  region  /  (i.e.,  no  singulari¬ 

ties)  and  yields  an  energy  Integral  which  is  finite,  then  Eq.  6.2.10  can 
be  used  to  determine  &  .  By  demanding  that  self -similar  solutions  exist, 
the  energy  integral  must  be  time  independent.  Hence  we  have 


=  constant 


and  the  time  exponent  *#i/- 0  V V  must  vanish  yielding  tJ -  (i.e,, 

<9  =  ).  However  if  this  value  of  Q  -  -  'h  is  used  and  the  similarity 

equations  are  Integrated  with  the  strong  shock  conditions  at  jf  */  ,  we 
encounter  the  singularity  ( )*—  somewhere  in  the  flow  field 

-oo^  resulting  in  y* f ,  •/''and  <&'  to  be  infinite.  For  the 

symmetrical  blast  problem  treated  in  Chapter  IV,  this  value  of 
does  not  result  in  a  singularity  in  the  region  of  interest  and  the  solu¬ 
tion  is  continuous  for  •  Since  there  is  no  physical  reason  for 

the  existence  of  such  a  singularity  in  the  present  problem,  the  value  of 
&  ~ ~Vju  obviously  does  not  yield  the  physically  acceptable  solution. 
Hence  the  energy  integral  cannot  be  used  to  determine  &  a  priori  in  this 
"sharp  blow"  problem  and  the  criterion  of  a  continuous,  singularity  free 
solution  in  the  region  of  interest,  satisfying  the  prescribed  boundary 
conditions,  must  be  used  instead.  In  other  words  &  is  not  known  before- 
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band  and  trial  values  of  &  must  be  used  until  a  particular  value  of  0  is 
found  that  gives  a  continuous  solution  in  the  region  <  • 

The  singularity  that  is  encountered  in  this  second  class  of  self- 
similar  problems  is  when  y^>/x/'=1’0  .  As  pointed  out  in  Chapter 

II,  the  occurence  of  this  singularity  implies  that  one  of  the  physical 
characteristics  coincides  with  a  constant^  line.  To  illustrate  this, 
let^*^*  when  *  O  and  at  the  constant  line,  we 

have 

dT  *  (6.2.11) 

oV  ° 

Solving  for  from  (cj> -£* Y-f/tf  * O  ,  we  get 

-  4  (6.2.12) 


and  equating  Eq.  6.2.11  and  6.2.12  yields 

J-4r  -  d  t/V y-  =  (t  +  c 

S  r  (  r  j  7Fi  ~  Ts 


or  4r  -  U±c  (6.2.13) 

ck 

which  simply  shows  that  the  constant  ^  line  coincides  with  one  of  the 
physical  characteristics  of  the  basic  conservation  equations.  Illustrating 
this  graphically,  consider  the  F-t  plane  below 


f 
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At  the  shock  front  c  — 


and  in  the  region 


i*'  - 

£*<  |  </  ,  we  have  (fig  f’'  ffiy:  ^  &  •  In  th*  r«gi°n  -°° 

gg-g fi~  'f'Og  >0  and  at  g  *  ^9^'gS  ~  •  Any  message 

in  the  flow  field  is  transmitted  Into  the  corresponding  region  of  Influence 
which  is  bounded  by  the  two  characteristics  -  U  £  C  .  Hence 

any  disturbances  generated  at  point  $  in  the  region  /  can  influ¬ 

ence  the  shock  front  upstream  as  well  as  the  entire  flow  field  downstream 
of  $  •  However,  disturbances  generated  at  point  A  In  the  flow  region 
—oo  <  g  <T  £  can  only  affect  the  flow  region  upstream  to  g  -  g*  and 
downstream  to  g  —P  -00  .  Messages  cannot  be  transmitted  past  the  g  •  g* 


,7.~..2£.  zfcaah : 


-  283  - 


line  upstream  to  influence  the  shock  motion  since  the  physical  characteris¬ 
tic  djE  *=  U+£  coincides  with  the  ^*line.  Since  disturbances  in 
the  region  can  ultimately  be  transmitted  past  the  £*  line 

downstream  to  influence  the  entire  flow  field,  it  seems  logical  that  the 
solutions  for  the  two  regions  £  /  and  £  **  must  match  along 

their  common  boundary  £*"  .  From  this  physical  consideration  the  criterion 
for  determining  the  physically  acceptable  solution  for  this  second  class  of 

C 

self-similar  problem  is  to  guarantee  the  matching  of  solutions  at  the  § 
boundary.  In  other  words  the  parameter  &  (or  the  time  exponent  N  )  must 
be  so  chosen  such  that  the  solution  is  continuous  across  the  £  *  boundary. 
It  should  be  noted  that  the  solution  determined  in  this  manner  is  indepen¬ 
dent  of  the  initial  conditions  of  the  problem,  even  though  they  may  be 
non-similar.  The  existence  of  the  ^  ^  line  Isolates  a  region  behind  the 
shock  from  the  rest  of  the  flow  field.  Hence  even  if  the  region 
is  non-similar,  it  cannot  Influence  the  self-similar  region  near  the  shock. 
The  existence  of  the  ^^line  is  a  typical  and  necessary  property  of  asymp¬ 
totic  self-similar  motions  originating  from  some  non-similar  initial  flows. 

/  f  */  /*  / 

Solving  for  the  derivatives  If*  ,  Q 5  and  r  from  the  similarity 
equations  (i.e.,  Eqs.  6.2.1  to  6.2.3)  we  get 


d£  rS/yj 


dj> .  - 

d£  -  rf/f 
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+-  raJ^ 

r//y 


Hence  we  see  that  in  order  for  l/L-'  ,  &  and  -f*  to  be  finite  as 
and  ( <; ,  the  numerators  of  the  above  equations  must 
simultaneously  approach  zero  as  well.  In  other  words 


-<?&/  +  -*-0 

-^O  (6.2.17) 

-je/fr/t-g)  t  o 


as  •  Substituting  (^~  £*?m  into  the  above  equations, 

find  that  all  three  of  them  are  simultaneously  satisfied  if 


d>*  -  ^ir 

'  j-  y 


(6.2.18) 


Hence  the  method  of  solution  for  the  present  problem  is  to  choose  an 
arbitrary  value  of  0  and  proceed  to  integrate  numerically  the  similarity 
equations  with  the  strong  shock  conditions  at  £  =  /  .  A  convergent  ite¬ 

ration  procedure  for  &  is  required  that  ultimately  satisfies  Eq.  6.2.18 
at  the  singularity  O  •  Due  to  the  resulting  indeterminancy 

of  the  slopes  y.  '  ,  and  -ff  near  the  singularity  ,  numerical  work 
can  be  facilitated  if  an  analytical  solution  in  the  neighborhood  of  £  * 
is  obtained  by  expanding  the  solution  in  powers  of  (£'£*)•  The  numeri¬ 


cal  Integration  can  then  terminate  close  to  the  singularity  and  the  analy¬ 
tical  solution  can  be  used  to  carry  the  integration  through  the  singular 
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point  £  s  ^  *  .  The  numerical  value  lor  the  time  exponent  N(i.e.,  = 

A ^  )  for  different  values  of  Y  as  computed  by  Rae  is  given  below. 


r 

A/ 

i 

0.500 

i  a 

0.568 

1.4 

0.600 

j  5/3 

0.6107 

3 

0.627 

j  7 

0.636 

'  oO 

1  _  . 

0.642 

j 

Note  that  all  values  for  N  here  are  less  than  N  =  2/3  which  corresponds  to 
the  constant  energy  solution  for  the  planar  blast  and  is  determined  from 
the  energy  integral. 

It  is  interesting  to  note  that  there  exists  a  closed  form  solution 
for  the  "sharp  blow"  problem  for  the  particular  value  of  y  =  1.4.  This  can 
be  found  by  first  assuming  a  solution  for  the  particle  velocity  of  the 
form 

(6.2.19) 

where  OL  and  t>  are  numerical  constants  and  then  proceed  to  determine  the 
forms  of  the  solutions  for  the  density  ^  and  pressure  A>  from  the  basic 
conservation  equations.  Substituting  Eq.  6.2.19  into  the  continuity  equa¬ 
tion  (i.e.,  Eq.  6.2.1)  we  get 


f 

which  can  readily  be  integrated  to  yield 

-  a. 

j' 


(6.2.20) 


(6.2.21) 


-  286 


where  ^  is  a  numerical  integration  constant.  Substituting  b’qs.  6.2.19 
and  6.2.21  into  the  momentum  equation  (l.e.,  Eq.  6.2.2)  we  obtain 


(6.2.22) 


If  the  assumed  forms  of  the  solutions  are  exact,  they  must  satisfy  the 
energy  equation  as  well.  Using  the  particle  velocity  and  the  density  pro¬ 
files  obtained,  another  expression  for  the  pressure  /*  can  be  found  from 
the  energy  equation  (i.e.,  Eq.  6.2.3)  as  follows 


The  above  equation  can  be  integrated  to  yield 

-  (Tm26) 

-f  - 


(6.2.23) 


(6.2.24) 


and  differentiating  the  above  equation  yields  another  expression  for 


as 


-(/g+2&)_  f 

-( Ya+26')tc,Jj'a")£>-+bJ  a~' 


(6.2.25) 


Eqs.  6.2.25  and  6.2.22  must  be  identical  if  the  assumed  form  of  the  solu¬ 
tion  for  is  an  exact  solution  of  the  basic  equations.  Eq.  6.2.22  can 
be  expressed  in  a  more  convenient  form  using  the  identity 

at4b  = 
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,4. 

a-/ 


In  order  for  the  two  expressions  for  /°  given  by  Eqs.  6.2 
to  be  identical,  we  have  for  k4-°,  either 


ei  - 

a -/ 


or  <2  y-  =  c? 

a-/ 


Since  &  and  t>  are  non  zero,  we  must  have 

9  =  -ca-) 

Equating  Eqs.  6.2.25  and  6.2.26,  we  get 

-(Xa+16)  , 

-  fta.  +26>)k,[te")£+b]  '=  &>[<*-'%+*>] 


-JL-. 

a-/ 


Since  the  exponents  of  the  square  bracketed  terms  in  Eq.  6 
identical,  we  can  solve  for  ^  and  using  Eq.  6.2.28  we  get 
result 

A  s 

The  solutions  must  satisfy  the  boundary  conditions  at  the 
/  •  Prom  Eqs.  6.2.19,  6.2.21  and  6.2.24,  we  get 


CL+b 


a~t 


W0[o+S-'J  *'  1±±  j^a  +b-  J*  ' 


(6.2.26) 

.26  and  6.2.25, 

(6.2.27) 

(6.2.28) 

(6.2.29) 

.2.29  must  be 
the  following 

(6.2.30) 
shock  front 

(6.2.31) 


K 


(6.2.32) 
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ya.+26  7£t£8 

/</  =  a~'  *  [<24  *  '  (6.2.33) 


From  Eqs.  6.2.30  and  6.2.31,  we  obtain 


b  ~  3{T-jJ_ 

(n  orr-i) 

Equating  the  coefficients  of  1°  E<1»  6.2.29  yields 


(6.2.34) 


£  &  -(74+26)6*-) 

k,  &6 


(6.2.35) 


and  substituting  Eqs.  6.2.30  for  Q.  ,  6.2.34  for  h  and  6.2.28  for  Q  , 


Eq.  6.2.35  becomes 

k_  ,  (Y+Ofr*) 

k  3(7' 0 

From  Eqs.  6.2.32  and  6.2.33,  we  get  also 

k_  =  -ftn) 

A, 


(6.2.36) 


(6.2.37) 


Equating  the  two  expressions  for  k/ kf  given  respectively  by  Eqs.  6.2.3b 
and  6.2.37,  we  can  solve  for  the  value  of  Y  aB 

Y~  %"  (6.2.38) 


Using  the  value  of  7~  ,  the  values  for  the  constants  a,  b,  K,  and 

B  can  be  determined  and  the  solutions  for  <jjh  ,  -f  and  ^become 

5^  =  (6.2.39) 


f(s-*S) 


(6  2.40) 
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■Si 


(6.1.41) 


0*  'Vi  J  A^-%*  Xooo 


(6.2.42) 


The  ebov*  expressions  give  the  exact  aolutlon  for  the  preaent  problem  for 
the  particular  value  o £  Y  *  7/I>  *  1.4.  For  other  valuta  of  Y  ,  cloaed 
form  aolutlona  cannot  be  obtained  hut  the  general  behavior  of  the  profile* 
is  similar  to  that  given  by  Eqa.  6.2.39  to  6.2.42. 

The  singularity  ^"ia  found  from  the  equation  J  — 


as 


(6.2.43) 


Substituting  Eqa.  6.2.39  to  6.2.41  into  the  above  expression  yields 


54  , 


(6.2.44) 


Since  the  flow  region  is  bounded  by  -cx?  £  -  /  ,  the  solution  for 

s/+  can  be  discarded.  For  the  solution  to  be  regular  at  the 
singularity  /  ,  the  condition 


j-r 


(6.2.45) 


must  be  satisfied.  Using  ^  *=■  in  Eqs.  6.2.39  and  6.2.45,  the  value 
of  <£>*  obtained  is  identical,  lienee  the  solution  given  by  Eqs.  6.2.39  to 
6,2  .41  is  continuous  throughout  the  region  / 

The  solutions  for  and  ^4  given  by  Eqs.  6.2.39  to  6.2.41 


are  illustrated  below 
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Sine*  the  solution  (i.a.,  the  time  exponent  )  is  obtelned 
from  the  basic  equations  themselves  and  net  from  the  conservation  of 
momentum  and  energy,  let  us  now  investigate  the  limitations  on  N  im¬ 
posed  by  the  momentum  and  energy  integrals .  From  the  nature  of  the 
solution  we  tee  that  part  of  the  mass  set  in  motion  is  carried  by  the 
shock  to  the  right  while  the  remaining  part  expands  to  the  left  into 
the  vacuum  environment.  There  exists  a  dividing  boundary  £*  in  which 
the  particle  velocity  ^  -  O  .  The  mass  between  this  boundary  and  the 
shock  is 


M 


(6.2.46) 


or  M'"? 

For  the  particular  case  of  where  we  have  an  exact  solution, 

and 

m'  *  .  Bo8/ 9 

where  /£. 

From  Eq.  6.2.46,  we  see  thac  M '  increases  with  time.  Since  both  the 
particle  velocities  ahead  of  the  shock  and  at  the  boundary  £  are  zero 
and  the  mass  Increases  with  time,  the  momentum  in  the  volume  bounded 
by  the  shock  £  */  and  J e  £  *  must  also  Increase  with  time.  The  momentum 
X  in  this  volume  can  be  written  as 


(6.2.47) 


and  since  I  increases  with  time  the  exponent  A/  must  be  greater  than 
1/2.  In  other  words 


N  > 


(6.2.48) 
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The  energy  in  the  volume  bounded  by  the  shock  and  £  must  decrease  with 
time  as  M  increases  with  time  since  there  is  neither  energy  contribution 
from  the  mass  coming  in  through  the  shock  surface  nor  work  being  done  on 
the  gas  by  pressure  forces  at  tl  boundary  £'  (i.e.,  and  the 

velocity  U  -O  ).  From  the  energy  integral 

'  f'  Cy.,  ^l)a-r  *  fi &&[(■£,* 

=  constant -Z*  (6.2.49) 

we  see  that  the  time  exponent  must  be  less  than  2/3,  that  is 

N  <  % 

for  the  energy  £/  to  decrease  with  time.  Therefore  we  see  that  /V  must 
have  the  range 

i<N<  J  (6.2.50) 

and  the  values  of  N  for  a  range  of  /  =  /  to  Y  =  oo  given  previously 
in  the  table  fall  within  the  prescribed  range  of  Eq.  6.2.50. 

Although  the  distributions  of  the  fluid  states  behind  the  shock 
and  the  time  exponent  N  of  the  shock  trajectory  are  determined  from  the 
basic  equations  and  boundary  conditions,  the  solution  is  still  Incomplete. 
For  example  the  proportionality  constant  A  of  the  shock  trajectory  (i.e,, 
=/(/A/  )  which  is  determined  by  the  Initial  conditions  through  the 

energy  integral  is  as  yet  unknown.  It  cannot  be  obtained  from  the  energy 
integral  as  in  the  blast  wave  problem  since  in  this  problem  the  integral 
diverges.  In  other  words,  the  total  energy  bounded  by  the  shock  and  the 
escape  front  in  the  self-similar  motion  is  infinite.  This  is  due  to  the 
kinetic  energy  near  the  vacuum  edge  being  infinite  since  the  particle  ve¬ 
locity  squared  approaches  infinity  faster  than  the  density  goes  to  zero. 
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To  illustrate  this,  let  us  seek  the  asymptotic  solution  near  the  vacuum 
boundary.  Near  the  escape  front,  the  pressure  gradient  is  extremely  small 
and  neglecting  it,  the  momentum  equation  becomes 


which  can  be  integrated  immediately  to  yield 

'  4 


(6.2.51) 


Substituting  this  solution  for  (p  into  the  continuity  equation  yields 

dj£  «  Jl-^S 

Y  I 

which  can  be  integrated  readily  to  give  the  asymptotic  solution  for  the 
density  p  as 


t  -*/£/ e  =  k/i/ 


(6.2.52) 


In  the  above  equation  /C  is  a  constant  of  integration  and  the  absolute 
value  of  ^  is  used  to  guarantee  a  positive  density  always.  Using  now 
the  asymptotic  solutions  for  <p  and  p  ,  the  momentum  equation  yields  the 
solution  for  the  pressure  -f*  as 


/-*,/£/ 


*  -  Vi! 


(6.2.53) 


K.  is  another  integration  constant  and  again  the  absolute  value  o£s  18 
used  to  ensure  a  positive  pressure.  The  asymptotic  solutions  obtained  are 
valid  for  general  values  of  Y  .  Note  that  for  the  particular  case  of 
y *  where  we  have  the  solutions  in  closed  analytical  forms  given  by 
Eqs.  6,2.36  to  6.2.41,  they  reduce,  for  large  values  of  /|/,  to  the  asymp¬ 
totic  forms  given  by  Eqs.  6.2.51  to  6.2.53.  From  the  asymptotic  solutions, 
we  see  that  since  <  AJ  <  ,  the  kinetic  energy  $  &  as  £ 

This  leads  to  the  divergence  of  the  energy  integral  even  though  the  solu- 
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tions  for 


y  ijs  and  ~f  are  continuous  and  singularity  free. 


Hence 


5  -  fyt, *  (f)dr  '/?£**/(&  *¥)dr 

-'L-,  -oo 


oo 


and  explains  why  the  energy  integral  cannot  be  used  to  evaluate  the 
similarity  exponent  A/  for  this  problem.  The  fact  that  the  self -similar 
solution  for  the  "sharp  blow"  problem  requires  an  infinite  energy  supply 
initially  is  quite  interesting.  In  practice,  the  energy  of  the  motion  must 
be  finite,  but  then  the  manner  in  which  the  energy  is  released  initially  is 
non-similar.  Hence  the  self-similar  solution  represents  an  asymptotic  so¬ 
lution  and  the  infinite  energy  dilemma  can  be  resolved  by  neglecting  some 
mass  near  the  vacuum  edge  that  bears  the  memory  of  the  starting  process.  In 
other  words  the  asymptotic  self-similar  solution  cannot  be  uniformly  valid 
in  the  range  -  oo  £  <  /  .  This  infinite  energy  dilemma  is  explained  by 

Zeldovich  and  we  will  give  the  main  aspects  of  it  in  the  following  discus¬ 
sion. 

Let  us  first  consider  the  following  initial  conditions.  At  time 
t  =  0,  a  piston  is  pushed  into  the  gas  generating  a  shock  wave.  The  piston 
path  is  such  that  the  pressure  at  the  piston  face  decreases  to  zero  after  a 
time  Interval  ~C  ,  the  piston  is  xelracted  and  the  gas  expands  to  the  left 
to  vacuum  and  the  shock  propagates  to  the  right  into  the  gas  at  initial 
density  ft  .  The  pressure  wave  is  given  as 

H 
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The  momentum  or  impulse  imparted  to  the  gas  by  the  piston  is 

J  =  J'fxtt  * 

or  sj  -  a-^z 


where 


The  energy  imparted  to  the  gas  is  equal  to  the  work  done  by  the  piston 


where 


(6.2.55) 


and  Up  is  the  piston  velocity.  For  a  square  pressure  pulse  for  example 


pressure  at  the  piston  as 


and  through  the  above  relationship,  the  constant  A  of  the  shock  path 
(i.e.,  )  can  be  related  to  the  initial  conditions  by  the 
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expression  below. 


(6.2.56) 


If  the  asymptotic  self-similar  solution  exists,  then  the  parameter  A  must 
be  finite  as  J"-=s»o  .  Therefore  as  ~C~^o ,  ^  must  approach  infinity  in 


the  manner 


-20-h) 


(6.2.57) 


V, 


as 

r 


From  Eq .  6.2.55,  we  note  that  the  energy  £  'V XI  *  Hence  as  Z?~PO, 
£~ and  since  A/<  Z1^  ,  the  energy  £~  in  the  self-similar  motion 
is  infinite.  If  the  self-similar  solution  exists  in  the  asymptotic  limit 
e»  o  >  then  it  is  evident  that  this  self-similar  solution  can¬ 
not  be  uniformly  valid  in  space  encompassing  all  the  mass  set  in  motion 
from  the  shock  to  the  escape  boundary  since  the  energy  imparted  to  the  gas 
is  finite  and  uniform  validity  of  the  self-similar  solution  would  signify 
infinite  energy  in  the  flow.  We  must  then  neglect  a  portion  of  the  mass 
near  the  escape  boundary  that  bears  the  imprint  of  the  Initial  non-similar 
motion.  To  determine  the  mass  that  should  be  neglected,  we  have  to  solve 
the  problem  numerically  and  obtain  the  exact  solution.  However  an  accurate 
approximation  can  be  made  if  we  assume  that  the  mass  near  the  vacuum  edge 
is  adequately  described  by  the  asymptotic  relationships  obtained  earlier  as 


,  £ 


(6.2.51 


^  -  k/S/ 


jL 

t- a/ 


(6.2.52) 


-  297  - 


/  *  ki  1 1 1 


j-  fa 


(6.2.53) 


Note  that  the  constants  /C  and  In  Eqa.  6.2.52  and  6.2.53  are  related 
and  the  relationship  can  be  obtained  from  the  first  integral  as  follows: 
As  derived  in  Chapter  II,  the  first  integral  is  given  as 

/  +  Y0'+0 


,  I  +  nr*') ,  .  * 

S& 


-  constant 


and  using  the  strong  shock  conditions  at  £  =■  /  ,  the  constant  can  be 

obtained  and  the  first  integral  takes  on  the  form 


(4-j) 

.J. 


“ 


(6.2.58) 


for  the  present  planar  geometry  (i .e. ,  j  -  O  ).  Using  the  asymptotic 
relat*mshios  for  ^  and  -f  ,  Eq .  6.2.58  yields  the  following  expression 
for  the  constants  K  and  /C/  • 


r 


(6.2.59) 


Note  that  0  is  always  negative  since  ^  is  positive.  K  can  be  found 
by  integrating  the  similarity  equations  to  a  large  negative  value  of  ^  . 
For  example  for  Y  =  1.4,  the  value  of  /y,  =  3/16  is  obtained.  In  general 
^  is  a  function  of  Y  . 

Let  fllo  be  the  mass  to  be  neglected  and  bounded  by  ^  . 
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f0  i  ■£> 

*0  -  J°fdr  -  J  Vd£‘ 


(6.2.60) 


From  the  continuity  equation,  we  have 


%**>  •  id4 


and  integrating  by  parts  yields 

•4 


(6.2.61) 


Using  the  asymptotic  relationships  for  ^  and  <j&  the  mass  integral  can  be 
determined  and  Eq .  6.2.60  can  be  written  as 


(6.2.62) 


For  /77o  to  be  time  independent,  we  choose 

/-/v/ 


L  - 


where  E^>0  and  Eq .  6.2.62  becomes 


-A L. 


a T 


(6.2.63) 


(6.2.64) 


Neglecting  10%  in  the  energy  integral,  we  have 


(6.2.65) 


As  shown  in  Chapter  IV,  the  integral  in  the  above  equation  can  be  expressed 
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Uf, + ^  ■  MjKt,  *  ¥)^J‘ 


Using  the  strong  shock  conditions  at  £  * /  and  the  asymptotic  solutions 


near  the  vacuum  edge  we  get 


*  •  *&(&>* 


TTT 


(6.2.66) 


Hence  we  see  that  by  neglecting  a  small  amount  of  mass  ,  the  energy 

integral  can  now  be  made  time  independent  aB  the  self-similar  solution 


demands . 


Let  us  now  look  at  the  momentum  Integral 

77"  «  f 


(6.2.67) 


From  the  momentum  equation 


and  integrating,  we  get 


■fj  +  ^ +6 


(6.2.68) 


From  before  we  see  that 


which  when  Integrated  by  parts  yields 


=  4W-4)j  + 
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Substituting  the  above  equation  into  Eq.  6.2.68  yields 

+  O+e) f  * o 


Hence 


(6.2.69) 


The  right  hand  side  of  Eq.  6.2.69  is  zero  at  the  upper  limit  .£  =  /  and  at 
the  lower  limit  the  pressure  -f  is  small  as  compared  to  the  other  term 
)  •  Therefore 

US 


/  .  /TP 

f  /  L\  * 

io 


(6.2.70) 


We  note  that  as  /!;<,/  -^oo  ,  chat  is  when  all  the  mass  1b  taken  into 
account  and  described  by  the  self-similar  solution,  the  integral  vanishes. 
Substituting  Eq.  6.2.63  into  Eq .  6.2.70,  the  momentum  integral  becomes 


Jf  '  -  f./kCM)  8^ 


(6.2.71) 


Using  Eqs.  6.2.64,  6.2.66  and  6.2.71,  we  can  express  the  shock  trajectory 


as 


where 


fktt)  *  omit /-4-0 
/°.£s  V  tffih  ' 

Gen  =  *&*')[.  1 

J>A/'/  LAfttt  A/)(2-3*/fJ 


(6.2.72) 


hAj 
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For  Y  *  l, A  Rw*  found  that  -  3/lft,  f\J  -  0,(S  and  i  f(  )  )  ( *)'  . 

Numerical  Molutions  for  thin  problem  with  different  load  Inn  htatmie*  (!,»,, 
of  the  piitton)  are  given  by  Zhukov  and  Kaahdan. 


In  thin  Mint  Inn  wp  phall  consider  iha  asymptotic  ap  I  f -a (mil  ar 
melton  nf  a  planar  niton  It  wave  In  <t  non-nut fnrm  density  llfltl.  Part  icularly 
Wi>  hIimII  i'imiliUi  tin*  case  in  wlilnlt  t  Ito  denalty  iIpcipaapa  in  t  ha  dtractinn 
nf  I  lip  shock  mntinn  a»  a  simple  power  lav  ni  (Up  ilinlim'i.  N  initial  In  tit* 
prupagat  I  on  nt  at  onal  tc  waves  in  *  d*cr »«•  inn  density  r  t  •>  i  it  treated  by 
lamlt,  Dip  shock  amplifies  aim-**  the  energy  density  nl  t  Itn  plunk  liu  ceases 
ah  t  lie*  hiAm  t|p*  1***0* ,  in  t  lie  limit  ah  t  lie*  tnittAl  ilpuntly  fj  •*  f>  ,  I  Up 
shock  strength  g»  «ci  ,  Ilia  limit  inn  “•  • '*  K  mofton  nan  he  described 

l'S  a  hp l f  ~a imi  l ai  Aolulion  nf  the  second  tlase  in  which  t lit*  physically 
a.  cepl  aI>1  a  point  inn  (a  determined  by  demanding  tha  Anlutinn  to  bp  i*ku l at 
At  tl\p  a  ingnl  ai*  it  y  (  ^  /  )  )  1^’  t1  ,  Hit  a  asymptotic  Anlutinn  i»  of 

interest  in  AAf  rophysU  ai  problems  aa  in  t  bp  description  of  t  he  emergence 
of  a  shock  wmvp  at  a  aIpIIai'  surface  in  a  supernova  exploston  (Prank* 
ksmenetskli  a  ml  (is  ode  l  ’man) .  Hue  to  the  It  l  uli  amp  l  if  loaf  ton  nf  tha  alun'k 
W-IVP  At  the  edge  of  tl\p  A  t  Al'  Ah  •-*'  £>  ,  tll»  t  #!«(>•  T  A  t  U  IP  AUli  t  ItP  par* 

tit' Ip  velocity  behind  tbp  shock  hip  extremely  high.  In  fact  th*  calcula¬ 
tions  by  Colgate  aiuI  Joint  a  on  indicate  that  t  Up  e.|etted  iiiama  from  tha  star 
an  Ati|uti'p  relativistic  \rloittton  and  its  kluatif  pnargy  can  forraapond 
to  ibat  of  cosmlf  rays*.  There  are  otber  thcorleu  ft>r  thp  origin  of  cosmic 
rays  in  tbp  universe  and  the  alt  nek  wave  theory  itt  gpitprally  teferred  to  a  a 
tbn  hydrodynamic  model.  This  Mttympt  *>t  li  mo  lot  ion  lor  tbp  shock  motion  at 
thp  ndgp  of  a  Mtar  baa  alao  been  obtained  by  Sakurai.  This  aolution  la 
ideul leal  in  many  respirt*  to  the  asymptotic  self  similar  aolution  for  a 
strong  converging  shock  wave  obtained  by  Underlay  and  Butler.  In  the 
present  problem,  anticipation  of  the  shock  ariaes  from  the  decrease  in 
th*  Initial  deiiftlty  while  for  collapsing  shock  waves,  the  amplification 
is  due  to  the  area  convergence. 


We  shall  formulate  t  Ho  problem  In  a  mote  general  manner  by 
considering  a  tuba  ot  length  X(,  containing  Initially  a  gee  with  the 
density  field  described  by  a  simple  tew 

Jo  “  *f.rA  (h.3.o 

At  time  t  -  0,  e  finite  energy  /r&  per  unit  area  Is  released  instan¬ 
taneously  at  .t  ~  X«  generating  a  strong  planar  blast  wave.  At  later 
tlmea  the  ahock  propagalea  In  the  Uiiectlon  or  decreasing  density  towards 
the  origin.  We  shall  study  first  the  initial  phsaes  of  the  ahock  motion 
in  the  vicinity  of  X  -  X*.  by  a  perturbation  scheme  and  then  the  final 
asymptotic  motion  near  the  origin  it  -  O  .  In  thla  way  we  can  demonstrate 
the  forgetfulness  of  the  asymptotic  motion  on  the  Initial  conditions. 

The  theoretical  model  described  simulates  the  following  experi¬ 
mental  altuation. 


i 


A 

9 


Primary  Secondary 

Discharge  Discharge 

Consider  a  constant  area  tube  filled  with  a  cold  gas  Initially,  A  strong 
planar  blast  is  Initiated  at  one  end  of  the  tube  by  discharging  the  primary 
low  inductance  capacitor  bank.  The  secondary  capacitor  bank  is  charged  to 
a  voltage  that  is  insufficient  to  break  down  the  i:old  gas.  As  the  blast 
reaches  the  other  end,  the  hot  ion teed  gas  s  short  out  the  electrodes  and 
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the  secondary  bank  fires,  releasing  Its  energy  into  the  plasma  generating 
a  secondary  blast  wave  which  propagates  back  Into  the  flow  processed  by  the 
primary  blast.  The  primary  blast  is  used  to  shape  the  density  field.  The 
sketch  below  illustrates  the  situation. 


/ 


.Sec  oiydory 
8/ast 


In  reality  the  temperature  and  the  particle  velocity  generated  by  the 
primary  blast  is  time  dependent  but  these  effects  can  be  included  into 
the  problem  quite  readily.  For  the  present  study  we  shall  consider  an 
isothermal  stationary  medium  with  the  density  profile  given  by  the  simple 
power  law  of  Eq .  6.3.1. 

The  basic  conservation  equations  for  the  planar  one-dimensional 
motion  behind  the  blast  are  given  as 

df  y.  d£fu)  (6.3.2) 

at  ax 


d_U-  4 

et  dx 


-o 


(6.3.3) 


/  JL  /-  u  d.  )A 

( at 


-  o 


(6.3.4) 
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With  reference  to  the  shock  wave,  we  can  express  the  initial  density 
profile  as 

=  (6.3.5) 

where  is  the  instantaneous  shock  position,  S  and  8  are 

numerical  constants  to  be  specified.  For  the  analytical  study  we  will 
transform  Eqs.  6.3.2  to  6.3.4  using  the  following  parameters 


J(iy)  - 

Jo 

M 7)  -  <6-3-6) 

T©  X$ 

=  y-  Xo 

X5-Xo 

X  *  Xs-*> 

Xo 


Using  Eq.  6.3.6,  Eqs.  6.3.2  to  6,3.5  transform  to  the  folio*  uk  , 


(d.nrt  *  -“X3]£ 

r  5  “  ^  uX  H-X 


(6.3.7) 


1 =  -y  -c4 

3? 


(6,3.8) 
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(d-4)te  f  (ae  ~(Y'])W)e  =  -Y2<f 


(6.3.9) 


/i  -  SYtO-f'xf 


(6.3.10) 


where 


(9  * 


£2- 


(6.3.11) 


5  * 


(6.3.12) 


Using  the  continuity  equation  (i.e„,  Eq.  6.3.7)  the  energy  equation 
(i.e.,  Eq.  6.3.9)  can  be  expressed  in  a  more  convenient  form  as 


The  flow  is  bounded  at  all  times  by  the  shock  X  =  X$  and  the  wall 
X  =  Xa  (i.e«»  O*  £*/  ).  At  time  t  =  0,  the  shock  is  at  the 
wall  Xc  -  Xo  an<*  at  some  later  time  t  =  t  ,  the  shock  reaches  the 
origin  Xs  =  0.  So  the  range  for  will  be  O  s?  "X  ^  — / 
Conserving  the  total  energy  at  any  instant  we  have 

£°  ■  /  6v +  - 

*S 


fie0ctx 


(6.3.14) 


Since  we  have  assumed  an  isothermal  atmosphere  (i.e.,  To  =  constant), 
the  initial  Internal  energy  becomes 
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Henceforth,  the  dot  of  p(  (i.*.,  ^  etc.)  is  dif ferentietion  with  respect 
to  Z  .  In  terms  of  TZ  ,  the  expression  for  &  ,  given  by  Eq.  6.3.11, 
remains  unchanged  as  before. 

4  *  %£ 

It 

The  boundary  conditions  to  be  satisfied  at  the  shock  front  t  are 
given  by  the  Rankine-Hugoniot  relationships  as 


y/i,  r)  - 


(6.3.20) 


(6.3.21) 


SO,*)'-  -  (till  (6.3.22) 


where 


(6.3.23) 


In  Eq.  6.3.23,  where  ^  is  defined,  the  Xs  has  differentiation  with 
respect  to  real  time  t  •  In  terms  of  C  we  have 


/ns  *  x0  .  _/  =  % 

dz  dt  Co  c* 


and  hence 


(6.3.24) 


where  ^  in  the  above  expression  d»notos  differentiation  with  respect 
to  ~C  . 


For  the  initial  motion  of  the  blast  wave,  we  seek  solutions  in 
the  form  of  a  power  series  in  since  when  ^  ,  *)C  ~  O  and  the 
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shock  ia  close  tc  the  wall  )(o  •  We  therefore  write  the  following  pertur¬ 
bation  expressions  for  the  dependent  variables 

x)  - 1 4%i)  x'  -  ****'•• 

Mv  -  -  A  -  (6.3.25) 


fClX)  '  £wi)1'  -  r  +  r  *  *  " 

To  find  the  appropriate  perturbation  form  for  the  shock  strength  OCCX)  , 
we  note  from  the  energy  integral  that  the  left  hand  side  is  finite.  There¬ 
fore  as  since  finite  and  the  second  term  on 

A 

the  right  hand  side  of  Eq.  6.3.19  vanishes.  The  perturbation  expression 


for  'jC  therefore  has  the  form 

jf-  jc'ZZX"  =  f  ^ 


(6.3.26) 


From  the  above  expression,  the  expansion  for  0(X)  is  found  to  be 


B(X)-  i Do,*”  *  a+0,ic +$.&  ■ 


(6.3.27) 


*  %  _  Jf£  f 


Substituting  the  above  perturbation  expressions  into  the  conservation 
equations,  the  energy  integral  and  the  boundary  conditions  and  equating 
terms  of  the  same  order  in  ^  yields 
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Zeroth  Order  In  % 


V-M  +  - 


-  O 


rSfy'*'  - 


/5  =  '/ 


/'"*  C(£+*T)*i 
*  -'/&/ 

with  the  boundary  conditions  at  the  front  ^  =  1  given  as 

5zZt'J  =  /'■*/>;  - 


/-/ 

First  Order  in 


(6.3.28) 


(6.3.29) 


(6.3.30) 


(6.3.31) 


(6.3.32) 


(6.3.33) 


(6.3.34) 


(6.3.35) 


(6.3.36) 


(6.3.37) 
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F  ~  ~ 

n  rro) 


f 

L  Mr -I 


+  F0I0)+  EF0 1 


I  L  Mr-0 


f O ) 


(6.3.38) 


(6.3.39) 


ft  =  E 

1  «3£ 

and  the  boundary  conditions  at  -  /  given  as 

<£e,,0)  * 

FZCY+O 


(6.3.40) 


s7>)  -  (tity'O) 

zr 


(6.3.41) 


zfftn  *  3c**cr+o 

F0(r-'? 


(6.3.42) 


We  can  carry  out  to  higher  orders  in  ^  .  The  above  perturbation  scheme 
here  is  a  simple  coordinate  perturbation  method  identical  to  that  for 
blast  waves  with  counter-pressure  effects  described  in  Chapter  V. 

Using  the  definition  for  ,  the  shock  trajectory  becomes 


K 


C  = 


c0Mf,  +  c,x  +  -  J 


(6.3.43) 


where 


cc 


0  * 


3(-n) 

-JL  5 

/o 
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It  is  seen  that  the  present  zeroth  order  solution  is  in  fact  the  constant 
energy  planar  strong  blast  solution.  The  non-similar  effects  from  the 
initial  density  gradient  and  counter-pressure  effects  appear  only  in  the 
first  and  higher  order  solutions.  The  method  of  solution  here  is  iden¬ 
tical  to  that  described  earlier  in  Chapter  V  where  the  perturbation 
solution  for  blast  waves  with  counter-pressure  effects  was  obtained. 

It  should  be  pointed  out  that  even  in  the  absence  of  counter- 
pressure  effects  (i.e.,  C  -O  ),  self-similar  solutions  do  not  exist 
for  the  present  problem.  This  is  due  to  the  presence  of  the  characteris¬ 
tic  length  X0  1°  the  problem  which  leads  to  the  time  dependent  terms 
(/  t'X'f  in  energy  integral  (i.e.,  Eq.  6.3.19)  and  hr/''XO  +  *X)  '  in 
the  continuity  equation  (i.e.,  Eq.  6.3.7).  The  self-similar  solution 
only  holds  in  the  limit  as  ^  o  ,  in  which  case  we  get  the  constant 
energy  solution  for  planar  blasts.  Note  that  the  initial  density  non¬ 
uniformity  does  not  appear  in  the  limiting  self-similar  solution  as 
This  is  due  to  the  fact  that  in  the  present  problem  the  density  is  finite 
and  non-zero  at  the  wall  (i.e.,  p(ya\l)=  fe  xf  )  while  in  the  problem 
studied  earlier  in  Chapter  IV,  the  density  is  infinite  or  zero  at  the 
origin  (i.e.,  yg  =  Br**  ,  y^on  or  0  as  f  — ►  G  )  .  Hence 

the  effect  of  an  initial  non-uniform  density  field  affects  the  solution 
immediately  in  the  latter  case  for  yg  =  Br1^ 

The  present  perturbation  solution  is  only  valid  close  to  the  wall 
and  becomes  progressively  inaccurate  as  the  shock  advances  towards  the 
origin.  Let  us  now  investigate  the  asymptotic  motion  of  the  shock  as  it 
approaches  the  origin  X  -  o  .  For  the  terminal  motion  of  the  shock, 

X$  «.  Xo  J*»d  considering  only  small  distances  behind  the  shock  as  well 
(i.e.,  x  <<  Xo  )>  the  characteristic  length  X0  no  longer  comes  into  the 
problem.  Hence  if  the  shock  wave  is  sufficiently  strong  near  the  origin, 


aa  la  gtniaially  the  ca»s  attar  being  coni  l  munis  ly  amplified  a  «t  it  propagate, 
in  a  direction  of  decreasing  density,  then  counter-present e  effects  can  bo 
neglected.  Under  theae  condltlona,  a  ael(  -alml  lar  solution  can  axial  fm 
the  asymptotic  ah^k  motion. 

Since  o  and  <  v<  ,  wc  r c*ilo t  ine  I  lie  Independent 

variables  and  ^  Hs 


x'  -  &  -  h  y 

xe 

(b .  3  ,44 ) 

y  -  Kj  .  nj(.. 

^  X  ft  3fj 

In  terms  of  the  above  del  mad  variables,  the  basic  conservation  equations 
become 


i'O -&')&, 


/ 


(6.3.43) 


£'('-?£')&  *<¥ 


(6 ,3.4b) 


% 


% 


(6.3.47) 


where 


a*  a 

X 


/  ••  / 

x  % 


(6.3.48) 


Note  that  the  above  equations  are  exact  in  that  no  approximations  have  been 


shock  advances  in  the  direction  oi  decreasing  *X.  .  Integrating  Eq .  6.3.54 


vteltU  the  following  f  01  t  hr  nlituk  t  i  s  |r«  l  oi  y 


(tx  ,  1  ,  v.) 


•  ml  lit  term*  >>f  d  Imemt  tonal  |mi  *nw(  era,  we  have 


where  ^  (or  )  it*  the  time  w»r*n  -  0,  when  (x  U  taken  10  he  «ei‘0 
«*»  VMM  done  111  th«  work  of  Crank-KaiiteneCekll  mid  Sakural,  we  Iwve  the  taml- 
liar  form  for  the  a  buck  trajectory  a«  A  /  r  ^  where  <V  *  , 


Solving  for  the  derivatives  yfc>  etr  ,  from  Kqe.  ti.J,!»l  to  h.3.5.1, 


we  get 


,..w*V 


,-/</■  -  ~[( f  ('  Mr  '0  / 

J*'  (f  /;')[(/-/£  T- 


(6.3.*!/) 


dj> 

di  [O-K'f-  fW/J 


(6.3.58^ 


dj  .  ~[O~&')fc0*3)/  *  re'U] 


(6.3.59) 


The  boundary  conditions  at  the  shock  front  =  /  are  given  by 

the  strong  shock  relationships  as 

W'  fj  > 

As  in  the  "sharp  blow"  problem,  treated  in  the  previous  Section,  the  method 


•  Ilf. 


oi  Out  >  mil  it  I  ng  (I.'  |  *  i  i  v » 1 1  m  I  I  v  it.  n<|it«!>lp  nulntlon  In  to  i  Iml  the  appropriate 
valor  1. 1  t)  ihat  give*  anlutionn  for  ,  Y*  and  ^  that  satisfy  the  boutt- 
ilni  y  conditions  at  tli«i  shock  ,r  -  /  aiut  In  legttlai  at  tha  singularity 

j  .a  y  j 

)  >*  ■' y  .  '  ,  With  ,-y  known,  (j<  and  /V 

,t>  i5  i  rail  tty  I  oustil  <  t>  ho 


f  \/\ 


/V 


iX  t*. 


The  valor  ot  /V  corresponding  to  different  valuaw  of  '$  and  O  ara  tabulated 
hr  I  ow 


5 

Y-K 

Y*  ?S' 

3 . 2  ’> 

0 . 5*10 

- 

* 

2 

0.6  % 

0.718 

0.752 

1 

0.816 

0.831 

0.855 

0.*) 

0.877 

0.90b 

0 . 920 

N)it r  that  aw  in  the  case  ot  tho  "sharp  blow"  problem  this  praaant  asymptotic 
solution  is  independent  of  initial  conditions.  The  value  of  C-j  carries 
the  information  from  the  initial  motion  ot  the  shock  and  cannot  be  determi- 
nod  in  the  asymptotic  self-similar  solution.  To  find  Cyc  ,  we  must  solve 
tho  complete  problem  numerically. 

I  •*  tii)  n  >w  investigat  e  the  distributions  of  pressure,  density  and 
t 1  r  particle  velocity  ts  the  shook  approaches  the  origin  (i.e.,  G  ). 

As  X<,-*“0  .  ^  _J*'  O  and  f.qs,  6.3.51  to  6.3.53  reduce  to  the  following 
Limiting  forms 


cH  ^  -hj/ 

di '  /' 


cl(X>  -  —  Q 

"  i/ 


(6.3.60) 


(6.3.61) 


(6.3.6?) 


31/ 


d/  -  -  ( JO  /  h  )  / 


k/ 


Integrating  the  above  equations  yields 


'i  -  <7 


t,-s 


(6.3.63) 


/  ..-l'  £  f  -& 

9  =  CiJ 


(6.3.6<4) 


/ 


LJ 


-(26+b) 


(6.3.65) 


where  Cy  ,  end  are  constants  of  integration.  In  terms  of  dimen¬ 
sional  variables,  Iqs.  6.3.63  to  6.3.65  can  be  exprossed  as 


=  8C  x' 


(6.3.66) 


u * xs^  * ■  (fc Y?a)z 

t* 


a 


•  '2  /’  /  (xr*. 

b-PJj  -  (BY.  £.<Z)x 


><r 


(6.3.67) 


(6.3.68) 


From  the  above  equations,  we  see  that  as  X  O  »  the  density  distribu¬ 
tion  is  proportional  to  the  original  density  profile  J^0  =  .  The 

particle  velocity  (X  tends  to  infinity  as  O  since  =  -°^2 ..  . 

The  pressure  approaches  zero  as  since  in  general  . 

However  both  the  momentum  pU.  and  the  kinetic  energy pU./jt  tend  to  zero 
as  X-^  O  .  It  ia  interesting  to  note  that  yet  another  self-similar 
solution  exists  i or  the  subsequent  expansion  of  the  gas  to  the  vacuum  after 

t  >  tc  • 


ft  •  4  Converging  Sh ook  Waves 

In  till*  Section  we  shall  consider  another  important  asymptotic 
motion,  that  oi  a  converging  cylindrical  or  spherical  shock  wavs  in  the 
vicinity  of  its  center  of  symmetry.  The  asymptotic  self-similar  solution 
for  the  final  phases  of  collapse  wnu  first  obtained  by  Gudarley  and  latar 
by  Butler,  The  existence  of  the  self-similar  solution  requires  the  ab¬ 
sence  of  a  characteristic  length  (i.».  )  and  alao  tha  shock 

front  to  be  of  infinite  strength  (i.e.,  oa  $  ).  Hence  this 

solution  is  valid  only  in  the  immediate  neighborhood  of  the  center  of 
convergence  when  both  of  these  conditions  can  ba  realised  in  practice. 

As  in  the  planar  problem  treated  in  the  previous  Section,  wc  shall  first 
consider  the  initial  phases  of  the  collapse  when  s\>  Ro  where  the 
solutions  are  dependent  or  the  Initial  conditions  and  then  we  will  ana¬ 
lyse  the  asymptotic  motion  for  the  final  phases  oi  collapse  where  the 
initial  conditions  do  not  appear.  In  this  way  a  better  physical  insight 
to  the  problem  can  be  achieved. 

We  shall  consider  a  spherical  or  cylindrical  chamber  of  radius 
containing  a  test  gas  at  initial  pressure  and  initial  density  yg 


At  time  t  =  0  a  finite  quantity  of  energy  Eq  or,  for  the  cylin¬ 
drical  case  E  per  unit  length  is  released  instantaneously  at  R  genera- 
o  o 

ting  a  strong  shock  wave.  At  subsequent  times,  the  shock  wave  collapses 
toward  the  center  of  the  axis  of  symmetry. 
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Neglecting  viscous  and  heat  transfer  effects,  end  assuming  a 
perfect  gee  with  conatent  epeclfic  heat  ratio  /  ,  the  connevvetlon 
equation*  governing  the  adiabatic  motion  of  the  shocked-gas  can  be 
written  aa  follow*: 

Conaervatlon  of  must 


df?  +  K°  (6.4.1) 


Conaervatlon  of  momentum 


(6.4.2) 


(6.4.3) 


where  J  *  1  for  cylindrical  symmetry 
=  2  for  spherical  symmetry 

The  boundary  conditions  at  the  shock  front  r  =  Rg  are  given  by 
the  standard  Rankine-Hugoniot  relationships  for  a  normal  shock  in  a  perfect 
gas  as  follows 

ft  =  Tf  (6.4.4) 

/»  V-t  +  3 /Ms 


k/  _  JL  - 

r/p') 

where  M  is  the  shock  Mach  number  defined  as 
s 


(6.4.6) 
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«,  * 


(6. A. 7) 


The  subscript  1 1  1  denotes  conditions  immediately  behind  the  shock  front 

while  R  and  c  are  the  shock  velocity  And  the  sound  speed  of  the  undls- 
s  o 

turbed  medium,  respectively.  In  the  present  problem,  it  is  more  convenient 
to  use  a  set  of  non-dimensional  variables  similar  to  that  used  in  blast 


wave  studies,  Rae  (1963). 


d>(£  rs)  =  U(W/i %(t) 

M*>)  * 

Mi,* o  =  /e*W/s 


where 


Cr-fo/Cfo-#.) 


/?c  -Ro 


■XS  =  Xt/P.  -  C6-&VA 


(6. A. 8) 


(6. A. 9) 


(6. A. 10) 


(6. A. 11) 


(6. A. 12) 


(6. A. 13) 


Equations  6.4.1  to  6. A. 3  transform  to  the  following  equations,  respectively. 


C4-0  if  *  1%  +  Jdte  - 


(6.4. 1A) 


/  a/ 


=  -7S  §</ 
djrs 


(6.4.15) 
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<6. A. 16) 


where  the  parameter  Q  is  defined  as 

B  -  £ Ml  (6.4.17) 


and  x  ,  x  denote  first  and  second  derivatives  of  x  with  respect  to  time  t. 

S  8  8 

A  more  convenient  form  of  the  energy  equation  can  be  obtained  by  eliminating 
^4  from  Equations  6,4.14  and  6.4.16.  Re-arranging  the  resultant  equation 


one  obtains 


(44) if  twf  t7f&i  - 

T  di  si  "H  dJr> 


(6.4.18) 


The  region  governed  by  Equations  6.4.14  to  6.4.18  is  bounded  by  the  shock 
front  at  ^  =  1  and  by  the  chamber  wall  at  ^  =0.  The  shock  originates  at 
the  chamber  wall  x  =0  and  collapses  to  the  center  at  x  =  -1. 

Unlike  the  asymptotic  solution  for  the  final  phases  of  collapse, 
the  energy  integral  provides  a  useful  relationship  in  the  early  phases  of 
motion  since  the  flow  boundaries  are  finite  (i.e.,  1  ^  0) .  Conser¬ 

ving  the  total  energy  at  any  instant  of  time,  one  obtains  the  relationship: 


(6.4.19) 


where  the  numerical  constant  kj  is  defined  as 

k,  =  2rt,  j  =  1  for  cylindrical  symmetry 

k£  =  4x,  j  =  2  for  spherical  symmetry 


The  second  integral  on  the  right-hand  side  of  Equation  6.4.19  represents 
the  initial  internal  energy  of  the  medium.  r, /aluating  this  integral  and 
expressing  the  resultant  equation  in  terms  of  the  previously  defined  di¬ 
mensionless  variables,  one  obtains 


-  322 


£  -  fchBfyrji&i)  -  l 

°  1  L  tirfr-Oq*')*ix?j 


(6.4.20) 


where 


*■  M)o+*d)]dt 


(0.4.21) 


If  the  initiation  energy  Eq  is  large  compared  to  the  initial  internal 

energy  of  the  medium,  the  second  term  on  the  right-hand  side  of  Equation 

6.4.20  can  be  neglected.  However,  in  contrast  to  the  classical  strong 

blast  wave;  problem  similarity  solutions  cannot  be  obtained  here  even  under 

this  condition  due  to  the  presence  of  the  characteristic  length  Rq  which 

results  in  the  integral  I(x  )  being  dependent  on  the  shock  position  x  . 

s  s 

From  Equation  6.4.20,  it  is  seen  that  in  the  present  problem,  departure 
from  similarity  arises  from  joth  time-dependent  boundary  conditions  when 
the  initial  internal  energy  of  the  medium  cannot  be  neglected  as  compared 
to  Eq,  and  also  from  the  presence  of  a  characteristic  length  Rq. 

In  the  subsequent  analysis,  it  is  more  convenient  to  seek  an 
appropriate  characteristic  time  so  that  the  time  variable  t  can  be  made 
non-dimensional.  Defining  a  characteristic  time  t*  as 


- 

1  CU  0£o  / 


(6.4.22) 


t*  can  be  interpreted  as  an  order  of  magnitude  of  the  total  time 


of  collapse, 


where 


In  the  subsequent  analysis,  the  non-dimensional  time  variable  £ 


r ' 


(6.4.23) 
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will  be  used.  The  shock  velocity  R  or  X  now  becomes 

8  8 


4  *  ’  Ss  d-s 


ij  dc 

Equations  6.4.14  to  6.4.18  remain  unchanged  except  that  x  now  represents 

s 

differentiation  with  respect  to  27  .  The  energy  integral  (i„e..  Equation 
6.4.20)  can  be  rewritten  as 


/  =  rsrtcu  o  Ifrt)  -  c/1 0  -  ( ''tZOlUL 

J  v(r-o 


(6.4.24) 


where  c*  is  the  characteristic  sound  speed  defined  as 


7 


eUj/£ 


If  the  initiation  energy  is  very  large  (i.e.,  E 


(6.4.25) 


0  and 


c i|  0  and  the  shock  wave  remains  strong  throughout  its  collapse.  For 

example,  in  a  spherical  implosion  chamber  of  radius  3  cm.  containing  air 

at  10  mm.  Hg.  initial  pressure,  an  initiation  energy  of  10  joules  gives 

a  value  of  t*  =  12.5  x  10“6  sec.  and  c*2  =  0.0196.  For  hydrogen  under 

■•6  2 

identical  conditions,  t*  =  0.346  x  10  sec.  while  c*  =  0.0199,  approx¬ 
imately  the  same  as  that  for  air  due  to  the  higher  sound  speed  in  hydrogen. 

For  the  initial  phases  of  the  collapse  when  |rs|<7<  /  ,  one 

may  seek  solutions  to  Equations  6.4,14  to  6.4..  18  by  assuming  the  following 
power  series  for  the  dependent  variables  and  ^ . 


Hi**) 

Hi  *  ^ 


(6.4.26) 
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An  appropriate  expansion  for  the  shock  velocity  x  can  readily  be 

s 

obtained  by  inspection  from  the  energy  integral  given  by  Equation  6.4.24. 

2 

Since  the  left-hand  side  of  Equation  6.4.24  is  finite,  xg  must  be  of  the 
form 


c*o 

.  rr  * 

X^  -y  - - ^5 


(6.4.2?) 


From  ~ ;uation  6.4.27,  one  can  readily  determine  the  expansion  for  the 
parameter  0  as : 


0  -  (6.4.28) 

r i 

where  the  coefficients  ,  of2*  .  are  given  as 

(6.4.29) 


em-  -2  >  e 


<•>  -  F, 
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CD 
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F0 
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ea> '*((%)-  +3g) 


(6  .4.30) 


(6.4.31) 


Substituting  the  perturbation  expressions  given  by  Equations  6.4.26  to 
6.4.31  into  the  conservation  equations  (Equations  6.4.14,  6.4.13  and  6. 4. 18) 
and  into  the  energy  integral.  (Equation  6,4,24),  one  obtains  the  iol  lowing 
after  equating  coefficients  of  similar  orders  in  Xg . 

Zeroth  Order 


fc)  J  f o) 
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Second  Order 
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(6.4. A3) 


'j 


(t .4 .44) 


(6.4.45) 
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V3'  y-j  x 

Tb i rd  Order 
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where 


(6  .A .  50) 


The  boundary  conditions  to  he  satisfied  bv  the  seroth,  first,  second  and 
third  order  equations  at  the  shock  front  <£  «  L  can  be  determined  by  ex¬ 
panding  the  Rankine-Hugonlot  relations.  Substituting  Equation  6. A. 27  into 
Equations  6. A. A  to  6. A. 6  <md  carrying  out  the  expansions,  one  obtains  for 
Zeroth  Order 

<£*'(»  --  /"t<;  -  -j--  (6.4.5!) 
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Second  Order 
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Third  Order 
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The  reroth  order  shock  boundary  conditions  are  simply  those  for  an  infi* 

2 

nitely  strong  shock  wave  of  limiting  density  ratio.  The  parameter  c* 

appears  in  the  first  and  higher  order  boundary  conditions  only.  Hence 

2 

for  very  large  values  of  the  initiation  energy  E  where  c*  ca  >  be 
neglected,  the  first  and  higher  order  boundary  conditions  all  become 
zero.  The  shock  remains  strong  throughout  its  collapse  under  this  con¬ 
dition.  One  should  note  that  the  determination  of  the  boundary  conditions 
for  a  higher  order  solution  requires  the  comple  iolution  of  the  lower 
order  equations.  For  example,  the  first  order  boundary  conditions  can  only 


be  evaluated  after  the  zero  ord*  r  solution  is  obtained  and  F  determined 

o 


:..h> 


! 

from  the  zero  or  dr  energy  Intent**!  '*  "  ,  I'quati.:;  6.4.35). 

Prom  the  di fferentlal  equations  for  the  zeroth  order  (i.e., 

Equations  6.4,32  to  6.4.34)  its  boundary  conditions  (i.e.,  Equations 

6. 4. 52  and  6.4.53),  and  the  value  of  Q(^  -  -  1/2,  one  observes 

immediately  that  the  solution  will  in  fact  be  the  nelf-similar  solution 

for  strong  planar  blast  waves.  One  would  expect  this  result  since  the 

shock  is  initiated  at  the  wall  surface  at  R  a»d  for  very  short  times 

o 

after  initiation,  curvature  effects  art  negligible  and  the  flow  is 
essentially  planar. 

With  the  zero  order  solution  known.  P  can  be  evaluated  from 

*  o 

the  energy  integral  (i.e.,  Equation  6,4.35)  and  the  first  order  boundary 
conditions  can  now  be  determined.  With  these  &u  starting  values  at  the 
shock  1,  the  differential  equations  for  the.  first  order  (i.e., 

Equations  6.4.37  to  6.4.39)  can  then  be  integrated  numerically  with  u 
chosen  value  of  Q1'*  .  The  criterion  for  determining  the  correct 

solution  is  that  the  chosen  value  of  Q ^  gives  a  solution  that  :  at- 
iofies  the  condition  of  zero  particle  velocity  at  the  wall.  An  alter¬ 
native  criterion  is  that  the  assumed  value  of  coincides  with 

the  value  obtained  from  the  first  order  energy  integral.  It  was  found 
that  rapid  convergence  can  be  obtained  using  the  "regul a-f alsi"  method 
of  iteration  for  Q(0  based  on  the  criterion  of  zero  particle  velocity 

at  the  wall  (  ^  ~  o  ^  qb('Vo)  =  ©  )•  The  second  criterion  is  also 

used  to  check  the  value  of  the  obtained.  The  solutions  for  the 

second  and  higher  orders  are  found  in  a  similar  manner. 

The  shock  trajectory  can  be  obtained  from  the  definition  of  the 


dxs 

dc 


shock  velocity 


or 


-  33 1  - 


c  ■- 


(6.4.63) 


Substituting  the  expansion  for  x  in  terms  of  x  into  the  above  equation, 

s  s 

one  obtains 


z 


■f  f~!  +  Z's* 


(6.4.64) 


2 

Where  the  negative  square  root  of  is  taken  since  the  shock  velocity  is 
directed  towards  the  center  of  symmetry. 

Integrating  Equation  6.4.34  up  to  third  order  in  x  ,  the  resultant 

3 

expression  for  the  shock  trajectory  becomes: 


r  * 
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where 


4  * 
A  * 

B  - 


4  - 


3/mf 

-3_  £ 
/o  fZ 


i/lt2  -F*) 

-4  f £/*•■?-  1  ^ 

3  i/iLrJ  *  b7- 


r 

rz. 


3$) 


+ _ 


(6.4.65) 


The  present  analysis  provides  a  fairly  accurate  and  complete 

description  of  the  initial  phases  of  collapse  of  impulsively~generated 

Implosions.  For  strong  collapse  where  the  initiation  blast  energy  is 
2 

large  (i.e.,  c^  0)  the  present  perturbation  scheme  is  simply  a 

Taylor  series  expansion  about  the  chamber  wall  xg  =  0  and  the  radius  of 
convergence  covers  a  significant  portion  oi  the  total  collapse.  Counter 
pressure  effects  become  dominant  for  weak  initiation  and  the  validity  oi 
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the  present,  second  order  solution  Is  confined  to  the  neighbourhood  of  well 
whereby  |2"s j  «  /  .  A  description  of  the  complete  collapse  requires 

a  numerical  integration  scheme.  However,  the  present  analysis  provides  an 
excellent  method  for  determining  the  appropriate  starting  conditions  for 
the  numerical  solution. 

The  coordinate  perturbation  method  described  here  can  be  used 
to  solve  for  the  initial  phases  of  collapse  of  shock  waves  generated  by 
means  other  than  an  impulsive  energy  release.  For  example  if  the  shock  is 
initiated  by  a  piston  we  simply  redefine  our  Independent  variables  <£  and  2$ 
as 


f  * 


r-fZp 
R  -Rf> 


xs 


£ 


where  is  the  prescribed  piston  path.  The  rest  of  the  analysis  will  be 
identical  to  that  given  above. 

For  collapsing  shock  waves  in  a  detonating  gas,  we  use  the  general 
boundary  condition  at  the  front  given  as 


lUi)  *  ^tL- 


(6.4.66) 
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r  Y-t-f 
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yfrto 

where 


(6.4.68) 


(6.4.69) 
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k  * 


(6.4.70) 


«  *■  (6.4.71) 

j  -  ~  Co/ffe  (6.4.72) 

in  place  of  the  relationships  for  the  non-reacting  case  given  by  Eqs.  6.4.4 
to  6.4.6.  The  energy  integral  will  now  include  the  chemical  energy  and 
Eq.  6.4.19  should  be  written  as 


*  jj^° ^  /■  r^r  -f&( 


(6.4.73) 


which  in  terms  of  the  dimensionless  parameters  becomes 

/  '  0l<%)  -fj  (/ '  t* y 


(6.4.74) 


where 


fi  C<?*+Q)h 
Q4oF° 


(6.4.73) 


and  Jfis)  >  are  defined  as  before  by  Eq .  6.4.21  and  6.4.22  respec 
tively.  The  rest  of  the  perturbation  analysis  i3  identical  as  before  and 
the  equations  for  the  different  orders  in  Xs  are  as  g'./eu  by  Eqs.  6.4.32 
to  6.4.51.  The  term  C J  in  Eqs.  6.4.40,  6.4.45,  6.4.50  for 

and  rj  respectively  must  be  replaced  by  j3j  .  The  zeroth 
order  boundary  conditions  are  identical  as  before,  however  the  higher 
order  terms  will  be  changed  to  include  the  chemical  energy  release.  These 
can  readily  be  obtained  by  expanding  the  boundary  conditions  given  by  Eqs, 
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6.4.66  to  .4.68  .  For  example  the  first  and  second  order 
conditions  are  given  as 


^  -  £) 
qt>"h)  -  y-  (  r0  -Cr-os) 
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boundary 


(6.4.76) 


(6.4.77) 


(6.4.78) 


(6.4.79) 


(6.4.80) 


(6.4.81) 


(6.4.82) 


(6.4.83) 


will' t  . 
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Tho  solution  for  tile  various  orders  In  win  obtained  In  an  identical 

manner  .in  described  before,  For  a  detonating  gas  i  lie  perturbation  wnlutl 
diverges  rapidly  and  la  valid  only  for  /*>,/«:•.,  /  .  This  1m  >1  <  to  t  lie 

Al*V 

large  magnitude  of  pt  for  a  detnuahlc  metllum,  Koi  example,  lot  equi¬ 
molar  acetylene-oxygen  mixtures,  at  an  Initial  pressure  of  100  ton,  t  lie 
value  of  GO  for  A'o  -  t>  cm  and  -  10  Joules, 

For  the  final  ohaaes  of  collapse  near  the  center  of  symmetry  wr 
redefine  our  variables  as  follows 


■  ■  i_. 

■'  Ak. 

i-d/i)--  pd-o/tz  (6,4.8b) 

4(^n)  =  u-(w/As(t) 

■f(tn)  -  drv/(fi /?’«>) 


•  Ml 


and  the  basic  conservations  (i.e.,  Eqs.  6.4,1  to  6.4,3)  now  become 
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Tha  energy  equation  given  above  la  of  the  aaroe  form  aa  Kq .  ft. 4. 18  In  which 
tha  continuity  aquation  haa  baan  uaat  to  allmlnata  tha  danalty  t(*  .  The 
flow  at  all  ttinaa  la  h«nmdad  by  tha  ahock  front  f  -  K\  and  tha  cavity 
wall  r  -  f\c  ,  hanca  .  Initially  at  tiiae  t  -  0  tha  ahock  la 

at  tha  cavity  wall  A*\  -  O  and  at  aoroe  t  lm«  t  “  tc.  »  ^  arrivad  at  tha 
cantar  of  aymnetry,  hanca  f>  i  V  '' 

For  tha  terminal  motion  naar  tha  cantar  of  convergence,  A,  -•  O 
(althar  and  finite  or  Rq  finite  but  tha  ahock  radiua  Rs-+-0  ) 

and  tha  right  hand  tarmu  of  Kq .  6.4,8b  to  6.4.88  vanlah.  Tha  parameter 
*  constant  and  for  strong  abort- ,  y~pO  and  tha  boundary 
conditions  at  tha  front  given  by  !5qu.  6.4,66  and  6.4.68  reduce  to 


t/S>)  « 


(6.4.53) 
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Tha  baalc  aquation*  for  the  terminal  motion  of  the  flow  reduce  to 
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Befo  re  the  above  differential  o^j  u  m  t  Iona  cun  he  Integrated,  the  value  ot 
^  must  be  known  end  for  this  second  class  of  asymptotic  self-similar 
motion,  It  cannot  he  determined  from  the  Inlt  lei  condition*.  Similar  to 
the  problem*  treated  earlier  in  thia  Chapter,  the  solution  1*  determined 
by  seeking  a  value  of  i*)  that,  results  In  */'  ,  f  and  ^  being  continuous 
at  the  singularity  (  ^  $  )*  -  )(  /'^  ~  O  ,  Prom  Kq  .  ft.  ft, 90  we  see  that 
lor  regularity  of  the  solution  at  ($  4)  1  r  &  ,  we  must  have 

a  value  of  t\  that  satisfies  the  condition 


rj/Vw* 

s£\'  -  f/y) 


(6.4.93) 


where  the  ^superscript  denotes  conditions  st  the  singularity.  The  valuer 
of  ft  f  or  various  values  of  y  and  1  arc  tabulated  below 
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From  the  definition  of  Q0  ,  we  can  determine  the  form  of  the  shock  strength 
dependence  on  £  and  the  shock  trajectory.  Integrating  Eq .  6 .4.89,  we  get 


-- 


(6. A. 94) 


where  is  a  constant.  The  negative  sign  is  chosen  since  the  shock  radius 
decreases  with  increasing  time.  Integrating  Eq.  6.4.94  again  yields 


S  '*o-V 
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where 
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lit  th*  above  aquation,  Id  chosen  auch  that  when  /s  <-  0,  i  **  fc 

It  should  hr  noted  that  tha  const  ant  tt  and  depend  on  the 

Initial  conditions  and  cannot  be  determined  In  the  self-similar  aolutlon. 
They  have  co  be  £ound  by  matching  thin  asymptotic  se l f -simi lar  aolutlon 
to  the  exact  numerical  .solution  of  the  initial  non-similar  reglrt  of  the 
collapse  processes. 

For  ft.  finite  but  small  (l.e.,  ^  ^  /  )  we  can  seek  correc¬ 

tions  to  this  asymptotic  aalf-altnilar  solution  to  account  for  non-similar 
effacts  arising  from  counter-pressure  or  heat  released  by  chemical  reac¬ 
tions  by  a  coordinate  perturbation  scheme  In  a  small  parameter  CC^S  J 
From  an  examination  of  the  basic  equations  and  the  boundary  conditions  we 
find  that  if  the  self -similar  solution  for  -5* O  is  to  be  recovered  as 
£  -V-  O  ,  then  should  have  the  form 

€  *  <5*  (6.4.96) 

where  <X  =  -2Q  is  a  positive  number  since  0o  is  negative.  We  can 
write  the  following  perturbation  expressions  for  the  variables 

rt  -  d££*'w  )  (6.4.97, 
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From  Eq,  6.4.97  and  the  definition  of  &  (i.e.,  Eq .  6.4.99)  the  coefficient* 


of  Eq .  6.4.98  can  be  obtained  as 


(6.4.102) 


*  «El 
6>  Z  F0 


(6.4.103) 


Substituting  these  perturbation  expressions  into  the  basic  equations  end 
the  boundary  conditions  and  collecting  the  terms  of  the  same  order  of  mag¬ 
nitude  in  6  ,  we  obtain  for  the  zeroth  order  in  £  ,  the  self -similar 
solution  described  earlier  and  for  the  first  order,  we  have 
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(6.4.106) 


The  corresponding  boundary  conditions  at  the  shock  front  <£  =  1  are  given  as 
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where 


m+') 


(6.4.109) 


(6.4.110) 


ft  ~  1Z  (6.4.111) 

7  fZ*Z 

and  j^t1)  1®  given  previously  by  Eq .  6.4.53.  Note  that  the  first  order 

boundary  conditions  given  above  depend  linearly  on  ,  which  is  a  constant 
and  depends  on  the  constant  rz  .  However  f~i>  can  only  be  found  from  the 
initial  conditions  through  an  exact  numerical  solution  of  the  problem.  To 
obtain  a  general  perturbation  solution  independent  of  the  numerical  value 
of  j3  ,  we  can  redefine  the  variables  ^  ,  -/*,  and  as 

^  =  9  £  *  ^  (6.4.112) 


Substituting  Eq .  6.4.112 


’irst  order  equations  (i.e.,  Eqs.  6.4.104 


to  6.4.106),  we  note  that  also  linearly  dependent  on  .  Hence 

redefining  fj  as 

F'/Fo  ~  F/*f  (6.4.113) 

then  ^  where  F^/Zj  „  Similarly  it  can  be  seen  that 

the  second  order  variables  are  proportional  to  and  so  on  for  higher 
orders.  For  convenience  we  can  non-dimensionalize  time  t  with  respect  to  t 


by  defining 


U-  t/ic 


(6.4.114) 


In  terms  of  the  redefined  bariables,  Eqs.  6.4.97  to  6.4.101  become 
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i\~  “  i  +F/j27€  +  J  (6.4.115) 


whore 
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u 

Vi  *■  vy*  *■ 

(6.4.118) 

V  - 

Vo  +  V’fe  * 

(6.4.119) 

h 

(6.4.120) 

In  terms  of  the  new  variables,  the  first  order  equations 
to  6.4.106)  remain  unchanged  and  we  simply  replace  <f>  , 

and  3*  .  The  boundary  values  for 

(i.e.,  Eqs.  6.4.104 

#  >  F  ,  &,  by 

etc.  at 

the  shock  are  given  as  before  by  Eqs.  6.4.107  to  6.4.109  except  ^  is 


absent.  The  solution  is  now  universal  and  for  any  given  value  of  p  ,  the 
first  order  corrections  can  readily  be  found  using  Eqs.  6.4.115  to  6.4.120. 

The  first  order  solution  is  determined  in  an  identical  manner  as 
the  zeroth  order  self-similar  solution.  From  Eqs.  6.4.104  to  6.4.106,  we 
note  the  singularity  for  the  first  order  equations  is  the  same  as  the  zeroth 
order  (i.e.,  (</%-£)  -  *^/?4  ~  ^  )•  The  corresponding  regularity 

condition  for  the  first  order  can  be  obtained  from  Eqs.  6.4.104  to  6,4.106 
as 
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(6.4,121) 


With  the  first  order  correction,  the  shock  trajectory,  the  shock 
pressure  >  density  ft/fi  ,  particle  velocity  M-t/Co  ,  and  the 

variation  of  shock  strength  'fj  with  shock  radius  are  given  by  the 
following  expressions: 
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(6.4.125) 
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where 


and  is  the  reciprocal  of  the  Chapman-Jouguet  detonation  Mach  No, 

squared . 


From  the  above  analysis  we  note  that  by  extending  the  validity  of 
the  asymptotic  self -similar  solution  to  account  for  non-similar  effects, 
we  still  fall  to  bring  the  initial  conditions  into  the  solution.  An 
exact  numerical  solution  is  required  to  evaluate  the  constants  and  Ft 
The  memory  of  the  initial  processes  comes  in  through  these  constants. 

For  Implosions  in  m  initially  non-uniform  density  field  (i.e., 

=  /Jr1*’  ),  the  asymptotic  solution  near  the  center  of  symmetry  can  be 
found  in  a  manner  identical  to  that  given  above.  The  basic  equations  will 
now  contain  an  60  term.  For  a  non-uniform  density  field,  the  planar  case 
(i.e.,  j  =0)  is  not  trivial  and  shock  amplification  can  result  due  to  the 
density  decrease.  The  solution  will  be  identical  to  that  for  the  propaga¬ 
tion  of  a  shock  wave  near  the  vacuum  edge  of  a  star  given  in  the  previous 


Section. 
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6 .5  Collapse  of  a  Bubble  in  a  Liquid 

In  this  Section  we  shall  consider  the  collapse  of  an  empty 
spherical  cavity  in  a  liquid.  Bubbles  can  be  formed  and  grow  if  the 
pressure  at  a  certain  part  of  a  flow  field  is  below  the  vapor  pressure 
of  the  liquid.  When  these  bubbles  are  convected  at  a  later  time  to  a 
region  of  higher  pressure,  they  collapse.  Ihe  symmetrical  collapse  of 
these  bubbles  results  in  the  generation  of  strong  shock  waves  in  the 
fluid  leading  to  damage  of  submerged  surfaces  such  as  propeller  blades. 
Although  in  reality,  the  inside  of  a  bubble  is  not  empty  but  contains  a 
vapor  we  shall  neglect  the  influence  of  the  vapor  on  the  collapsing  motion 
of  the  bubble.  This  assumption  is  valid  at  least  in  the  final  phases  of 
collapse  when  the  pressure  build  up  near  the  cavity  wall  is  sufficiently 
high.  Some  conjectures  have  been  made  regarding  the  rate  of  condensation 
of  the  vapor  being  sufficiently  rapid  to  influence  the  collapsing  motion. 

At  any  rate,  pulsating  motion  has  been  observed  for  fairly  large  bubbles 
indicating  the  strong  influence  of  the  inside  vapor  pressure  on  the  bubble 
motion.  On  the  other  hand,  cavitation  damage  indicates  the  generation  of 
fairly  strong  shock  waves  and  this  suggests  tuat  a  sufficient  amount  ol 
focussing  has  been  achieved.  In  this  case  it  seems  most  likely  tha*-  small 
bubbles  actually  terminate  their  collapse  at  f  =  O  .  We  shall  neglect 
vapor  pressure  in  our  analysis  and  consider  an  empty  cavity. 

At  an  initial  time  t  =  0,  we  assume  a  spherical  cavity  of  radius 
Ro  in  an  infinite  expanse  of  fluid  at  pressure  .  The  pressure  inside 

the  cavity  is  zero.  As  a  result  of  the  pressure  difference  fa  ,  the 
bubble  begins  to  shrink.  The  Initial  motion  of  the  collapse  has  been  stu¬ 
died  by  Rayliegh  and  it  is  instructive  to  briefly  review  it  again.  For  the 
initial  motion,  compressibility  effects  can  be  neglected  because  the  motion 
is  s 1 ow  and  the  pressure  rise  low.  Hence  from  the  continuity  equation  for 
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an  incompressible  fluid 


V'OL 


-  0,  we  get. 


since  the  flow  is  spherically  symmetric.  Solving  the  above  equation  with 
the  boundary  condition  that  the  particle  velocity  U.  at  the  cavity  wall 
R(- 6 )  equal  to  the  velocity  of  the  interface  R&)  (i.e.,  tt(R)  - 


R-  ),  we  get  the  velocity  distribution  as 

U£r)  = 


(6.5.1) 


From  the  momentum  equation,  we  obtain 


Using  Eq.  6.5.1  to  evaluate  the  derivatives  and  integrating  the  above 
equation  from  the  cavity  wall  R.  to  infinity,  we  have 

j>  ~  p0  +£&(%■£  (B-f  (6.5.2 

Using  the  boundary  condition  at  the  cavity  wall  f  =  fiL  ,  f^CR")  =  O  , 
Eq .  6.5.2  becomes 


0  =  /4  +/(£& 


Solving  the  above  differential  equation  under  the  initial  condition 
t  =  o  ,  R  =  o  ,  R  =  Ro  ,  we  obtain  an  equation  for  the  velocity 
Increase  of  the  collapsing  bubble  with  radius 


i?  - 


(6,5.4) 


Integrating  the  above  equation  with  respect  to  time  yields  the  trajectory 


(6.5.5) 


-  .*•«/ 


The  totNl  collapse  tilin'  [  may  hr  obtained  !  rum  |q,  f» ,  b  .  ^  by  I  nt  egt  at  I  ng 


from  zero  to  on# ,  W©  obtain 


(6.5.6) 


where  $  (of  j  p  )  the  well  known  Hetu  1  unction  iU(ln*d  am 

Bfap)  =  <« 

1  r«-"p) 

For  the  particular  values  ^ =  H  ,  V*. 

S/JJ)  -  rrt)/Vf)//Yf )  -  /i/W/m) 


(6. v  /) 


so  that  the  collapse  time  £*  becomes 


r-  -9 & #•(•£)*’ 


((>.!>. H) 


Using  the  above  equation  we  can  find  the  total  tlma  of  col  laps#  of  a 

bubble  of  any  plven  size  Initially.  For  example  for  a  1  mm  radius  bubble 

{  -  1  mm)  in  water  (  f*  «  l  gm  per  cc ,  *  1  atm)  the  total  time  ol 

-4 

collapse  is  *  .915  x  10  sec.  or  about  1/10  of  a  millisecond .  of  course 
this  la  only  an  approximate  order  of  magnitude  because  compressibility 
effects  become  significant  for  the  later  part  of  the  collapue  and  Eq  6  5  5 
la  no  longer  valid.  The  pressure  distribution  can  be  obtained  from  Eq . 


6.5.2  using  Eq ,  6.5.3  and  the  resultant  form  can  be  expressed  as 

A  "  *(JtX  i  +0'£) 


(6,5.9) 


A  -  rj 


where  g  = 

The  present  problem  contains  a  characteristic  length  /?*>  and  a  characteris¬ 
tic  velocity  (fyp)*'  .  However  in  the  asymptotic  limit  O  ,  the 

length  scale  $o  becomes  too  large  and  no  longer  characterizes  the  motion. 

.  r- 

Also  from  Eqs.  6.5.4  and  6.5.9  we  note  chat  the  velocity  A?  ,  hence  the 
pressure  approaches  infinity  as  O  and  therefore  the  velocity  scale 


»  Inh 


(J'/^'S*  do**  »**•  ,.uv  *  i  oIp  in  t  ha  aa  ympl  »i!  t »  motion  a*  w*  O  .  Tha 
(Inal  phaaa*  of  (It*  enllapaa  *«*hi  lil  lv  forga!  tha  intt  ial  condition* 
atiu'o  ami  A.i«  to  not  appaar  aa  tn  tha  ool  t  M|*m  1  i«n  *hnek  wavs  piohlam 
ttenlcd  in  Ilia  pirvlou*  Had  ion.  Tha  **  ympl  oil  e  motion  Mugga*!*  a  *tmi« 
larlty  aotul  Ion  of  ilia  form 

<^(£)  i  (t/A'  >  "  //( ) 

\  A*“ 

alma  tha  onlv  velocity  anil  praaaui'o  *o*la*  are  A-  and  PR  raapact  lvaly , 
Similarity  aoUitiona  of  tha  above  form  for  tha  asymptotic  motion  hava  baan 
obtalnad  by  llontar.  Full  compreaaibil ity  atfacta  ware  conaldarad  and  tha 
on*  dimensional  non**taady  gaadynamle  aquation*  war*  employed. 

f'y  y-  /°f**  s°  (6,5.10) 

<-)t  Ar'  t>r  *  r 


rV 


$  '  “  4  0 


~  o 


(6.5.11) 


2f  7*"  “2$  -  o  (6.5.12) 

Jt  dr 


where  S  is  the  specific  entropy.  The  equation  of  state  used  is  the 
modified  Talc  form  given  as 

fci- -?  =  (f  )*  (60.  13) 

8  y?  J 

where  f)  is  a  constant  of  the  order  of  3  kilo  bars,  “  ’/  for  water  and 
is  the  density  at  uero  pressure..  Frolp  Eq.  6.5.13  we  obtain  the  speed 
of  sound  as 


(6.5.14) 


For  compressible  motions  in  water,  we  can  appYy  the  isentropic  approxima- 
tLon  in  general  since  the  entropy  change  across  even  a  fairly  strong  shock 


wav*  l»  vent  ahl  i\|4 1  y  small.  Put  U«utiopl«  motion,  Kq*.  {>.">.  10  to  ft,5.  12 
can  ba  reduced  to  the  following  pair  of  equation* 


?  n-') 


,  j/yoeji 


(6.5.15) 


fi  "  &  piM-  (6-5  ,m 

wh*r*  U  *nd  C-  «r e  th*  only  two  dependent  variables  to  b*  determined. 

Once  *  Aolution  for  (?  hau  been  obtained  the  pressure  end  denalty  distri¬ 
bution*  can  be  found  from  the  equation  of  ntato  and  tbn  relation  for  the 
sound  speed  with  f>  and  70  . 

Without  restricting  ourselves  to  the  asymptotic  final  phases  ot 
the  collapse  et  present,  the  boundary  conditions  for  Eqs.  6.5.16' and  6.5.1ft 
are  given  es  , 

u-  £ 

at  the  cavity  wall  r  *  fH  (6.5.17) 

u..  -  o 

and  »t  f  «  00  (6o5.i8) 

<?*■=  rffas ) 

We  have  considered  for  the  final  motion  that  R,«  <©  and  the  bubble 
essentially  originates  at  infinity.  Since  ^  is  of  the  order  of  1.  bar 
while  B  is  3  kllobars,  can  be  neglected  in  Eq.  6,5.18.  Also  can 

be  taken  as  ft  since  the  density  changes  in  water  under  a  few  bars  ot 
pressures  are  negligibly  small. 

Transforming  Eqs.  f  5.15  and  6.5.16  in  the  familiar  blast  wave 


coordinates  we  have 
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(H)&  *•  r?  If  "  S6V¥„ 


where 


^  -C 


W.J- 

j5  /? 


<s  -  c 


(6.5.21) 


and  the  corresponding  boundary  conditions  become 


<fiO,  p  -  >  >  *o,  v  *  7 


(6.5.22) 


We  do  not  worry  about  the  boundary  conditions  at  ^  ~  00  because  as  will  be 
shown  later,  the  asymptotic  motion  is  dependent  and  uniquely  determined  by 
the  consideration  of  a  small  region  of  flow  immediately  in  the  wake  of  the 
cavity  wall. 

•  ■2. 

In  the  Immediate  neighborhood  of  the  center  of  collapse, 
and  Assuming  the  derivatives  of  ^  and  with  respect  to  ^  to 

remain  finite  as  J  G  ,  the  right  hand  sides  of  Eqs.  8.5.19  and  6.5.20 
vanish  and  we  get 


+df',)€4l  +2** ~o 


(6.5. 23) 
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^7  e'  +  e</&  =o 


(6.5.24) 


The  boundary  conditions  at  the  front  ^  =  /  reduce  to 

cfiCO  ~  /  ;>  €CO  -O 


(6.5.25) 


/  /  / 

Solving  for  the  derivatives  £  and  from  Eqs,  6,5.23  and  6.5,24  we  get 


(6.5.26 ( 


*  Qf.gf  -e  ( -5-27) 

From  Eqs.  6.5.26  and  6.5.27  we  see  Immediately  that  the  slopes  ^  ^  and 
are  Indeterminate  at  the  cavity  wall  £  =  /  .  Hence  to  start  the  integra¬ 
tion  It  is  necessary  to  find  the  solution  in  the  neighborhood  of  the  cavity 
wall  £  =  /  by  expanding  in  power  series  of  the  form 

-  l  +■  '  ' 

(6.5.28) 

bQ-,/*  - 

Substituting  the  above  expansions  Into  Eqs.  6.5.26  and  6.5.27  we  obtain 

u  ^  / 

-9fc>) 

and  hence  the  solution  near  the  wall  can  be  written  as 

<j/>  ~  /  +  + 

(6.5.29) 

6  =  -e(r-')d-)  +  -  • 
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Notice  that  Q  is  as  yet  unknown.  If  we  select  some  specific 
value  of  Q  and  then  using  Eq.  6.5.29  to  start  the  solution,  proceed  to 
integrate  Eqs.  6.5.26  and  6.5.27  for  £ > f  ,  we  find  that  the  singularity 
—€■  —Q  is  encountered  for  some  ^  •  Hence,  to  com¬ 

plete  this  similarity  solution,  we  must  find  a  value  of  &  that  will  permit 
smooth  crossing  at  the  singularity  £  •  From  Eq.  6.5.26,  the  & 

that  permits  this  is  the  one  that  makes  the  numerator  equal  to  zero  at 
f  _ ,,  _ 


t. 

~  <  as  well  as  yielding 


£[Ctr-3)<jl  +s£] 


(6.5.30) 


For  example,  from  the  paper  by  Akinsete  and  Lee,  for  J  =  2  (spherical 

symmetry)  and  Y  =  7  we  have  0  =  -.80111  and  £*=  1.50094. 

We  shall  now  attempt  to  obtain  corrections  to  this  similarity 

.  2- 

solution  to  account  for  finite  J  or  R.  just  prior  to  collapse  by  expanding 
the  solution  as 


’Hi1/)  -  &£)  *  4/£)j  <- 


(6.5.31) 


-  £, 


Substituting  the  above  equations  into  the  original  equations  (Eqs.  6.5.19 
and  6.5.20),  the  zero  order  sal  i>t ion  (  <&(■% )  ,  €o  1  *nd  ®o  )  is 
found  to  be  the  similarity  solution  just  discussed  while  the  first  order 
flow  variables  must  now  satisfy 


yf  -  jf/~  pr,  ( rtfe.'-i- 


(6.5.32) 
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L 


where 


+jfc)(4e, 

D  -  <4  -if-  *> 


(6.5.33) 


(6.5.34) 


(6.5.35) 


The  boundary  conditions  are  found  from  Eq.  6.5.22  to  be 

<&C0  =  €,6)  =  /  ;  <£,(<)  *  ')  *  o 

Near  the  cavity  wall  (  ^  and  6"0have  the  limiting  forms  gi/en 

by  Eq.  6.5.29.  Also 

2)  -  c4,-4?-*a  *  QCr-otf-O 

The  numerator  of  Eq.  6.5.32,  near  ^  =  /  approaches 

■5 i'r •>*-;&)  - 

and  hence  becomes  (near  ^  =  /  ) 

#'<-/)  Z-  tjJ_ 

T‘  &o(r- )(£-') 

so  that  4>t  /*(§->)  near  £  =  /  unless  the  numerator 
-^(/~3j9p  ~yOf’~,0  V* =  0.  However  was  determined  from  the 
similarity  solution  beforehand  to  yield  smooth  crossing  at  x  and 
therefore  the  numerator  in  question  is  not  rero.  Hence  we  are  led  to  the 
conclusion  that  ^  behaves  like 

<f>  =  ¥0fi)  -hk*/ £*(£->) 

so  that  at  ^  ■  /  ,  I  =  00  unless  7 J  ~  O  which  does  not  oatisiy 

the  boundary  conditions.  This  means  that  the  perturbation  series  solution 
(Eq .  6.5.31)  iB  not  the  proper  one. 

To  see  this  better,  let  us  return  to  the  original  equations 
(Eqs.  6.5.19  and  6.5.20)  and  examine  the  behavior  oi  7 

=  /  by  setting 


near 
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4>(£y)  -  /  +  F(?)(4-o  +  +  ■  ■ 

e(£,  j)  *  y  +  G,fy)C£-)  +  G*6]){£-i)  + 


(6.5.36) 


and  substituting  the.  above  equations  into  Eqs.  6.5.19  and  6.5.20.  We  get 

Jfc  1 

+  (Y',)[y  +  Gt(£-0*'--  ][f,  +  3.6uf£-o+ ■  J 

=  -  / [j  t  <5/£-0+  1[£&  )]  ( 

-39ytt+Ci-0^*.-jf 

=  -/  &0+F,q-)  *  )  -xj( <£-»%•<  )] 


(6.5.38) 


a)  Let  us  consider  first  yyLo  ,  Taking  lowest  order  of  £  ~  /  in  Eq. 


6.5.38  we  have 


<?,  =  -eft-0 


(6.5.39) 


and  taking  the  zero  order  term  in  (£  ~  0  °f  Eq •  6.5.37  wo  obtain 

Ct-OyF,  =  -y(2&  -fyYY-o)  +2  ey 

and  since  TJ  O  ,  one  gets 

F,  ~  ~j  (6.5.40) 

It  would  therefore  appear  that  if  0  the  behavior  of  <£  and  6"  near 

£  =  /  is 

^  *•  /  -j@-0  +  Ft 


€  = 


y  '  +  Q-  ft 


(6.3.4L) 


c.?i<s£tS£ft£SS9 
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b)  We  now  let  y  -  O  and  set  6>Cd)  =  S0  .  Taking  the  lowest  order  in 
of  Eq.  6.5.38  then  gives 
<$>  == 

which  is  the  same  form  as  given  previously  (Eq.  6.5.39).  However  upon 
examination  of  Eq.  6.5.37  we  see  that  this  time  the  lowest  order  one 
instead  of  zero  as  it  was  in  the  ^Ocase.  We  therefore  get 

(20,  t-jYf-’O 


F,'  f(/-s*-jYr-») 

and  hence  if  y  -  O  ,  the  behavior  of  and  g  are 

Cp  *  /  +  /-2&q  ~j( Y~ '))(<£' ')  +  ‘ 

e  --  -e0Or- ')(£’•)  +  • 


(6.5.42) 


(6.5.43) 


near  ^  =  /  which  is  identical  to  the  similarity  solution  form  given 
earlier  by  Eq.  6.5.29. 

Comparing  the  forms  of  given  by  Eqs.  6.5.41  and  6.5.43;  we 
observe  that  if  Q  is  a  continuous  function  of  y  at  y  ■=  O  }  the  slope 
of  ^  at  the  cavity  wall  is  discontinuous  at  y  -  O  .  Conversely,  if  @ 
is  discontinuous  in  such  a  way  that  the  slope  of  at  the  wall  is  conti 

nuous,  then  the  slope  of  £  at  the  bubble  wall  has  a  jump  at  y  =  O  . 

The  conclusion  therefore  is  that  or  g  (or  both)  have  a  slope  at  the 
cavity  wail  which  suffers  a  jump  or  discontinuity  at  y  =  O  . 

It  should  be  observed  that  the  similarity  solution  obtained  for 
y  m  O  has  a  limited  validity  in  any  case  since  there  is  a  forgetfulness 
in  the  solution  of  the  initial  conditions  due  to  the  singularity 

o  ~  O  at  ^  .  Purther,  this  similarity  solution  is 

only  valid  the  point  fL=  O  and  hence  the  range  of  validity  is  confined 


to  the  point  of  collapse  itself.  This  is  seen  to  be  true  since  by  the 
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analysis  just  performed,  if  we  choose  an  J  r^-C  however  small  (  ), 

the  solution  near  the  bubble  wall  is  quite  different  in  character.  Hence, 
we  may  then  reasonably  ask  if  the  similarity  solution  itself  has  any  phy¬ 
sical  meaning  in  the  bubble  problem  just  prior  to  collapse. 

Attempts  have  been  made  by  Holt  and  Schwartz,  and  Akinsete  and 
Lee  to  give  this  similarity  solution  meaning  by  stretching  the ^  co-ordi¬ 
nate  using  Llghthlll's  technique.  The  essence  of  the  method  is  as  follows: 

Instead  of  perturbing  the  solution  for  and  <fr  as  given  by 
Eq.  6.5.31,  we  use  the  stretched  co-ordinate  .5  in  place  of  £  and  write 
the  appropriate  perturbation  solution  as 

-  €oC£)  v-  +€ia)f<  <6.5.44> 

-  @o  t*-  Qj  y  +  Q  yx  /■ 

«  s  +  t 

'  1  (6.5.45) 

’  7 

Using  the  relations 

2  =  _ '  .  2 

d&  /  +  i/y  <■  i/fv  as 

St  --  s  _  l  2 

s7  a7  9S 

where  the  prime  denotes  differentiation  with  respect  to  ,S  ,  one  substi¬ 
tutes  Eqs.  6.5.44  and  6.3.45  into  the  original  differential  equations  Eqs. 
6,3.19  and  6.5.20  and  equates  like  powers  in  'r)  .  The  resultant  zero  and 


err]) 

7 


first  order  equations  are 
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(<k-s)e! =  -fj&i  tjOr-^A ] 
(•&-$)& i--£rtet  *  -e°<& 


-S  ’)£/■*■&<)£*<$  '  -[$<?! +Or-O£,<t.  +  £&j£0 

+  j(\ teKift +4*°)] 


(.4-4)4' 


+  */«. 


+  £t  Jj t- ')€o4J  +  £j’('t£-s)J 

=  -[4/4r$>)  +»,4J 

+if  4'0S6c) 

+ 1' [&¥.*) +& '/ 


(6.5.46) 


(6.5.47) 


Before  these  equations  can  be  solved,  the  boundary  conditions  at  ^  =  / 
must  be  imposed  which  are 

tfiOiy)- *  ? 

When  S  -  I  flt  the  cavity  wall,  we  set  S  =  5,  .  Hence,  from  Eq .  6.5.45, 


we  have 


/  =  s,  t  £,fa)y  *  i2( 

and  we  see  that  ^  depends  on  y  . 

Expanding  £  ,  about  5,  =  /  f  we  have 

/  ’  S,  +■  Ilf/’)  +Kr.)t/0)<-  J  +  -  ]  <■ 


(6.5.48) 
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and  setting  —  /  -  X.  the  above  equation  becomes 

c>  *■  z  +y[4tco+zi/r')+  J  *  *x£o)  * ]<-  (8.5.4 

We  may  now  readily  obtain  Z.  as  a  power  series  in  y  by  aubsti 
tuting  __  « 

into  Eq.  6.5.49  and  equating  like  powers  of  y  yielding 

S',  =  /  -  i/'ty  -  (&')  -§(,)  ■  (6-5-50) 


From  the  boundary  condition,  the  flow  variables  have  values  at  the  cavity 
wall  $  =  S,  ,  (  ^  =  /  )  given  by 

/  -  <4#,)  ~f~  tfcsjy  +-  * 

'  (6.5.51) 

y  =  €ofs,)  -h  €/CS,)y  +  • 

and  again  expanding  J  >  60^S)  etc.  about  S/  =  /  using  the 

value  for  ^  ,  given  by  Eq.  6.5.50  we  obtain  the  boundary  conditions  for 


the  various  orders  as 


;  €*0)  *  c? 


(6.5.52) 


-  i/' )£*(')  =  / 

Eqs.  6.5.46  are  first  integrated  from  S’ 


(6.5.53) 
/  using  the  boundary 


conditions  given  by  Eqs.  6,5.52.  We  recover  the  similarity  solution  for 

and  which  is  identical  to  that  obtained  and 
already  discussed  earlier  in  this  section.  As  before,  the  solutions  must 


be  started  at  *5*  =  /  due  to  the  Indeterminancy  of  the  derivatives  there. 
Then  selecting  a  that  permits  smooth  crossing  at  S  =  S  *  gives  the 


solution.  Now,  we  proceed  to  sob/e  the  first  order  differential  equations 


(Eq .  6.5.47)  with  the  boundary  equations  given  by  Eq .  6.5.53.  Unlike  the 
previous  situation,  this  time  we  have  the  variable  £ .  fS> )  that  we  may 


adjust  at  will  in  order  that  the  reuniting  alcpaa  of  end  c  f<  \  ~  I 

be  regular.  In  feet  the  function  may  be  a  a  arbitrary  as  we  wtah 

.lust  so  Long  as  the  slopes  of  ‘^A  )  end  €(C\  )  are  regular  at  .V  -  / 

It  can  be  seen  however  from  the  boundary  condition  (Kq .  f» .  h .  *>  ,1 )  that  ^ 
and  €(  depend  on  ^  AJ  .  At  eny  rate,  s,A)  te  chosen  to  make  lh*> 
aiopeo  of  and  £■,  be  regular  at  S  *  /  and  the  differential  equations 

6.5.47  are  integrated  and  ^  adjusted  until  smooth  crossing  la  adiieved 

at  vi"  *  S*  Juat  aa  in  the  aero  order  case. 

If  we  wiah  to  obtain  the  second  order  solution,  we  coot inne  in 
the  same  vain.  This  tima  we  may  adjust  £aA^  so  that  t'j  and  ^  have 
regular  slopes  at  S  »  /  and  than  is  varied  until  the  Integrated  re¬ 
sults  give  amooth  crossing  again  at  3  *  S*  .  The  resulting  profiles 

f?  as  functions  of  and  y  are  then  found  using  Kqs.  6.5.44  end  6.5.45. 

It  is  readily  seen  from  the  foregoing  analysis  that  the  result tu, 
profiles  for  <^and  {■?  as  well  as  tha  lndapendant.  variable  £  «•  are 

then  given  by  the  asymptotic  series  (E.,s.  6.5.44  and  6.5.45).  Therefore, 
if  the  results  are  calculated  to  some  given  order  in  y  ,  not  only  is  there 
an  uncertainty  in  the  values  of  the  flow  variables  but  there  also  exists  an 
uncertainty  in  the  value  of  the  Independent  variable  £  *»  *' / Rj  .  It  may 
well  turn  out  that  the  similarity  solution  itself  Is  the  limis  Ing  solution 
to  another  problem  entirely.  Recall  that  the  equation  of  state 

(p+e)/a  -  (p/R'? 

was  assumed  to  hold  right  up  to  the  time  of  collapse.  The  analytical  con¬ 
sequences  of  this  assumption  gave  us  the  strange  behavior  of  the  particle 
velocity  not  having  a  continuous  slope  at  fiL  «  O  .  Upon  closer  examina¬ 
tion  of  the  physical  assumptions  of  the  problem  we  see  that  at  precisely 
the  instant  of  collapse  we  have  a  finite  density  collapsing  at  infinite 
speed  at  the  centre.  SureLy  this  would  cause  some  sort  of  additional  ini— 


IhO 

pulae  to  th<>  problem  reanlting  perhapa  lit  a  dlacont Imioua  behavior  or  the 
flow  variable#.  The  eimtlarity  milutlmi  therefore  my  represent  a  aero 
order  proce#«  *n#r  col  lap##  with  no  appl lr abt  1  Ity  to  the  inlutlon  prior 
to  00 1  iNpH#  Alt  All, 

Kiom  ill#  foregoing  remark#,  it  Appear#  that  w*  ehould  exerei#e 
great  caution  aim)  carefully  conaldei  the  mat.hamat  leal  modal  h#for#  applying 
l.ighthi  1 1  1  a  technique  to  a  problem.  Although  there  !•*  no  doubt  that  the 
technique  offer#  a  mean#  of  overcoming  certain  mathematical  difficult  lea , 
nevertheleaa  the  reaultac.t  aolutlon  muat  have  phyalcal  aignlf icance  other* 
wlae  it  hecomoa  nothing  more  than  a  mathematical  extrclae.  In  the  preaant 
bubble  problem,  the  extreme  dtfflcnltiee  in  the  experimental  ohaervationa 
of  the  final  phaaea  of  collapae  reaultn  in  the  fact  that  we  are  atlll  quite 
ignorant  of  the  real  phyalcal  altuation.  For  thia  reaeon,  we  feel  that 
further  theoretical  progreaa  In  thia  problem  muat  await  experimental 
verification  of  the  elmllarlty  aolutlon. 


11L L 


JM 


h  .6  Thu  CCW  Method 

Rased  on  the  works  of.  Cheater,  Chi sue  11  mid  Whit ham  on  the 
propagation  of  shock  waves  in  a  non-uniform  channel,  a  very  simple  method 
w«n  developed  which  when  applied  to  the  strong  converging  shock  problem 
gave  extremely  Accurate  results.  The  CCW  method  wee  later  applied  to  the 
problem  of  ahock  motion  near  the  vacuum  edge  of  a  star  by  Sakural  with 
equal  success.  Recently  Hayes  also  used  the  CCW  method  for  a  similar  type 
of  problem,  that  la,  the  propagation  of  a  shock  wave  in  an  exponential 
atmosphere  but  found  It  to  be  leaa  successful.  Lee  and  Lee  extended  the 
CCW  method  for  converging  detonation  waves  end  found  excellent  agreement 
with  the  experimental  results.  Alhborn  and  Hunt's  recent  accurate  measure- 
manta  of  the  trajectory  of  t  converging  cylindrical  detonation  wave  also 
found  excallent  agreement  with  the  theoretical  results  based  on  the  CCW 
method.  Hence  It  eeema  that  in  general,  the  CCW  method  can  be  applied  to 
this  class  of  asymptotic  problems  with  varying  degrees  of  accuracy  for 
different  problems.  In  view  c"  Hr  extreme  simplicity  and  ease  in  obtain¬ 
ing  the  solution,  the  CCW  me ,  ,ou  1»  quite  useful  in  obtaining  a  first 
approximation  to  the  corrtcc  solution.  In  this  Section  we  will  present 
the  CCW  method  and  Indicate  how  one  can  improve  Its  accuracy  by  taking 
higher  order  corrections. 

The  essence  of  the  CCW  method  Is  to  first  write  the  basic  con¬ 
servation  equations  in  characteristic  form.  Then  the  partial  differential 
equation  for  a  particular  characteristic  is  applied  to  the  flow  quantities 
immediately  behind  the  shock,  or  detonation  front.  Through  the  Rankine- 
Hugoniot  equations  which  relate  these  quantities  to  the  shock  strength 
(i.e.,  )  and  the  initial  states  (i.e.,  etc.)  we  can  then 

obtain  the  variation  of  the  shock  strength  with  its  position.,  The  success 
of  the  CCW  method  of  the  problems  discussed  in  this  Chapter  is  due 
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Co  the  fact  Chat  In  all  of  Chese  asymptotic  problems,  there  exists  a 
limiting  characteristic,  close  behind  the  shock  front.  Its  path  Is  close 
to  that  of  the  shock  trajectory  and  tl  states  on  this  limiting  charac¬ 
teristic  do  not  differ  much  from  the  states  behind  the  shock  front  itself. 
Hence  the  CCW  approximation  is  quite  adequate  under  these  conditions. 

We  shall  consider  first  the  general  case  where  the  change  of 
shock  strength  can  be  due  to  both  area  change  and  variation  of  the  initial 
density  .  The  area  change  is  caused  by  the  cylindrical  or  spherical 
geometry  while  the  density  variation  is  assumed  to  be  given  by  the  power 
law  form  yg  =  ArM  .  The  case  where  both  the  area  and  the  density  varies 
exponentially  with  distance  is  treated  separately  later  because  of  its 
special  form.  wor  yg  =  and  cylindrical  or  spherical  symmetry  the 

basic  conservation  equations  are  given  as 


di  H  s 


- 


(6.6.1) 


1  ay 


(6.6  2) 


+26  f  +(!(]+'*))&> 


(6.6.3) 


where 

Q  -  )  y  - 

\ 


(6.6.4) 


Writing  the  above  equations  in  characteristic  form,  we  get  the  following 
corresponding  equations 
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(+-i)g  -se?£  +ies  -o 


7 


I 


(6.6.5) 


3I  '  ^  Y 

+-L(pu>-4(ut+ty)  =o 

(f  -i  vifj+trttg] -*?[.%*  (r/^Fp 


(6.6.6) 


+o(f+*f')  +  ACp^+Hv+V*)  =  ° 


(6.6.7) 


where  S  ~  fty  }  r//^ 

Eq.  6.6.5  may  be  Interpreted  as  a  directional  differential  equation  along 
a  particle  trajectory  characteristic  while  Eqs.  6.6.6  and  6.6.7  correspond 
to  the  so-called  negative  and  the  positive  characteristic  directions.  In 
the  asymptotic  problems  treated  earlier,  there  exists  a  positive  character 
istlc  behind  the  shock.  At  this  positive  limiting  characteristic  we  have 

so  that  evaluating  Eq .  6.6.7  at  £  =  ,  the  first  term  on  the  right  band 

side  vanishes  if  and  are  continuous  at  and  we  can  solve  for  B 
yielding  the  following  result 
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e  = 


-fi( fico  IQ')) 


A 


\£U 


*Y 


(6.6.9) 


If  the  limiting  characteristic  is  close  to  the  shock  front  (i.e.,^*^*/  ) 

we  can  approximate  <$>(£*)  and  by ^(t)  where  c£(t)  f 

pCO  are  the  values  immediately  behind  the  shock.  Setting 

g*  >  <f>(0  +/8( >)  (6.6.10) 


and  substituting  the  above  equation  into  Eq.  6.6.9  we  get  the  following 
approximate  relationship  for  Q  . 


u>p(0  -h  (lo+X])4(.)J 


(6.6.11) 


The  values  <£(,)  ,  /(/)  ,  lf>C >)  ,  f*>( ') 

by  the  Rankine-Hugonlot  relationships  as 

at  the  shock  are  given 

)i 

ML 

Y'  S.+J 

(6.6.12) 

4c  >)  - 

r+/ 

(6.6.13) 

it 

rh*  o 

(6.6.14) 

a 

mV- 

(6.6.15) 
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where 


s  - 


(6.6.16) 


lc '  ICUr-O/c 


(6.6.17) 


Using  Eqs.  6.6.12  to  6.6.17,  Eq.  6.6.11  yields  a  value  for  Q  for  any 
shock  strength  ^  specified.  Once  &*/)  is  known,  the  shock  trajectory 
and  the  variations  of  shock  density,  pressure  and  particle  velocity  with 
shock  radius  can  readily  be  determined  without  actually  solving  for  the 
details  of  the  complete  flow. 

For  strong  shocks,  Eq.  6.6.11  reduces  to  the  following 


3(<)  coB(i)  + 


(6.6.18) 


°  l(qf>C>)+  p6))($C>)  (6.6.18) 

The  boundary  conditions  <£( > )  ,  etc.,  at  the  shock  take  on  their  limiting 


values  given  by  the  expressions  below 


ft*)  =  fo)  - 


(6.6.19) 


&>)  --  Q'+'Va-i) 


(6.6.20) 


I 

p(i)  *  [■Jra-o/wt]1' 


(6.6.21) 


Hence  for  any  specified  values  of  J  ,  uj  and  y  ,  00  can  be  obtained 
immediately  from  Eq.  6.6.18.  A  comparison  of  the  results  obtained  from 
the  CCW  method  and  from  the  exact  similarity  solutions  are  given  in  the 


tables  below 
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CO 

0.5 


j 

.  /.o 

I 


I 

!  f.5 


j  -  o }  Planar  Symmetry 


08745-0  -0./C3S/6  -o.// 4-o97  -o./2>o7/6 

-0.09/506  -0707 625  - O.n8o34-  -0-/33975 


-o. /7c  399 
~o  /  83  0/3 


{-£>.25/2/0 


-0.257/9/ 

-0. 24,7346 


-0-296333  lo.33o/S4 


-0-274  S/9  1  -ft  322876  -0.354 /02 

J  —  /  >  Cylindrical  Svmmel 


S/3 


00 \ 

/.Z 

-0.5 

-0.07/6  80 
-0.07/60S 

0 

-0./6/22/ 

-0.  /63//Z 

0.5 

-0,  24587/ 

-O  £546/8 

/• 0 

—O.  328o35 
-0.  346/24 

/■5 

-o.4o8  769 
-0.43763/ 

-£>•  4o7e2$ 
-O.  42522.7 


-0-/02476 

-0/0739/ 


3 


-0./39332- 

~o./£02S4- 


-0.4/2  32  /  j  -a  46  /4$3  -o.  562  /  78 


-0336730 

'0.355462. 


-0.497373 

0497905 


-0  658444 

-0.638947 


-0.  56/262 

-0.6/0876 

-0.780 592 

-0  579527 

-0. 696  /52- 

-0.  780689 

-0./43397 

-0./432// 


-o.  404/6  7 
-0.4/773o 


J  9.  ,  Spherical  Symmetry 
/.  4  s/s 


-OJ  72860 
-o.  /  7S83o 


-0.2877// 
-O. 286,5/6 


-o.  39436! 
-o.  394/4/ 


-0.496423 

-o  So/ 766 _ 

-o.  5957/3 
-0.  6o9392 


-o.  3 2$ 825  -o. 4/3  85/  -0.46S 546 
-0.3328/6  -o.4s4483  -0.569/82 


-0.566  579 
-0.600  742 


-0.646522  -o.  7895/$ 


-fi>.  569 49 
-0.568884 

C/gPOTt?  / 

'<5.  7/7909 

-O.  722432 

'0, 68/602 
-0.  6869/8 

-0,857275 

7>,8564o6 

-0.79/534 
-0. 804962 

-0.99/757 

-o.99o38/ 

-0.899743 
-q.  9 22986 

-1.122838 
-!.  £4356 

- 0.8/6700 
-o.8S2667 


~/.2  764o/ 


Each  entry  has  the  exact  value  of  Qq  placed  above  the  CCW  result, 
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From  the  tables,  we  can  see  that  the  CCW  method  gives  extremely 
accurate  results  particularly  for  converging  strong  shock  waves  in  a  uni¬ 
form  density  media.  It  should  be  noted  that  the  CCW  method  can  predict 
only  the  shock  trajectory  and  the  variations  of  the  shock  states  with  shock 
radius,  no  information  on  the  flow  structure  can  be  obtained.  If  the 
value  of  Q  determined  by  the  CCW  method  is  substituted  back  into  the 
similarity  equations,  and  an  integration  is  performed,  we  will  find  that 
this  approximate  value  of  Qe  although  quite  adequate  for  most  experimental 
purposes,  is  insufficiently  accurate  to  yield  solutions  that  are  continuous 
at  the  singularity  ^  =  £*  .  Therefore  the  CCW  method  is  restricted  in 
the  sense  that  no  information  on  the  flow  field  behind  the  shock  can  be 
obtained. 


From  the  CCW  method,  the  location  of  the  limiting  characteristic 
£*  ,  which  is  approximated  by  +  fif')  is  overestimated  by  a 

substantial  amount.  For  example,  for  converging  spherical  shock  waves  with 
y  =1.4  and  CO  =  0,  the  exact  similarity  solution  yields  a  value  of  = 
1.1296  while  under  the  CCW  approximation,  =  1.2743.  This  is  due  to  the 
fact  that  both  and  ^  decrease  monotonically  as  we  move  away  from  the 
shock  front.  However  from  Eq.  6.6.18,  we  see  both  the  numerator  and  the 
denominator  are  quadratic  in  cf>  and  ,  hence  we  would  expect  both  to  be 
overestimated  by  evaluating  the  variables  at  the  shock  instead  of  at  ^  = 

.  This  effect  acts  in  a  compensating  manner  resulting  in  an  accurate 
value  for  0o  for  certain  ranges  of  Y  and  CO  . 

We  can  obtain  a  better  value  of  ^  by  improving  the  estimate  for 
as  follows;  we  first  expand  the  variables  <^>  ,  -f  ,  if*  and  j2  in  a 
Taylor  series  about  the  shock  =  1 . 
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where 


j-  •-  -h  / 

/  =  f(n  a  ^  PAj  f 

A  -  i'(i)  +  €  9]U‘)  4 
r  >£ 
p  -  ySo;  *  e  ^'•'  + 


£  --  cf-/ 


(6.6.22) 


(6.6.23) 


The  quantities  ^ff')  , 


6.6.1  to  6.6.3  as 


,  etc.  may  be  formed  from  Eqs. 


j^,;  '  f/A; - «&> ) 


(6.4.24) 


<$£(')  -  -3&yy£f,)J  (6.5.25) 


jA  =  ^r,L^oi£0  *  '] 


(6.5.26) 


■?  Mr,j  _  __l  d£r>)  „  J.  djfro 

pro  ff  “  -fro  dg  yro 


(6.5.27) 


where  A  -  [£<fro-t? 

and  <£ri)  ,  ifro  ,  Aw  and  £>/*')  are  the  shock  Jump  conditions 
given  by  Eqs.  6.6.12  to  6.6.15,  From  the  above  relations,  we  see  that  to 


the  first  order  in  6  ,  Eq.  6.6.22  may  be  written 


*  +-  £  F;(°],b')  + 
=•  tyi)  +  efi(%e)  + 

*  JO)  +  e/${y,0)i 
-  pro  +eFj(yi6'u 


(6.6.28) 


where  the  F  's  are  linear  in  Q  .  For  ^7^0  ,  it  i8  fliso  seen  (Eq.  6.6.9) 
that  the  quantities  and  dF/dp  must  also  be  determined.  In  fact 

they  may  be  found  by  taking  the  partial  derivations  of  the  expansions  for 
cj>  and  -f  with  respect  to  p  in  Eq.  6.6.28  yielding,  to  first  order  in  € 

d<F  -  2$!^  -t(=  <:±f/ 


d<F  - 


(6.6.29) 


i/  *  yt') 

d?  d?  df/ 

Since  F  and  F  are  linear  in  &  .  one  sees  immediately  that  and 

<  °  <)j 

!tf  to  first  order  in  <£f  contain  terms.  At  /  =  =  F*-t 

on  5  > 

and  the  first  order  approximation  of  £*=  <f>  +  p>  now  becomes 

-  <f(,i  */3ro+  e>(F,+F,) 

Since  £*  =  §*-/  >  we  then  have 

,  qF 0  4@>( >)  ~~  f~i  ~  Fq- 

4*  -  -  1 - — - — -  (6.6.30) 

°  /-/>-/*- 


(6.6.30) 


4ct)  +/&')  -/ 

t-F-F 


(6.6.31) 


We  may  now  substitute  Eqs.  6.6.28  and  6.6.29  with  F£  -  given 
by  Eq .  6.6.31  into  Eq .  6.6.9  yielding  a  more  accurate  determination  oi  0 
efy  ■  *  or  p  ~  0,  the  right  hand  side  of  Eq .  6.6.9  will  contain  terms 
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quadratic  in  Q  in  the  numerator  and  denominator  (since  F/  -*>  F4.  are 


easily  be  solved  (numerically).  For  ^7^0 


linear  in  Q  ) .  Hence  Eq.  6.6.9  becomes  a  cubic  equation  in  Q  which  may 

,  the  M  and  &  terms 
in  Eq.  6.6.9  will  produce  terms  and  the  equation  becomes  a  first 

order  differential  equation  for  0  with  respect  to  which  is  easily 
started  from  the  solution  of  the  cubic  when  y  =0. 

There  are  other  strategies  for  an  improvement  of  the  zero  order 
(9  •  For  example,  we  may  use  the  determined  by  Eq.  6.6.10  for  calcu¬ 
lating  ,  F^  ,  and  ,  <^5  for  use  in  the  right 

hand  side  of  Eq .  6.6.9  and  obtain  an  explicit  expression  for  the  new  & 
Instead  of  the  implicit  one  outlined  above.  We  can  also  use  the  value  of 
5^  from  Eq.  6.6.10  for  calculating  and  eliminating  the 

terms  and  obtain  a  cubic  equation  to  solve  at  each  J  .  01  Piously  the 

variations  are  endless. 

If  g  is  small,  we  would  erpect  that  the  resulting  values  of 
0(yjwould  produce  an  improved  result  from  the  zero  order  solution.  Ac¬ 
tually  this  is  not  necessarily  true.  It  has  been  found  that  where  60  was 
fortuitously  good,  the  Q  obtained  using  first  order  corrections  yielded  a 
less  exact  result  but  still  quite  accurate.  The  value  of  f  however 
improved  considerably.  Hence  we  conclude  that  the  solution  obtained 
exhibits  an  overall  improvement  although  £>o  is  slightly  less  accurate. 

This  must  be  true  since  we  are  not  only  using  the  values  of  the  variables 
at  the  shock,  but  their  slopes  at  the  shock  as  veil. 

In  principle  we  can  endlessly  improve  9  by  taking  more  terms  in 

the  variable  expansions  (i.e.,  Eq .  6.6.22)about  the  shock.  If  terms  up  to 

<rt  >  m. 

(z  are  taken  we  must  first  81  lve  an  ft)  th  order  polynomial  for  6 

Then  upon  substitution  into  Eq .  6.6.9  an  <77  th  order  differential  equation 

for  0  with  respect  to  <J  is  obtained.  Ft  is  seen  however,  that  if  7]  . 


1 


in 


the  procedure  would  become  somewhat  unwieldy. 

In  tome  flow  problem*  Much  nh  explosion*  In  (be  at mnaphei e , 
where  the  density  ha*  ait  exponent  ial  bebavlot  with  altitude,  It  l*  seen 
that  the  geometry  ot  the  situation  Is  somewhat  Ini  rimed  tat e  between  pl*u*i 
and  spherical.  We  may  represent  this  stint  qoaltiat  Ivetv  by  witting  i  l»r 
basic  conservation  equation*  as 
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where  w«  assvime  that  the  flow  1*  unidtmens  tonal l  y  uniform  but  wltb  I  bn 
flow  proceeding  into  a  varying  crose-aecl tonal  area. 

Setting  tl  ’  density  ot  the  undisturbed  medium  to  t bn  ^j,,wbeie 

/fO  *  fi  (O.h.JJl 

and  assuming  chat  A  has  the  form 

A 

fi  *  /to  €  (b  ,t<  ,  hi  1 

it  is  seen  that  we  must  have  «ml'^  s*0  in  order  to  roughly  cones 

pond  to  the  model  considered  -  that  Is  decreases  and  fi  iiureises  with 

altitude  (or  increasing  1  ). 

The  variables  of  Eq  ,  6,6.3?  are  now  made  dimensionless  by  the 
t  r  a  ns  f  onrmt  ions 
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yielding  the  t ran* formed  equal  Inna  a* 
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llama  we  may  also  replace  Ihe  light  hand  terms  of  Kq  .  ft.iS,  3ft  by  ^ 

err 

Kor  strong  shocks  we  have  the  boundary  conditions  at  the  shock 
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amt  since  the  right  hand  sides  ot  Kij .  ft.ft.Jb  are  tato  wo  obtain  a  simile 
rlty  a.'  l  u  1 1  on  valid  naar  the  shot  k .  Ihe  equal .ona  ara  integrated  irom  tha 
shock  tor  ^>0.  Wo  amount  or  again  a  .singularity  at  ^  c  where 
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Ah  before,  this  suggests  that  one  itumitos  J  until  a  arnooth  crossing  in 
obtained.  This  regularity  condition  is  host  set  i  by  writing  the  Eq  . 
ft. ft. 3ft  in  characteristic  tor ms  which  read 
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For  Ntrong  attack*  ,  W«  obtain  «»  t he  r.ero  approximation 
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UHlng  •  L,  we  may  also  approximate  /£  by 
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or 


To 


<£(>)  + 


(6.6.48) 


The  form  given  by  Eq .  6.6.48  was  used  by  Hayes  in  his  recent  work  on 
nhock  motion  in  *n  exponential  atmosphere. 
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